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Abstract—1In this paper we propose an approximated current—
injection implementation of the wave reflection compensators
derived in our previous works that can be easily realized with
current technology. First, the (discrete) transfer function of the
compensator is approximated by its truncated series. Then, the
resulting finite impulse response is realized with switched—shunt
resistors. Since the resistors are switched on only during brief
time periods, and are actually disconnected after the transient
wave reflections phenomenon, the extracted power is small
making the implementation practically feasible.

Notation We define the differentiation and advance—delay
. . k A

operators, acting on signals z : R — R, as (p"x)(t) =

k

4 x(t) and (¢FFz)(t) = (t + £4), respectively, where d €

R4 and k,n € Z,. Their Laplace transform counterparts,

which are used to define transfer functions, are s and z =

ens, respectively.

I. INTRODUCTION

The problem of compensation of wave effects that appear
when the controlled plant, with uncertain dynamic im-
pedance, is coupled to a fast switching actuator through long
feeding cables is of great practical importance. At high fre-
quency operation the connecting cables behave as a transmis-
sion line inducing wave reflections that deform the transmit-
ted signals and degrades the quality of the control. This prob-
lem has been studied in [3], [5] where a novel compensator
design framework based on the scattering representation of
the transmission line is introduced. A family of compensators
that requires only knowledge of the line parameters and—
under some practically reasonable assumptions—guarantees
transient performance improvement and asymptotic tracking
for all unknown plants with passive impedance is proposed.
Unfortunately, in contrast with the standard schemes that
can be implemented with RLC circuits, the proposed com-
pensators are active and require for their implementation
regulated—current and voltage—sources. In [4] an active
filter implementation is suggested, but its practical realization
is still stymied by technological considerations, in particular,
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the need for fast switching high power devices, not yet
available in the market.

The purpose of this paper is twofold, first, we prove that, if
plant prior knowledge is available, it is possible to obviate
the regulated voltage source, that is, the compensators of [3],
[5] can be implemented with a single shunt regulated current
source. Second, to make the scheme practically feasible, we
propose to approximate the action of the controller with
Switched—Shunt Resistors (SSR). More precisely, the (dis-
crete) transfer function of the compensator is approximated
by its truncated series and a certain number of resistors,
connected in parallel and placed in shunt, are switched
on and off to realize the resulting finite impulse response.
Since the resistors are switched on only during brief time
periods, and are actually disconnected after the transient
wave reflections phenomenon, the current flowing through
them is small reducing the extracted power.

The remaining of the paper is organized as follows. To set—up
the notation, the model of the overall system, derived in detail
in [3], [5], is briefly presented in Section II. In Section III we
present the proposed current—injection compensator topology
and give necessary and sufficient conditions for systems
well-posedness. Section IV is devoted to the derivation of
the transfer functions for the regulated current source that
implement the controllers of [3], [5], as well as the Half—
DC Link scheme proposed in [1]. As indicated above the
main drawback is the need of the exact knowledge of the
load parameters. In Section V an approximation using SSR
is presented. Finally, in Section VI a set of simulations tests
the effectiveness of the proposed scheme comparing different
number of resistors and switching policies.

II. SYSTEMS MODEL

To model the plant connected to the actuator through long
cables we consider the configuration shown in Fig. 1, where
we model the connecting cables as a two—port system whose
dynamics are described via the Telegrapher’s equations

ov(t, x) di(t, x) di(t,x) ov(t, x)
“or = o e T 0 P
where v(t,x), i(t, z) represent the line voltage and current,
respectively, x € [0, ¢] is the spatial coordinate, with ¢ > 0
the cable length and C, L > 0, which are assumed constant,

are the capacitance and inductance of the line, respectively.
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It is well-known that the solution of the above partial
differential equations yields the following relation between
the port variables of the transmission line (1)

i )= G | @
where
W) = Tl[zon Z%]TERQXQ(Z),
re G

N . .
and d = ¢/ LC'is the propagation delay.
The actuator consists of a voltage source, vs(t), connected
in series with a resistor R,, called the surge impedance.

i(t,0) : it
—(0 0/
+ +
ACTUATOR s ) PLANT
— 0
TRANSMISSION LINE
Fig. 1. Uncompensated systems configuration.

The transmission line is terminated by the plant, which is a
one—port, with port variables (v(t,?),i(t,£)). If we assume
the plant is LTI the dynamics of the overall system is
described by (2) together with

v(t,0) —Rqi(t,0) 4 vs(t)
v(tvg) = Zp(p)i(tvé)v (3)

where Z,(s) € R(s) is the plant impedance—that we assume
is strictly stable.
We need the following generic assumption:'

Ry, + Zy #0. “4)

where 1%, € R is the high—frequency gain of the plant.

Under (4), it is possible to show that the mapping from the
source voltage to the plant voltage is given by the linear
delay—differential operator

v(t, ) = K Kp(p)v(t —2d,0) +
Sl B MI0— Kt —d) e, O

where €; is an exponentially decaying term, that will be

omitted in the sequel, and
K, 2T
Ra + ZO

A 1—a(s)
Kp(s) = T+a(s) (6)

IThe assumption is needed to ensure these transfer functions are well—
defined. If Zj(s) is an LTI RLC filter then, because of Bruni’s Theorem,
it is a positive real transfer function with R, > 0, and the assumption may
be obviated.

are the so-called actuator and plant reflection coefficients,
respectively, and for convenience we have defined

A ZO
ole) Zp(s)
For further developments it will be assumed that K,(s) is
also strictly stable. We make at this point the following
crucial observation

« the delayed signal K, K, (p)v(t —2d, () is added to the
filtered (delayed) pulse v, (t—d) to generate v(¢, £). This
term captures the physical phenomenon of wave reflec-
tion that deforms the transmitted signals and degrades
the quality of the control.

The interested reader is referred to [3], [5] for further details
on the wave reflection problem as well as a discussion
of the intrinsic limitations of current practice—namely, the
introduction of impedance matching filters.

ITII. CURRENT-INJECTION COMPENSATION TOPOLOGY

In [5] it is shown that placing, between the actuator and
the transmission line, a regulated current source in shunt
and a regulated voltage sources in parallel it is possible to
guarantee transient performance improvement and asymp-
totic tracking for all unknown plants with passive impedance.
Unfortunately, due to technological constraints related to the
power flowing into the system, series devices should be
avoided.

by Ra .
i(t) i(t,0) ) :

@

i(t,])

+ +

CD v(t0) v(tl) 7o)

ic(t)

-~

Fig. 2. Proposed current-injection compensator configuration.

To comply with this constraint, we consider in this paper the
current—injection configuration of Fig. 2, from which we get

vs(t) = v(t,0) + Rai(t) @)

i(t,0) = i(t) — ic(t). ®)

Now, the plant connected to the transmission line satisfies
the following relation

with

1+ Kp(s)z72"

A
I =S HITg e
p

(10)

which is obtained by algebraic manipulations of equations
(2) and (3).
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The compensator, that we assume is an 2—dimensional LTI
system, is described by its generalized impedance

v(t,0) = Zc(p, q)ic(t)

where the operator Z.(s, z) € R(s, z) is to be defined.
The following questions arise immediately:

Y

Q1 As Z.(s,z) ranges in R(s, z) what are the achievable
behaviors for the map v, (t) — v(t,£)?

Q2 What are the conditions on Z.(s, z) such that the system
interconnection is well-posed??

Question Q2 is highly technical and its rigorous answer

requires additional assumptions, hence it will be deferred

to Section IV.

To answer Q1 we proceed as follows. Replacing (11) into

(8) and considering (10) we can re-write (7) as

v(t,0) = Q% (p, q)vs(t)
with
Zr(s,2)

Zr(s,2) + Ra[l + 2222

Q% (s,2) = (12)

a transfer function parameterized by the compensator

Z.(s,2).

Now, from (2) and the second equation of (3), we obtain
27"

1+a(p) +[1-alp)lq

which, combined with (12), yields the transfer function of
interest, namely

v(t,l) =

—on U(tv O)

v(t, ) = MZ(p, q)vs(t — d) (13)

where

MZC(S,Z) = 2

Ze (s, 2).
N 1+a(s)+[1—o¢(s)]z*2”@ (5,2)

To prove the interest of the derivations above we will
derive in the sequel current—injection implementations of the
Dynamic Inversion and Current—Decoupling compensators
proposed [5], as well as the very interesting Half-DC Link
scheme of [1].

A. Dynamic Inversion

As shown in [5], and readily follows from (5), the 2—
dimensional filter

1 — K, Kp(s)z72"
[T+ Kp(s)](1 — Ka)
can be used to cancel the transmission line effects and yield
the relation v(t, £) = vs(t — d). Referring to (13) and fixing
./\/lffl = 1 we can then compute, after some lengthy but

2

2The importance of this issue, that is sometimes overlooked in the control
literature, is thoroughly discussed in [3], [5].

straightforward calculations, the compensator impedance that
achieves dynamic inversion as

ZCDI(Sv z) =
1+ a(s)+[1—a(s)]z72"
1= o)l — (1= F)z72] = Ze[1 + a(s)]

R, (14)
The relation above defines the current i.(¢) to be injected to
the system in order to completely avoid wave reflections.
Besides the well-known fragility of exact cancellations,
another important drawback of the scheme is the need of the
exact knowledge of all (actuator, load, and transmission line)
parameters. Adaptive implementations of the scheme are also
complicated by the fact that the plant transfer function (9)
cannot be discretized without additional assumptions, see [2]
for an alternative configuration.

B. A Current—Decoupling Scheme

In [5] it has also been shown that, using current and
voltage regulated sources but without knowledge of the plant
parameters, it is possible to assign the transfer function

1

1+ a(s) —a(s)(1 - 2—3)272"7

Mch(S, Z) =

for which the ringing phenomenon is considerably reduced.
(The name “Current-Decoupling” stems from the fact that
the transfer matrix from the voltage and current port variables
of the actuator to the transmission line terminal port vari-
ables, i.e., [ v(t,0),i(t,¢) |, is lower triangular.) Another
advantage of achieving current—decoupling is that, as shown
in [5], an adaptive implementation that obviated the need of
knowing the line parameters is possible.

Working back from M7, (s, z) we can compute

sl 1+ a(s) +[1—a(s)]z72n
21+ a(s) —a(s)(1 — g—)z*%

a
0

Q&5 (s, 2)

and the required current—injection impedance

1+ a(s)+[1 —a(s)]z—2" '
(1= 22) (1 +a(s)(1 - 272)

We invite the reader to compare this transfer function with

ZSP(s,2) = Rq (15)

the one of the "ideal” compensator (14), and remark the plus
instead of the minus sign in one of the denominator factors.

C. Half DC-Link Scheme of [1]

In [1] an interesting solution for the over-voltage suppression
in AC drives fed through long cables has been proposed. The
basic idea is to split the transmitted pulse into two pulses (see
Fig. 3)

v(t,0) = %vs(t) + lUs(lf —2d), (16)

2

to counter, invoking some kind of superposition principle,
the effect of the reflected wave.
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Fig. 3. Half DC-link compensation scheme. The input voltage v(t, 0).

This scheme can be also implemented by our current—based
approach. Indeed, in this case we have
Al _
(s2) = 51427, (17
and, from (12), an expression for the controlled impedance

can be derived. It is interesting to observe that, if g—g ~ 0,
this impedance has the very simple form

1 + 27271

H(\ _
Zc (Z) _Ral_z_gna (18)
that can be implemented without plant knowledge. For the

sake of completeness we also give the resulting transfer

1

T a(s) — a(s) lzf;f;n

M (s,2)

c

An interpretation of the action of this controller is ob-
tained noting that the ideal dynamic inversion impedance
(14) reduces to (18) when «(s) = 0, i.e., when the load
dynamic Z,(s) “dominates”—at all frequencies—the line
characteristic impedance Zj.

IV. WELL-POSEDNESS ANALYSIS

Since the system is described by delay—differential equations,
for which well-posedness seems to be a complex issue, we
introduce the following discretization assumption to answer
Q2.
Assumption A.1 The sample time Ts = d/n is sufficiently
small so that all signals can be suitably described by their
piecewise approximation. More precisely, for all signals x :
Ry - R

x(t) = x(kTs),

Vite kT, (k+1)T,), keZy.

As discussed in [5], under the “discretization” Assumption
A.1 the overall dynamics, at the sampling instants k75,
is described by a purely discrete—time system, for which
the well-posedness analysis follows standard lines. Indeed,

under Assumption A.1, the plant voltage v(t, £) becomes®

o(t,0) = Z:(q)i(t,6), Vi€ kT, (k+1)T), keZy

with Z(2) € R(z) the pulse transfer function representation
(with sampling time 7) of the plant impedance. Similarly,
we obtain the discrete—time equivalents of (9) and (11) as

v(tv O) - Z%(q)i(tv 0)7 v(tv O) = Z:(Q)ic(t)a

respectively.
The proposition below provides an answer to Q2.

v.(1) C RL 7(0)

- A “

v(t,0)

Z(q)

Fig. 4. Block diagram of the overall system.
Proposition 1: Consider the overall system described by the
equations (7), (8), (9) and (11) with Assumption A.l. The
system is well-posed if and only if

ZC(OO) # —Zo

~ —ZoR,
Z() # g

Proof: The block diagram of Fig. 4 depicts the system
behavior. From direct inspection of the block diagram we
see that there are two loops whose well-posedness needs to
be checked. The inner loop is well-posed if and only if
Zel) 2,

Ze(00)
and Zp(o0) = Zy, which gives the first condition above.
Well-posedness of the outer loop imposes

1 ZT(OO)
14+ ——————— #0,
Ra1+ 2558

1+

that, after some simple algebraic manipulations, gives the
second condition. ]
Applying this result to the compensators proposed in Section
Il we get that ZP! yields a well posed interconnection
provided Z;(oo) # 0, i.e., the plant transfer function is
proper but not strictly proper, and Zy # 0. On the other
hand, well-posedness for ZSP and Z2 imposes Zy # 0
and Zy # R,.

3To simplify the notation we preserve the continuous—time notation (-)(t)
for all signals, in the understanding that they are constant along the sampling
periods.
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V. AN APPROXIMATE IMPLEMENTATION

In this section we propose a procedure to approximate the
controllers transfer function so that the scheme can be prac-
tically implemented. Namely, we propose to the action of the
controller by a purely discrete transfer function that is then
described by its truncated series. To realize the resulting finite
impulse response a certain number of resistors, connected
in parallel and placed in shunt, are switched on and off—
yielding the SSR implementation shown in Fig. 5.

Ra

i i(t.0) ; : )
ic(t)” S2n . +
S1y s2s3( San- OVt i

Zp(p)

()
Re

Fig. 5. Electrical scheme of the system with SSR compensator placed on
the actuator side.

An additional approximation step, that allows us to obtain
much simpler expressions for all the proposed compensators,
is needed for our derivations. Taking into account that the
actuator resistance R, is generally of the order of a few
Ohms while the characteristic impedance of the line, which
does not depend on the length of the cable, is of the order
of hundreds of Ohms it is reasonable to make the following
assumption.

. Ra
Assumption A.2 7=~ 0.

Our motivation for the SSR scheme stems from the Half DC—
Link scheme, whose impedance reduces, under Assumption
A.2, to (18). Using the fact that

o0

1 Y
1— z—2n :ZZ l",

=0

we obtain the series expansion
oo o0
Zf(z) _ Ra E 2—1271 4 Z—2n E Z—z2n
i=0 i=0

We propose now to truncate this series retaining only n
terms. For n = 2, we see that the controller can be
implemented with a single resistor k. = R,, connected for
0 < t < 2d and disconnected for 2d < t < T, with TF
being the period of the train of pulses. In this way we have

Z.(1,2) = R,,
Z:(3,4,...) = oc.

A similar treatment is done for the remaining compensators.
Under Assumption A.2, the following approximated expres-

sion is obtained for (14)

1+ a(s) +[1—a(s)]z—2"

DI(g )=~ R,
A 2 e I

19)

that can be expanded as

Kp_l(S) iz—ﬂn + Z—Zniz—z?n] .

i=0 i=0

ZP1(s,z) = R,

Similarly, the impedance of the current-decoupling scheme
(15), under Assumption A.2, becomes

1+ a(s)+[1—a(s)]z—2"

OD (g, z) = a
2o e I )

(20)

which, can be written as

iz—z?n 4 KP(S)Z—Zn iz—i2n‘| .
=0

=0

ZCCD(S,Z) =R,

Because of the presence of the plant reflection coefficient
K ,(s), the expressions above involve continuous and discrete
dynamics—even after truncation of the series. However, if
we assume that the plant is purely resistive, then the transfer
function is purely discrete and the coefficients of the series
can be explicitly computed. This is the approach we adopt
in the simulations below.

VI. SIMULATION RESULTS

We consider the same AC motor benchmark presented in [3]
to which we refer for the numerical values of the electrical
components. Assuming n = 2, the compensator has been
implemented with three resistors, with values

Re, = 1.7R4, Re, = Ra, Re, = 8Ra,

connected in parallel as depicted in Fig. 5, where each
resistor is controlled by his related ideal switch si, s9, s3,
and the all set of switched-shunt resistors is controlled
by another ideal switch s4 able to disconnect the active
filter yielding the equivalent shunt impedance R. — oo.
The switching policy depends on the particular choice of
compensation scheme adopted. Of course not all scheme’s
implementations require the use of 4 switches—for example
in the sequel we present the switching policy for the
implementation of (18) where, clearly, switches s; and
s3 don’t play any role—, but our intention is to show
that a compensator adopting just three SSRs lead to good
approximation of the proposed schemes and, above all, a
significant attenuation of the wave reflection phenomenon.

In order to implement the scheme proposed in (18)
we defined the following switching policy:
o for 0 <t < %d then si,s3 are open and sz, s4 are
closed
o for 22 <t < TP then s5,s4 are open and sy, s3 are
closed
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Uncomp. v(t,1)
500+ 4
Comp. v(t,]) ‘/
i
|

IS
Q
=]

Zaoo— \ ‘

g |Comp. v(L0) [fTQ}T\Qf/ﬁ

%200— ““ 4

> 7J ““

100 | —
o |

|
5 . 2 25 3
time [seconds] x 10°

Fig. 6. Simulations results using one switched shunt resistor.

By observing the simulation results in Fig. 6, one should
notice that the overshoot has been reduced around 60 %,
unfortunately decreasing the rise time. Although the imple-
mentation of SSR is very simple, it inherits the drawback of
the passive filters approach—whose main action is to slow
down the rise time.

Uncomp. v(tll)
5001 / 4
400 Comp. v(t,]1) \

e

\
| vs(t) ™

L
T~ VLY
Comp. v(t,0) H‘o | V ;/

voltage [Volts]
W
o
o

!
oo
100 4

|
. 2 25
time [seconds] x 10°

Fig. 7. Simulations results using two switched shunt resistors.

Applying the current-decoupling scheme, approximated by in
(20), we try to implement it using the following switching
policy:
e for 0 <t < %d then si,s3 are open and sz, s4 are
closed
o for %d <t < % then s1,so are open and ss3, s, are
closed
o for 22 < ¢ < TF then sy is open and sy, s2, 53 are

closed

Remark that in this case s; does not play any role. By
inspection of Fig. 7 compared to Fig. 6 one can observe that
the use of the switched-resistor K., improved remarkably
the performance of the compensator, leading to an overshoot
reduction of 80 % without affecting the rise time.

Furthermore, a rough approximation of the ideal-

compensator scheme can be also implemented enabling the

bncomp. v(t,i)
500} W /
4007C0mp. v(t,1) | \ A |
vs(t) t‘ 13
7Comp. \/\L\()S jﬁ\\ﬁ v v
N “ ‘! i
100~ | \/ 4

1 1.5

voltage [Volts]
(4]
o
o

i
. 2 2.5 3
time [seconds] x 10°

Fig. 8. Simulations results using three switched shunt resistors.

use of the switch s;, as depicted in Fig. 8, according with
the following switching policy:

o for 0 < t < % then so,s3 are open and sp,s4 are
closed,
o for % <t< % then sq,s3 are open and so,s4 are
closed,
2d 3d
o for =% <t < =% then s1,s2 are open and s3,s4 are

closed,

o for %d < t < TP then s, is open and s1, S, S3 are

closed,

So, even if the overshoot reduction has been slightly im-
proved up to 85 % the principal advantage of using the
former strategy concerns the speed of the load-side voltage
rise time. Indeed, we have seriously reduced this secondary
effect keeping good transient performances.
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