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Minimum time optimality for a bang-singular arc: second order
sufficient conditions

Laura Poggiolini and Gianna Stefani

Abstract— We consider a bang-singular normal extremal for
the minimum time problem associated to a single—input control
system affine in the control. We use Hamiltonian methods to
prove that the coercivity of a suitable strongly-extended second
variation associated to the singular arc is sufficient to prove the
local optimality of the extremal in the strong topology. As a
consequence we give a sufficient condition easily checkable and
we apply it to three examples in R>.

I. INTRODUCTION

We consider the minimum-time problem for a single-input
affine system:
minimize T

subject to
§(t) = fo(€(t) + ufo(6(2)) t €0, T] (1)
§00) =20, &(T) =72y 2
u € [—1,1]

The state space is a smooth n—dimensional manifold M,
and fo, f1: M — TM are smooth vector fields, by smooth
we mean C*°.

The aim of the authors is to give second order sufficient
conditions for a reference extremal & to be a local optimizer
in the strong topology, i.e. with respect to the admissible
trajectories whose graph belongs to a neighborhood of the
graph of ¢ in R x M, independently on the values of the
associated control.

Sufficient second order conditions for an extremal of this
problem are given in [1], when the extremal is bang-bang,
and in [2], when the extremal is totally singular, see also [3],
[4] (where the optimality in the weak topology is considered)
and the references therein.

Here we consider a normal “bang-singular” Pontryagin
extremal as a first attempt to give second order sufficient
conditions for the optimality of an extremal containing any
finite number of bang and singular arcs. Namely we consider
a triplet (T, &, u), with associated adjoint covector

Xt e0,T] — A(t) € T*M,

satisfying Pontryagin Maximum Principle (PMP) and such
that there exists a switching time Ty € (0,T'), for which
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Nothing changes if the bang control is identically equal to
—1.
We assume that the vector fields f1, [fo, f1] are linearly
independent at L
Ts = &(Ts)
and that the bang arc is regular in the interval [0,7}), i.c.
we assume

AW, hEW) >0 Vie0.T,). 5)
A consequence of PMP on the bang arc is that

NTY) , ([fos [fos A1]] + [frs [fo, A1) @) 20, (6)

while on the singular arc we get

), f1E®) =0 (7)
@), [fo, AEB) =0 ®)
@), ([fos [for Al + @O f1, Lo A]) €@1)) =0. (9)

A natural necessary condition is that SA is a minimum-
time trajectory joining Z; with Ty, so that further necessary
conditions can be obtained analyzing the extended second
variation J" on the singular arc as defined in [2], see also
[5] and [4]. In particular we obtain the generalized Legendre
condition (GLC)

@), Lf1, [fo, AE®)) >0, Vite (T.,T),

and that J” has to be non—negative if the normalized adjoint
covector is unique.

In this paper we give second order sufficient conditions
for the reference trajectory £ to be a local optimizer in the
strong topology. The sufficient conditions include the strict
version of inequality (6) and the coercivity of J”.

Remark that the coercivity of J” implies the strict gener-
alized Legendre condition (SGLC)

AW, L1 [fo, AIE@®)) >0, Vie (T, T) (1D

and the optimality of the singular arc between its end—points,
see [2].

On the other hand it is possible to prove that the strict
inequality in (6) is sufficient to ensure optimality of the bang
arc between its end—points.

In order to obtain the minimum—time local optimality in
the strong topology for the entire trajectory, we require the
coercivity of a strongly extended second variation, J;, which
is an extension of J” to a larger space of initial conditions,
see Section II and III for the definitions. The main result of

the paper is

(10)
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Theorem 1.1: Assume E : [O,TA“] — M is a bang-singular
normal extremal of the minimum—time problem for system
(1) = (2) such that f1, fo1 are linearly independent at Ts,
the bang arc is regular on [0,75) and the strict inequality
holds in (6). If the strongly extended second variation on the
singular arc J!{ defined in (25) — (26) is coercive, then ¢ is
a local optimizer in the strong topology.

]

Generically, the sufficient condition proposed here is not
very close to the necessary conditions known to the authors,
however we emphasize that we get the local optimality in
the strong topology and that we obtain, as a consequence of
Theorem 1.1, a sufficient condition in dimension 3 which is
easy to check, see Corollary 4.3.

In the last Section we apply Corollary 4.3 to three exam-
ples where it is possible to prove that every normal bang—
singular extremal for the proposed problem is optimal.

II. NOTATIONS AND PRELIMINARY RESULTS

In this Section we give some notations and preliminary
results concerning the extended second variation J” defined
in [2].

For j =1,...,k, i; € {0,1} we denote by

fi1i2---ik = [fi17 [ i [fik—lvfik] . ]

the iterated Lie brackets of the vector fields fy and f; and
the associated Hamiltonian functions by

Hilig...ik . ‘€ — <€’ fi1i2u~7;k (W£)>

where
m: T*M — M

is the canonical projection; in coordinates
w: (p,x) — .
For each Hamiltonian function H,
H:T*M — TT*M

is the associated Hamiltonian vector field and, for each vector
field V' on any manifold X, we denote by

(t,z) — exptV(x)
the flow of V' at time ¢ starting at x, while
exptVi: T X — Toxp v X

denotes its derivative.
With these notations SGLC (11) can be written as

Hign(\(t) >0, tel[l,T) (12)

while equations (7) — (8) can be summarized by saying that,
for all t € [T}, 7], )\( ) belongs to the symplectic sub—
manifold & C T*M defined by

S={{eT*"M: Hi(¢) = Hy1(¥) =0} .
To simplify the notation we assume

at)y=0 Vte (T,T),

13)

hence, from (9), we obtain that inequality (6) is a conse-

quence of GLC (10). We remark that Theorem 1.1 holds

also if the control is not identically zero on the singular arc.
The reference vector field is given by

> ff=f+h
ft{fo

and the pull-back of the controlled vector field fi at the
switching time T is defined by

if t € [0,T]

if t € [T,,7T) (14)

exp(Ty — t) fi" fi(exp(t — s)f+(§))

o) = te [0, T]
W)=Y exp(a — ) foufleplt — T fole))

te[l,,T).

Remark that

exp(Ty — 1) for(explt = T) /()

() = tf [0, T]
9(@) exp( —t) fox for (exp(t T)/p({)) (1o

t € [Ts,T)
AT, [969)(@s)) = Hhon (A1) t€[0,7]. (A7)

In order to obtain the needed second variation on the singular
arc, we consider the minimum—time problem between the
fixed points Z, and Z; and the singular arc as reference
trajectory. For this problem, in [2], the extended second
variation is obtained by writing the intrinsic second variation
as defined in [6], and embeddm/g each control variation
v € L2([T,,T),R) into R x L%([T,,T],R) by

v (/::v(r) dr tH/}fU(r)dr).

Notice that the resulting quadratic form on R x L?( [ﬁ, f], R)
is a different formulation of the one used in [5] to prove
necessary conditions.

In order to introduce the extended second variation of [2],
we choose a function 3: M — R such that

The extended second variation J” of the singular arc is a

linear quadratic form defined on any de = (w1, w(-)) € R x
L?([T,,T),R), such that the system
¢(t) = w(t)gu (@)
C((Ts) =wi f1(@s), ¢(T)=0
admits a solution on [T, 7] and it is given by
1" w% I
J (56) = 7Lf1Lf1ﬁ(1’s)
R
+ 5 R w(t) Hlol()\(t))dt (]8)
Ts
T ~
+[ w(t) Ly Lg, B(Ts) dt
T

s
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Remark that J” is independent on the choice of ﬁ ‘with the
stated property, hence we can choose ﬂ such that ﬂ Ir =0,
where T" is the integral line of f; through Z,. With such
a choice it is easy to see that J” is the standard second
variation of the problem

minimize T
subject to

£(t) = fol&()) + w(t) for (E(t)) +
¢(T,) €T, &(T) = 7y

J101(&(2))

w(t)?
5 (19)

with reference triple (E, @ = 0,T) and adjoint covector .
If M =R", then J” can be written along \ by

T N ~
%[ (A1), D*fo(&())[C(1)]?) dt

s

T ~ ~
+ / wt)A®), Dfon(E®)C®)dt 20

Ts
T . ~
+;/T w(t)?(\(t), fror (1)) dt

where

~

C(t) = Dfo(E(t))¢(t) +w(t) for (E(E)) 1)
((Ty) € Rf(E), ¢(T) =0. (22)

III. THE STRONGLY EXTENDED SECOND VARIATION

Locally around 0 € R? define
L = {expsfy o exprfor (3): (5,7) € R}

We define the strongly extended second variation J; as the
standard second variation of the minimum time problem for
system (19) with end—conditions

¢(T,) € Ty, E(T) = Ty

and reference triple (E,@ = O,f) with adjoint covector .
Remark that the definition is consistent since the reference
triple satisfies PMP also for the above problem with the same
adjoint covector.

If M = R™, then J/; can be written as equations (20) —
(21) with initial conditions (22) replaced by

((Ty) € span {f1(Z5), for(Zs)} , C(T) =0

For a general manifold we write an explicit coordinate free
formula for J!{ by means of a function /3 such that

4B(zs) = —A(T,) and Bp, =0,

(23)

(24)
see for example [6]. With such a E,

JU: T T x L*([Ts,T),R) — R

is defined by
1 [T -
T (62, w) = / w(t)? Hygn (A(8)) dt
2 Jz,
. i (25)
+ [ wOLqoLs @) d

s

where

{(t) = w(t)gu(@s) t €T, T)

C(Ts) = bz € span {f1(Zs), for(@s)}, C(T) =
It is well known that the coercivity of J” (and hence of J;)
implies the SGLC (12).

With the methods developed in [6] the coercivity of Jif
can be checked starting from the Hamiltonian
1 H3
2 Hip

associated to system (19) and the tangent space Lg to
the Lagrangean sub—manifold of the initial transversality
condition associated to the constraints (23)

Lo =RH, (\(Ty)) @ RdB. for @ 11

(26)

H=Hy+ -

27)

where

M={peTzM: ({p, fi(Zs)) = (p, for(zs)) = 0}
is embedded in T)\(T )S as a space of tangent vectors to
vertical curves.
Lemma 3.1: J!i is coercive if and only if
TS)H 00 =0,

J
T)H.6¢ =0,

7 exp(t — te [Ty, T), 6 € Ly

T exp(s — Vs e [T,.t].

The proof can be found in [6].
IV. A MODEL CASE

In this section we consider the case when

Hooyis =0. (28)

— — —
Since H|s = Hy, and equation (28) implies that Hg is
tangent to S, then, for any 6/ € TX(TS)S’

o~ — ~ —>
exp(t — Ts)H .60 = exp(t — Ts) H .00 .

By the choice of B, dB* fo1 belongs to T NG )S therefore
we have, for all t € [T, T

T\s)ﬁ* dB*fOl(fs) - eXP(t - f@)fO*fOl(Es)
Ts)fO*:(), pGH

Moreover, using the variational equation for the derivative of
the flow of a vector field, it is not difficult to see that

exp(t — T H  Hi(NT,)) = Hi(\t)).
hence, for all ¢ € [ﬁ, f]
moexp(t — T H.H1(MT.) = AiE(1)).

7, exp(t —
P—
e exp(t — Ts)H.p = p exp(t —

1435



By the above arguments Lemma 3.1 can be restated in the
following way

Lemma 4.1: Let Hygy|s = 0. If the SGLC (12) holds true,
then Jg is coercive if and only if f; (f (t)) and exp(t —

Ts) fox fo1 (ZTs) are linearly independent for any ¢t € [T, T];
equivalently:

9+(Zs), fo1(Zs) are linearly independent V¢ € [ﬁ, f]

]

Remark 4.2: Let M be a 3-dimensional manifold. If fi,
[fo, f1] are linearly independent on M, then there is a
singular vector field fs, in the sense that there exists a
feedback function w: M — R such that any singular
extremal trajectory for which SGLC (12) holds is an integral
curve of fs = fo + wfi. We can substitute fs to fp in the
control system obtaining that (28) holds true, therefore we
can state the following Corollary to Theorem 1.1.

Corollary 4.3: Assume that M is a 3-dimensional mani-
fold, let f1, [fo, f1] be linearly independent on M and denote
by fs the singular vector field. In this case every bang-
singular normal extremal ¢ such that

a) the bang arc is regular on [0, T5),

b) SGLC (12) holds true, R

¢) the tangent vectors at Z, exp(Ts — t) fo f1( (t)) and

[fs, f1](Zs) are linearly independent for ¢ € [T}, T),

is a local optimizer in the strong topology.

V. PROOF OF THE MAIN THEOREM

Since f1, fo1 are linearly independent at T, it is possible
to choose coordinates in a neighborhood O of Z, such that

P
fl—aixl
for = 2 (@) B(@), ) = O(a)
01_3@ 91?16333 ©(x1 x), @x1)= Zy),

fio1 = 8 -‘r(ﬁ(ﬂh,l‘z)‘l’( ), ¥(0,0) =0.

As a consequence we obtain

i=3
Choose
3(35) == Z il
i=3
and define
ox) = ~Bla) + 3 Y
i=3

Since B satisfies condition (24), then the strongly extended
second variation can be considered as the restriction to

0 0
span§ — , —— o of the quadratic form defined by
aZL'1 6:62
=3 Z 7

+1/T
2z,

T
+ /A w(t)LC(t)Lgtﬁ(i‘\s) dt

s

U e

w(t)?Hygy(A(t)) dt

on the space of those de = (x,w) such that

C(t) = w(t)ge(@s)

((Ty) =z free, ¢(T)=0.

9 9
81‘1 ’ 6‘952

a result in [7], it is possible to prove that, if xy > 0 is

sufficiently large, then the quadratic form J)/ is coercive on

R™.

Using the same arguments of the proof of Theorem 2.2
in [2], we can prove that if the graph of a trajectory £ of
system (1) belongs to a suitable neighborhood of the graph
of € and &T) = S(T) then

€(TV)) = a(¢(1y) — a(@
For any admissible trajectory £ define
q(t) = exp(Ts — ) [ (£(1))
and let ¢ (t) = x1(¢(t)), so that
a(Ts) = £(T;) and q(0) = 2.

To prove the main theorem it suffices to show that there
exists a neighborhood U of 7, such that a({(7s)) < 0 for
any admissible trajectory ¢ such that ¢(t) € U.

For this purpose we introduce the new function

Since J;(’ restricted to span is coercive, by

) >T —T+o(T—-T). (29)

€ [0,7.]

2

a(z) = a(r) + % )
We may choose a neighborhood U of T in M such that
Ly, a(x) = z1n(z) where n(z) >0, zel;
Ly, a(z) = z1n(x) where fj(z) >0, ze€ll.

Since the bang arc is regular on [O,ZA“S) and H101(X(1A“5)) =
A3 > 0, by continuity and possibly restricting U, we can
choose € > 0 such that

1—en(z) >0,
Lg,a(x) >0, Lga(z)>0,

1—en(z) >0,
(t,x) €
[T, —e,T,) xU

Lj,a(x) >0,

relU,
0,7, — ] xU
and for any (¢,z) €
Lj,a(x) >0, Lg,xz1(z)>0.

Let £ be an admissible trajectory such that q(t) € U for
any t € [0,Ts]. As a consequence of

q1(t) = Lypyw1 = (u(t) — 1)Lg,21(q(t)),
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¢1(t) is a decreasing function in [T, — e, T}]. Moreover

0=a(,) = a(q(0)) = a(q(Ty))

0
+ /T (ut) — 1)Ly, (g (1)) dt

~ Ts
Fa(T) + [ (0 )Ly ) d

If L,,a(q(t)) >0forallte [T, — &, T, then we are done.
If there exists ¢ € [T g, T} such that Ly_a(q(t)) = 0,

then, using the Taylor expansion of L, a(z) at ¢ = T,, it is
not difficult to see that ¢;(f) < 0. Therefore ¢;(¢) < 0 for
any t € [t,Ts] and we can compute

0=a(@,) > alqt) > alq(®) =

R T,
= o(g(TL)) + / (1= u(t)) Ly, alq(t)) dt

R 7.
> a(q(TL) + / (1= u(®))(t - To)as (B)n(a(t)) dt

> a(q(Ts)).-
This completes the proof of Theorem 1.1.

VI. EXAMPLES

Example 1
Consider the simple example
i=u, @y=x1, @3=2x7, ucl[-1,1. (30
In this case
0 5 0 0
fo—l‘laig@*'xlaixg» fi= 37331’
0 0 0
=—— =201 — =0, =—-2—.
Jo1 O 1 8 ; foor =0, fio1 = 913

f1 and fo, are linearly independent on the whole R? and
Hyo1 = 0. Moreover it is not difficult to see that every nor-
mal bang—singular extremal satisfies SGLC (12), therefore
Corollary 4.3 applies.

Since for every bang—singular extremal

9+(@s) = fo(@s) + (¢ = T4) for (@s),

then we obtain:
every bang—singular normal extremal for the
minimum—time problem with fixed end—points for system
(30) is locally optimal in the strong topology.
Example 2
Consider the control system driven by the equations
il = X9
i =(1—a)ae — 21 +u
"2 (2 12) 2= T a1
T3 = x] + x5
e [-1,1].
Applying Corollary 4.3 we can show:

every bang—singular normal extremal for the
minimum—time problem with fixed end—points for system
(31) is locally optimal in the strong topology.

In fact system (31) fits in our framework with

0 0 0
0

fl = 37:172

It is not difficult to see that
S= {(pax) € (R3)* xR py=0, p1 = *2103(12}7
Hyp1(p,z) >0 < p3 <0,

and that every normal singular extremal for the minimum-—
time problem with fixed end—points satisfies SGLC (12).
Moreover it is a straightforward calculation to show that

s gy gy, T @) 5
8 0
fsl = [fs7f1} - _87%1 - x2871'3,
0
fssl = [fsafsl] = 87 = fla
2
ad? f; — fs1 %fn %s even,
s f if n is odd,
and
N RE-T)" .~
exp(Ts — 1) fuu (€(1)) = Z:% ——rad) fi(@)
= cosh(t — T,) f1(Zs) + sinh(t — Ty) fo1 (Zs) -
Since exp(Ts — ¢)fsx(£(t)) cannot be parallel to fy1(Z),

Corollary 4.3 apphes for any bang—singular normal extremal.

Example 3

An unknown referee has pointed to our attention the
following minimum time problem from [8]:

minimize T
subject to

i=cos(®), y=sin(®), ®=u,

32
€ [_171]7 ( )

with fixed initial point equal to (4,0,7/2) and final point
constrained to the line z =y = 0.

Although this problem does not fit in our framework,
because it is not a problem with fixed end—points, using
Hamiltonian methods and Corollary 4.3, we are able to prove
that

every bang—singular normal extremal for the
minimum—time problem for system (32) with fixed initial
point and final point constrained to a line
x(T) =y y(T) = yys, P(T) free,
is time—optimal.
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In fact, using the same arguments as in the proof of Theorem
2.2 in [2], and due to the fact that the manifold of the
final constraints Ny is an integral curve of the controlled
vector field f;, we are able to prove that, if the strongly
extended second variation for the problem with fixed end—
points is coercive, then inequality (29) holds true for every
trajectory of the control system starting in a sufficiently small
neighborhood of Z; and ending on N;. Therefore we can
apply Theorem 1.1 and its Corollary 4.3. Notice that

0 . 0 0
fo= cos(@)% + Sln(q))a—y , fi= 7
) 0 0
Jor = Slﬂ(q’)% - cos(@)a—y, Joor =0, fio1 = fo.

f1 and fo; are linearly independent on the whole R3, Hyg; =
0 and every normal extremal satisfies SGLC (12).
Since

gt = _(fs —t)for + f1,

then g; is never parallel to fy;.

(1]

[2]
(3]

(4]

(5]
(6]

(71

(8]
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