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Abstract— The variational system obtained by linearizing a
dynamical system along a limit cycle is always non-invertible.
This follows because the limit cycle is only unique modulo
time translation. It is shown that questions such as uniqueness,
robustness, and computation of limit cycles can be addressed
using a right inverse of the variational system. Small gain
arguments are used in the analysis.

I. INTRODUCTION

Limit cycles are essential in feedback systems such as
electronic oscillators, auto tuners, and in synchronization
mechanisms in robotics and biology. It is in these ap-
plications important to predict the existence, uniqueness,
location, and robustness of the limit cycle. The renewed
interest in these fundamental questions is motivated by new
and emerging applications where oscillators appear in feed-
back loops. Examples ranges from various synchronization
problems [6], [9], [10], [7], control of rhythmic motion [11],
[2], and problems in systems biology [2]. System theoretic
concepts and methodologies are now being introduced to
address robust stability problems for limit cycles and os-
cillators, see e.g. [1], [8]. In this paper we use small gain
conditions on a variational system to estimate robustness in
regions around a nominal limit cycle trajectory.

In [3] we developed results that allow estimation of a
robustness margin of limit cycles in a class of systems
on Luré form. The small gain conditions in [3] provide
conditions for existence as well as stability of the limit
cycle. In this paper we focus on questions relating to the
existence and uniqueness of a limit cycle to the same class
of systems. We provide a new uniqueness result and we
discuss the computation and the robustness of limit cycles.
Emphasis is put on the use of Ly-methods and frequency
domain representation of the operators.

Notation

We let Lo(1) denote the space of square integrable 1-
periodic functions and C(1) is the set of continuous 1-
periodic functions equipped with the norm |[jv|ca) =
Supyepo,1) [v(t)|, where | - | always denotes the Euclidean
norm. We make extensive use of the topological inclusion
C(1) — Ly(1) which follows since [[v||r,1) < [[v]leq)-
We will almost always denote norms and induced norms
on Ly(1) without the suffix, i.e. || - | := || - [|r,1) and
|-l == I - [[La(1)—L2(1)- At several places we consider
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the space C(1) x R with the norm |[|(y,T)|lcyxr =
(Hy||20(1)+|T|2)1/2 and similarly for Ly(1) xR but normally
with the suffix suppressed.

II. LiMIT CYCLE OSCILLATIONS

We consider on Lo (—00,00) the system defined by

y=Ho(y)

where H is a bounded, causal, linear time-invariant operator
and ® is a memoryless nonlinear operator defined by the
time-domain relation

(@(¥)(t) = ¢(y(1))

where ¢ : R™ — RP is C'. We will assume Lipschitz
continuity of the nonlinearity and its derivative. This is
used to estimate various norms and Lipschitz constants. The
system can be viewed as a feedback interconnection of a
stable LTI plant with a memoryless nonlinearity. We assume
that the linear part of the dynamics is defined by a strictly
proper and stable transfer function. With this we mean that
the impulse response function of the transfer functions H ()
and sH(s) satisfy

h(t) = L7 H(s)} € L1[0, 0)

h(t) = he(t) + i hid(t — Ty
k=0

where /() € L1[0,00) and 33 |hg| < 0o, Ty > 0. We
have the following time domain representation on functions
in C(1) (and Lo(1))

t 1
y(t) = / h(t —1)v(r)T = / ?l(t,T)U(T)dT
—0o0 0
where £ : [0,1] x [0,1] — RP*™ is defined by

Bt ) = ht—71)+ 350 h(t+k—7),0<7<t<1
o Sopey h(t+E—1), 0<t<r7<1

and it satisfies the periodicity property h(1,7) = h(0,7),
for 7 € [0,1].

We are interested in the existence, uniqueness, robustness,
and computation of limit cycles for this class of feedback
systems. A limit cycle is a nontrivial isolated periodic solu-
tion of the feedback equation. To simplify our development
we always normalize the period time to be one. This results

2951



in the following system equation where the true period time
appear as a parameter in the dynamic equation

y=H(s/T)®(y) 1

Let z = (y,T) € C(1) x R and define F : C(1) x R —
C(1) by

F(z) =y — H(s/T)®(y). 2

Any solution to F(z) = 0 with 7" > 0 corresponds to
a nontrivial limit cycle if it is isolated. The meaning of
isolated periodic solution will be defined in the next section.

UNIQUENESS OF THE LIMIT CYCLE

We first notice that a limit cycle at best is unique modulo
time translations. Indeed, let zg = (yo, 7o) be a nontrivial 1-
periodic solution of (1) and let Sy : C(1) xR — C(1) xR
be a time translation operator defined by Sy(y(t),T) =
(y(t — d), T). Then in time domain

(F'(Saz0))(t)

— yolt — d) - / Toh(To(t — 7)) (yo(r — d))dr

t—d
— yolt—d) - / Toh(To(t — d — 7)) (o (7)) dr
— (Flzo))(t—d) =0 (3)

which holds for any d € R. This shows that the time
translated 1-periodic solution is still a valid periodic so-
lution of (1). A 1-periodic solution of (1) is called a
limit cycle if it is isolated in the sense that no periodic
solution exists in a neighborhood of the nominal manifold
ZO = {SdZQ :d e [O, 1)}

In the next result we use the Fréchet derivative F’(z) €
L(C(1) x R,C(1)) with the block structure

F'(z) = [F;(zo) F}(zo)} = [I—L(zo) K (20)

where L(zp) : C(1) — C(1), K(z20) : R — C(1) are

defined as
L(z0) = H(s/To)®' (o)

K(z) = T%H’(s/%)@(yo)- @

where (®'(yo))(t) = ¢ (yo(t)). Differentiation of (3) with
respect to d at d = 0 gives

o(t) = / Toh(To(t — 7)) (5o (7))o (r)dr

= (L(20)90)(t)

This shows that (90,0) € KerF’(z). A right inverse
corresponding to F'(zg) is a bounded linear operator F'f :
L(C(1),C(1) x R) satisfying F’(20)F'(29)" = 1. One can
show that a periodic solution of (1) is a limit cycle, i.e. it
is isolated, if there exists a right inverse. The next lemma
shows that Ker F”(zo) = span {(o,0)} is a necessary and

sufficient condition for the existence of a right inverse. The
lemma also provides one particular right inverse [4].

Proposition 1: There exists a right inverse F' (o) if and
only if Ker F”(z0) = span {(go,0)}. It is easy to see that a
family of right inverses can be constructed as

Fl=|"|(F)+ Fpg)™" (5)

where g € C(1)* x R is chosen so that the inverse exists
and is bounded. This is true if (e, g) # 0, where e = (g0, 0).

We will sometimes use that the right inverse is robust to
perturbations as stated in the next lemma.

Lemma 1 (Small Gain Lemma): Let X,Y be Banach
spaces and suppose Fj € L(X,Y) has a right inverse
Fl € L(Y,X). Then there exists F! € £(Y, X) such that
(F) + A)FT =1, for all A € L(X,Y) with ||Al|x_y <
1/ ||FJ |ly—x. One possible choice for this right inverse is

Ft=Fi1+ AR}
=FIFFH™, where F'=F,+A

Our analysis will be local and we frequently use exten-

sion of various operators to Lo space to simplify computa-

tions. For this reason we introduce the following notation
Definition 1: will use the notation

By(20) ={2€ C(1) : ||z — 20/lLo(1)xr < 7}
B.(Z20) = Uge(o,11Br(Saz0) (6)
={z€C(1) xR: |z — Sgz0| <r; d€0,1]}
Note that the functions in B,.(z) are assumed continuous
to allow us to do calculus in the C(1)-topology while
norms will be evaluated using Lo (1)-topology to simplify
the analysis and some computation. Note also that any limit
cycle solution of (1) must be absolutely continuous so it
belongs to C(1).
The following properties will be useful
1) The operator F' is naturally defined on the C(1)
space but for computational reasons we will use
the extensions of the operators to Lo(1), ie., F :
B.(2) = L2(1), F': B.(Z) — L(L2(1)xR,Ly(1))
and F': B,.(Z) — L(Lz(1),Ly(1) x R).
2) In several applications we need F’(zo)'F’(20)z0 =
2z or more generally that F’(zo)T F’(20) : La(1) x
R — Ly(1) x R is an orthogonal projection onto
Ker (F'(z9))*. For the right inverse in (5) the first
condition holds if (yg,g) = Tp while the second
cannot be true. We will in the next section see how
a right inverse with the desired properties can be
derived in frequency domain.
Notice that sup,.e g, (z,) [ F(2)|| = sup.ep, (5, [|F(2) | and
SUP.ep, (zo) [1F'(2)] = sup.ep, (s [F7(2)] due to the
time invariance of F' and the periodicity of F”.
We will also make the assumption that F' and F' are
locally Lipschitz continuous on the set B,.(Z), in the sense
that there exists a constant Lip,.[F] such that

[1F(22) = F(z1)|| < Lip,[Flll22 = 21|, V22,21 € Br(20)
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and similarly for F’. We briefly discuss the computation of
Lipschitz constants in Section VI.

We have the following result

Proposition 2: Consider a solution zy = (yo,7p) €
C(1) x R of (1) and let

BTO(ZO) ={zeC(l)xR:z € (KerF’(zO))J‘; |[z—z0]| < r}.

where Ker (F’(z))* = {z € Lo(1) xR : {2, (0,0)) = 0}.
Suppose
(2) zZ0 = F/(Zo)TF,(Z())ZO
(i) [|(I = F"(20)"F'(20))z]| < mllz]. ¥z € B(20)
(idi) |[F'(20)"| Lipr[F'(20) — F] = 72
(iv) m+1 <1
Then zy is a unique (modulo time translation) limit cycle
in B,.(Zy). In other words, if z = (§,T) € B,(2o) is such
that F(z) = 0 then g(t) = yo(t + d) for some d € [0,1]
and T = Ty.
Remark I1: Note that v, = 0 if F'(29)1F'(20) is an

orthogonal projection onto (Ker F’(z))™.

III. THE RIGHT INVERSE

We will next consider various realizations of the of right
inverse using time-domain as well as frequency domain
representations. We will only consider the extensions of the
operators to Lo(1) where norm computation is simplified.
Particularly simple representations will be obtained in the
frequency domain where we easily can exploit that the
strictly proper part of F’(zg), namely G = [—L K}, isa
compact operator. This can be used to derive a perfect right
inverse.

Proposition 3: Suppose dimKer (F’(z)) = 1. Then
there exists a singular value decomposition! F'(z) =
> e okugvk, where 0 < o1 < oo < ... and {ug}o .
{vi}yo, are complete orthonormal sequences in Ly (1) and
(Ker (F'(2)))* C Lo(1) xR, respectively. The right inverse

F'(2)f = Zaglvkuz (7
k=1

is the right inverse with the minimum induced norm
| F'(2)f|| = o7 It has the property that F’(z)TF’(z) is
an orthogonal projection onto (Ker (F’(2)))*.

A. Frequency Domain Representation
Let

1(C™) = {{HK]}RL oo - G[K] € C™5 D [GIK]]* < o0}
k=—o00

and let F : La(1) — [3(C™) denote the Fourier transform

defined by j[k] = j;)l y(t)e=727ktdt, The Fourier transform

is an isometric isomorphism between these two spaces and

it will here be used to construct perfect right inverses along

the lines of Proposition 3.

!Should be interpreted as F'(2)w = Y72 | opug (w, vg).

We will use the notation w = 27 /T. Let 2 = (3,T) €
12(C™) x R, where § = Fy is the Fourier series represen-
tation. In frequency domain

F(2) = § = H(jwK)®(j)
where ®(j) : [o(C™) — 12(C™) is defined by ®(j) =
Fo(F~19) and H(jwK) is the infinite dimensional diag-

onal matrix with elements H (jwk). The derivative F’'(Z2) :
[2(C™) x R — [5(C™) is defined as

Pz =B Be)|=[1-1e) Ke)
= [T A(uk)®(5) B2 KH (jok)®(9)]
where &' (§) = Fo!(F~14)F 1. More explicitly we have

N iw2 o
KM = 25 1 (k)b )

and the (k,[) coefficient of the infinite dimensional matrix
L(2) is

L(2)[k, 1] = H(jwk)®" (§)[k — 1]

Since H is strictly proper it will be possible to truncate the
Fourier representation at some sufficiently high index to
obtain a matrix representation of required accuracy. If Py
denotes orthogonal projection onto the 2/N + 1 dimensional
space spanned by the Fourier bases {e/“**}& N then we let

Fy(2)i= Py [1-LE)Py K (2)] ®)
For given # this matrix belongs to C?N+1*x(2N+2) and the
matrix SVD can be used to compute the right inverse as the
standard pseudo inverse. We next derive conditions under
which the truncated right inverse implies right invertibility
of F’(%). For this purpose let Qy := I — Py and

Ly 5(2) = QnL(2)Qu,
{:N,N(é) = PNZE(A)QN, ©
Ly n(2) = QNL(2)Py,

Ky (2) = QnK(2)

We have the following proposition
Proposition 4: Suppose

V- Nl ey ]I <1=ILx 5l (10)
Then F”(2) has a bounded right inverse.

B. Time-Domain Representation

First consider F' : C(1) x R — (1) defined by
F((y,T) =y — H(s/T)ely). If H(s) = C(sI — A)"'B
then F : (y,T) — y; has state space realization

i1 =T(Azy + Bo(y)), w1(1) = 21(0)

yf:y_cxl
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The operator F'(z) : (v,0T) — w (z = (y,T)) is in the
finite dimensional case defined by the state space realization

iy = T(Azs + By (y)v) + 2107, x2(1) = 22(0)

w=1v— Cuxy

Y

We can use the right inverse F’(z)! : w +— (v,8T) defined
by (with the choice z3(0) = z2(0))

T((A+ By (y)C)as + B (y)w) + d1c" 23(0)
(erng,chg(O)), x3(1) = x3(0)

iy =
(v,0T) =
(12)

where the vector ¢ must chosen such that 7 — ®(1,0) —
fol @ (1, 7)1 (7)drcT is invertible, where ®,, is the transi-
tion matrix corresponding to A, = T(A+ By'(y)C). This
condition ensures that the periodicity condition z5(1) =
x3(0) can be satisfied, which in turn implies boundedness of
the right inverse. If we in addition want z = F'(2)T F’(2)z
then we need cTz3(0) = T. If z = 29 = (y0,T0), a
limit cycle, then invertibility follows if 1 ¢ eig(®.(1,0) +
#0(0)cT), where 2o(t) = To(Azo(t) + Bo(yo(t))). This is
the case if ¢7'2¢(0) # 0.

Norm Computation: For given choice of ¢ we compute

v = || Fl(z0)" lLs(1)—La(1)xR
by solving the optimization problem

subject to  J(z,w,7vy) <0, V(z,w) € L
(13)

72 =inf 2

where

J(w,w,7) = [Te(O) + / (I + Cerf? — 22}u]?)t
L= {(z,w) € Lo(1) : i(t) = Au(t)a(t) + Bu(t)w(t)
()T (0); (1) = 2(0))

and Ay (t) = A+ By'(yo(t))C and B (t) = By’ (yo(t)).
We obtain an upper bound by using LQ optimal control
techniques. If we let Qp = e, Q =CTc, S =CT,
R = (1—~?)I, then + is an upper bound on the optimization
problem (13), i.e. v > || F.(20)" |1y (1)—L2(1)xko if and only
if there exists € > 0 such that

sup  2(0)" Qo (0)

(z,w)EL
1
+ / (27 Qx + 227 Sw + w” Rw)dt < —e|z(0)|*>. (14)
0

The next proposition gives necessary and sufficient condi-

tions for this to hold.
Proposition 5: Let M(t,ty) =

condition M (tg,tp) = I and

H(t)M(t,to), with initial

Ay — BgR™1ST —B,R™'BY

H =
—(Q — SR_lST) _(Acl — BClR_lsT)T

have block partition consistent with the dimensions of H

Mlg(t,T)
M22(t77-) '

There exists € > 0 such that (14) holds if and only if
(i) R<0,ie,vy>1,

(43) det(Mia(t,0)) # 0 for t € (0, 1],

(#91) J < 0, where the matrix J is defined by

Mll(t, T)

M(t,T) = [Mm(t ”

- 1 /L
J=Qo+ 5/ (XTQX +2XTSW + WTRW)dt

0
where
X(t) _ Mu(t,O) + Mio(t,0) Ly n Vl(t)
W(t) My (t,0) + M2 (t,0) Lo Va(t)
W(t) = =R~ (ST X(t) + Ba(t) (1))

/ M1 (t, 7)&o(T)kdr

/ Mo (t

and where Lo = Mj5(1,0)7!

(1)kdr

(I — Mi1(1,0) —V1(1)).

IV. COMPUTATION OF LIMIT CYCLE

In this section we consider the Newton iteration

Zk+1 :Zk—F/(Zk)TF(Zk), k= 1,2,...

for the computation of a limit cycle. We first provide two
convergence properties for this Newton iteration. To do this
we define the distance to the limit cycle manifold as

d(z,2p) = min ||z — Sgqzo|| (15)
de[0,1]
We let dj, = argmingeg 1|z — Sazol and 2} = Sz 2.
Proposition 6: Let z; be generated by (15) with 21 €

B, (Zy). Suppose r > 0 is chosen such that cr < 1, where

c=Lip,[F'] sup [F'()T* sup [F'(2)|
z€B,(Z0) zE€B, (2o
15 (20)1]]

1 — rLip, [F"]||F,(20)1|

is assumed positive. Here F;(20)" is the right inverse with?
Im F/,(20)" = (Ker F'(20))* C La(1) x R.
Under these conditions we have zj € B,.(Z)) Vk and

(241, Z0) < cd(zi, Z0)?
If in addition nsup,cp, (z,) [I1F(2)| < 1, where
n = Lip,[F']

sup || F"(2)"|?

z€Br(20)
then || F(zp41)|| < nl|F(zx)|? for all k.

2It was shown in Proposition 3 how such right inverses can be con-
structed.
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Remark 2: 1If F'(z;)! = F)(2;)! then the bound im-
proves to

c= Lip[F'] suwp |F'(:)f|> sup ||F'(2)]?

2€B,(20) 2€B,(Z0)
Remark 3: The first part of the conclusion of this propo-

sition shows that the distance to the limit cycle manifold
decreases quadratically. The second part show that near the
true limit cycle manifold Z; the function value converges
quadratically to zero.

A. Implementation of the Newton iteration

By exploiting the frequency domain representation and
the pseudo inverse we obtain a Newton iteration that can
be implemented using least squares computation. Consider
the Newton iteration

Zey1 = 26 — Fb(21) F(zp) = 2 — Z oy topul F(zy)
k=1
obtained by using (7) in Proposition 3. It is easy to see that
it is the least squares solution to the problem

min || () (1 — 21) + F(21)|

and its solution satisfies zpy1 — 2z L Ker F'(zy). After
truncation to the 2N + 1 dimensional space spanned by
the Fourier bases {e/“**}V we approximate the Newton
iteration by the least squares problem

min [[Fy (23) (Brr = 20) — Ev(En)ll (16)
where 2y = (Py#,T) and Fy((y) = PyF(2y). To
improve efficiency we can exploit that the problem has more
parameters and constraints than necessary. Indeed, since the
time-domain signal is real valued the Fourier coefficients
satisfies §[—k] = g[k]. Likewise H(—jwk) = H(jwk).

An alternative to using the right inverse would be to
add one constraint to the equation system and apply the
standard Newton algorithm. The standard way to do this
in truncated Frequency domain implementations is to add a
constraint that fixes the phase [S]. This is a good strategy
if the iteration is initialized appropriately.

Example 1: We have F{y.(t + d)}[k] = e?™¥g, so
the limit cycle is unique modulo an undetermined phase in
the frequency domain. It can be made unique if we fix the
phase, e.g. as (v, z,) = im g, [1] = 0, i.e. the phase is fixed
such that the first harmonic is real valued.

V. A ROBUSTNESS RESULT

In many applications we do not know the model exactly
and the Newton iteration normally terminates before an ex-
act solution has been found. We will next provide conditions
for the limit cycle solution to sustain perturbations of the
dynamics. Consider the system

y = Ha(s/T)®(y)

where Ha is a set of uncertain transfer functions. One
possible uncertainty parameterization is the linear fractional

7

transformation Ha = Fi(H,A) = Hy + Hi2A —
HyoA)~1Hyy, where A € A (some structured set of trans-
fer functions). We use a truncated version of the nominal
(approximate) dynamics for computation of an approximate
limit cycle using the Newton iteration. The next theorem
state conditions under which there exist a limit cycle in
some neighborhood B, (Z) of Z for every A € A. Below
we use the notation

F(z,4) =y — Ha(s/T)®(y)
FN(Z,A) = PNF(PNZ,A),
FJ/V(Z,A) = PNF;(PNZ,A),

FN(Z>
Fy(2)

where Py is the projection to the 2N + 1 dimensional
subspace defined by the Fourier basis {e/27™*} NV We
also use the notation Ly, Ly x, Ly n, Ly 5, KN and Ky
introduced in (8) and (9) (we do not specify if we consider
time domain or frequency domain).

Proposition 7: Consider a Newton iteration with a nom-
inal and truncated right inverse

= F\(2,0)

Rk4+1 = Rk — FJ/V(Zk)TFN(Zk)‘

Assume we terminate the Newton iteration at z satisfying
(A) z=Fy(2)TFy(2)z.

(B) Fn(2) =€

(C) z=(y,T), where j(t) = co + 2Re Y p_, cpei2mht,
Suppose under these conditions that there exists » > 0 such
that

n=sup |FN()(Fy(2) - Fa(z,A)
z€B,(Z),A€A
Y2 = sup IFA(2) Ly (2, A)

z€B,(Z),A€A
+QN(F'(2,A) = 1)
e1 = sup |Fy(2)(Fn(2,A) — Fn(2))||
AEA

e2 = sup [|Qn(F(z,4) = 1)
AeA
es = €| Fp(2)1

satisfies v = 71 + 72 < 1 and €1 + €2 + €3 < (1 —y)r.
Then for every A € A there exists a unique (modulo time
translation) za € B,(Z) such that F'(za) = 0.

Remark 4: We have that 75, €5 and €3 are due to the
truncation. If IV is sufficiently large then these bounds are
negligible and the robustness test simplifies to v; < 1 and
€ < (]. — "}/1)7'.

VI. ESTIMATION OF LIPSCHITZ CONSTANTS

We will assume that the nonlinearity satisfies the Lips-
chitz constants

[p(y1) — @(y2)| < k1lyr — yol (18)

6" (1) = @' (92)| < k2l — w2

The next lemma shows how to estimate C'(1) bounds for
the system output using the Lipschitz constants in (18).
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Lemma 2: Suppose (y,T) € By(zo) and that (18) holds.
Then

ly = volleqy = [1H(s/T)®(y) — H(s)®(yo)llc(n)
<|H(s/T) — H(s)||Lo1)—c@)([®(wo) || + k17)
+ 1 H(8)|Ly(1)—c@ykir =21 (19)

where

1
2 _ T 2
176 sy -ca = max [l )ar

By using this lemma we do not need to require that the
Lipschitz constants in (18) are global. It is enough that (18)
holds for all y1,y2 € Usepo1){y : [y —yo(t)| < n}, where
is defined in (19) and g is the trajectory of the 1-periodic
nominal limit cycle. The reason is that the system maps all
signals in B, (zg) to this set and therefore we can modify
the nonlinearity so that it is bounded or linear outside this
range. This will not affect the conclusion of our analysis in
B, (29).

To estimate the Lipschitz constant of F”’(s) we let 6F, =
Fl(22) — Fl(z1) and use [0F7|| = \/IMFLII2 +10F7|1%,
where

I6F7|l = sup  [[K(2) — K(z)]|

22,21 €Br(20)

S
< sup | 55 H(s/To) 20,7
T> 2

+8up 5 H(/T2) = o H s/ T (19000 | + rr)

T, Ty 2

and

I6Fyll = sup  [[L(z2) — L(z1)

z1,22€ B (20)
< sup [ H (s/T2)||2k2r
2
+ sup [[H(s/T2) — H(s/T1)|[(|®(yo)|| + k2r)
T2, Ty
VII. EXAMPLES

Consider Van der Pol’s equation

§(t) +m(y(t)? — 1)y(t) +y(t) = 0
To represent this system on the form (1) we introduce the
new coordinates
a ==y —m(y’/3 -y)
T2 =Y

The transformed system has the form (1) with ¢(y) =
—my®/3 + (2 4+ m)y and
s

H(s) = 5¥——F——
() s2+2s+1
With let m = 2 and use Newton iteration using the

right inverse implemented as a least squares problem. The
algorithm converges in four steps as illustrated in Figure 1.

2 2
1 1
0 0
-1 -1
-2 -2
o -5 0 5 10 S 0 2 4 6
3 3
2 2
1 1
0 0
-1 -1
2 -2
-3 2 0 2 4 -3 2 0 2 4
Fig. 1. Convergence of the Newton iteration applied to the Van der Pol

oscillator.

VIII. CONCLUDING REMARKS

We have discussed a general framework for limit cycle
analysis. The analysis can take place in either time domain
or frequency domain. The frequency domain implementa-
tion have some advantages in that the best possible right
inverse can readily be obtained using the SVD.
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