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Abstract— Recently, novel robust AQM congestion control
strategies for time delay systems have been proposed. These
are based on the use of robust reduction methods and H∞

strategies resulting in memory and memoryless control laws
respectively have been proposed. Their design was carried out
on a single bottleneck topology for guaranteeing robust local
stability in the presence of network uncertainties in terms of
average round-trip time, load and the link capacity. Here we
analyze the performance of such robust AQM control strategies
on multibottleneck scenarios by NS-2. We will show that despite
their original design on single bottle- neck link, they can still
guarantee better performance than other more traditional AQM
controllers even in the multibottleneck case.

I. BACKGROUND

Recently, AQM congestion control strategies have been
proposed to improve the performance of standard algorithms
(i.e drop tail, red). It has been shown that control theory can
offer an invaluable set of tools to improve the performance
of existing AQM schemes which can be seen as particular
types of feedback control systems [1], [2], [4], [5], [6], [7].

Nevertheless, classical AQM schemes perform poorly in
the presence of network parameter variations such as round-
trip time, load and link capacity variations which are bound
to occur in more realistic networks [6], [7].

Indeed in more realistic networks, the round-trip time
(RTT) can also vary with respect to its nominal value
because of congestion phenomena and other effects such as
the presence of variations of responsive sources at different
points in the network (causing the variation of equivalent
round trip time propagation delay), rerouting and additional
unresponsive source traffic. Also, the assumption of fixed
long-lived TCP workload, often taken in the derivation of
these models, is violated in realistic network scenarios.
Moreover, variations in the link capacity advertised from
long-lived TCP flows can also occur because of unresponsive
traffic generated by UDP and short-lived TCP flows.

To overcome these problems, robust control approaches
have been recently presented in the literature [11], [12],
[13], [14]. Recently, novel approaches were introduced in
[6], [8], [9] to design robust AQM control strategies. AQM
congestion control strategies for time-delay systems have
been proposed, which are based on the use of robust re-
duction methods and H∞ strategies resulting in memory and
memoryless control laws. These controllers were shown to
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be able to cope with unwanted variations of characteristic
parameters such as the the average round-trip time, the
load and the link capacity. Their design was carried out on
a single bottleneck topology for guaranteeing robust local
stability in the presence of network uncertainties in terms
of average round-trip time, load and the link capacity. Their
effectiveness was shown both by NS-2 and experiments.

The aim of this paper is to analyze the performance of such
robust AQM control strategies on multibottleneck scenarios.
For this purpose a novel set of experiments will be carried
out by NS-2. We will show that despite their original design
on a single bottleneck links, the robust control approaches
followed in the paper can still guarantee better performance
than other more traditional AQM controllers even in the
multibottleneck case. It will be shown that the memoryless
H∞ controller performs better than the one based on the use
of reduction methods.

II. A FLUID MODEL OF TCP BEHAVIOR

The control design is based on the use of a fluid model of
TCP dynamical behaviour, which was derived in [3] using
the theory of stochastic differential equations. The model
describes the evolution of the average characteristic variables
on the network such as the average TCP window size and
the average queue length.

The model can be linearized obtaining the following set
of linear time-delay ODEs [1]:

δẆ (t) = − N

R2
0C

(δW (t) + δW (t − R0))

− 1
R2

0C
(δq(t) − δq(t − R0))

−R0C
2

2N2
δp(t − R0), (1)

δq̇(t) =
N

R0
δW (t) − 1

R0
δq(t),

where δW
.= W − W0, δq

.= q − q0 and δp
.= p − p0,

W is the average TCP window size (packets), q the average
queue length (packets), Tp the propagation delay (s), R the
transmission round-trip time (R = q

C + Tp), C the link
capacity (packets/s), N the number of TCP sessions and p
the probability of a packet being marked. All variables are
assumed non negative.

In what follows, for the sake of clarity, we will consider
the same parameter values considered in [1], i.e. C = 3750
packets, R0 = 0.246 s, N = 60 sessions, qmax = 600
packets corresponding to the steady-state operating regime
W0 = 15 packets, q0 = 200 packets, p0 = 0.008.
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We observe that as shown in [1], the delay R0 in the state
term δW (t − R0) in (1) can be neglected when W0 � 1.

Despite its limitations, the linear model has been success-
fully used to design effective AQM control schemes [1], [5],
[7], [8], [9], [15], [16].

III. A STATE FEEDBACK APPROACH

In what follows, we recall the main aspects of the design of
a state feedback control scheme for active queue management
(AQM) which is robust to unwanted variations of parameter
uncertainties as round trip time, load and link capacity (see
[6] for further details). In so doing we will proceed in two
stages. Firstly, a robust observer will be designed to estimate
the transmission window online, avoiding the requirement
for full state availability. Secondly, an appropriate robust
controller for time-delay systems is synthesized to cope with
round-trip time, load and link capacity variations.

Fig. 1. Block Diagram of the proposed Robust AQM control scheme.

The resulting control scheme is shown in Fig. 1. In order
to synthesize the controller and the observer in Fig. 1, we
adapt to AQM control the theoretical approaches recently
presented in [10] and [19], [22]. A more detailed theoretical
analysis of the schemes can be found in [8], [9].

We wish to emphasize that by using a robust observer, we
were able to synthesize a full state feedback controller which,
because of its nature, can guarantee better performance than
other control scheme. In our case, the control action is based
on the use of both states, the queue length q and the window
size W . To solve this problem we propose to equip the
control law with an appropriate robust observer for time-
delay systems. It was shown that this is indeed possible and
that a robust observer can be designed adapting the results
presented in [10] to the case of interest. The design uses
a linear matrix inequality approach in order to guarantee
the stability of the observer and reduce the effect of model
uncertainties on the estimated state. (See [8], [9] for further
details.)

A. Two alternative approaches

In what follows, we will briefly present two alternative
robust AQM controllers that coupled with the observer
presented above can be used to implement the state feedback
AQM control scheme shown in fig. 1. The first approach (see
[8] for further details) is based on the use of a reduction

method for time delay systems, leading to a control law
with memory. The second (detailed in [8]) uses instead an
H∞ theoretical synthesis approach resulting in a memoryless
control law which is found to be more effective for practical
applications through numerical and experimental tests. It is
worth pointing out that, through the use of the observer,
other state feedback approaches could be used as well to
further improve the performance of the existing schemes.
An important constraint to be kept into account is the highly
uncertain nature of communications over networks and the
practical constraints on the controller implementation.

1) Robust reduction-based AQM Control (RRAQM): . The
reduction transformation method presented in [18] can be
briefly outlined as follows (see [18] for further details).
Consider a time-delay system of the form

ẋ(t) = Ax(t) + Bdu(t − τ),
y = Cx(t), (2)

with state vector x(t) ∈ Rn, output y(t) ∈ Rp, input u(t) ∈
Rr, known and fixed nominal delay τ , initial conditions
x(0) = Ψ(t), t ∈ [−τ, 0] and u(t) = Φ(t) for t∈ [−τ, 0]. The
idea is to compensate the effects of the delay and stabilize
(2) by considering the linear transformation

z(t) .= x(t) +
∫ t

t−τ

eA(t−τ−α)Bdu(α)dα.

Under this transformation, it can be shown (see [18]) that
system (2) can be recast in terms of the new state variables
z as the delay-free set of ODEs: ż(t) = Az(t) + Bu(t),
where the matrix B is defined as B = e−τABd. Under the
assumption that (A,B) is stabilizable, system (2) can be
stabilized using a classical state-feedback designed on the
reduced model (III-A.1) given by

u(t) = Kz(t) = K

(
x(t) +

∫ t

t−τ

eA(t−τ−α)Bdu(α)dα.

)

(3)
The matrix K can be chosen according to one of the many

available methods for delay-free dynamical systems. The
main disadvantage of the reduction approach presented sofar
is that it requires exact knowledge of the system equations.
This is often impossible in real application, particularly in
the case of communication networks. So we can consider
parametric uncertainties in model (2) and design K in (3)
that can robustly stabilize the system following the strategy
presented in [19]. This approach was used to synthesise a
novel robust AQM control approach based on the use of
reduction methods.

However, the practical implementation of the control strat-
egy can be cumbersome as the computation of the integral
in the control law involves the storage of many additional
variables depending on the choice of the sample time. Thus,
in what follows we summarize an alternative memoryless
H∞ AQM control approach that is shown to be more
effective in practical applications (see [8], [9] for further
details).
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2) H∞ state feedback control (RHC): The design of a
robust H∞ state feedback controller for continuous time
systems with time-varying delays was recently discussed
in [22]. The resulting controller was shown to guarantee
quadratic stability of the closed loop system and acceptable
error bounds. Moreover, the design can be easily extended
to the case of time-delay systems with uncertain parameters.

As discussed in [22], it is possible to show that, for a
given positive constant γ, the controller u(t) = Kx(t) with
K obtained by solving an appropriate LMI problem, renders
an uncertain time-delay system quadratically stable with an
H∞ norm bound.

We consider for the parameter uncertainties in the model
(1) the bounds |N − N0| ≤ ∆N , |R − R0| ≤ ∆R and
|C − C0| ≤ ∆C which can be recast in the appropriate
form as required in the controller and observer design. Note
that, as for all other AQM control schemes based on the
linearized model of the TCP flow, the controller guarantees
local stability when applied to the nonlinear TCP fluid
model. As will be shown in Sec. IV, the controller validation
in network-simulator, shows that the controller presented
here performs well when applied to control a realistic TCP
connection.

IV. CONTROLLER VALIDATION ON MULTIBOTTLENECK

SCENARIOUS THROUGH NS-2

Now, we shall seek to validate the effectiveness of the
H∞ (shortly labelled as RHC) and Robust Reduction Method
(shortly labelled as RRAQM) described above and compare
their performance in classical multibottleneck scenarios [24],
[25]. To this aim, we used NS-2, a network simulator widely
used in the control and communication communities [17].
Simulations, refer to the general multibottleneck topology
router using 5 level bottleneck topology (k=5) as depicted
in Fig. 2.The capacity and propagation delay of each link
between routers is set to 15 (Mb/s) and [10-14]ms, respec-
tively, while the links between routers and vertical crossing
senders/receivers (Nh,h+1, h : 1..5) have a capacity of
100BaseT rate (100Mb/s) and a propagation delay of [40-
60]ms. There are N1,k+1 flows traversing all links. The
nominal conditions include all N flows set to 30. We note
that differently to previous multibottleneck test topologies
we have introduced also the presence of cross-traffic flows
Nk+1,1 (inverse to N1,k+1). Indeed this traffic affects heavily
the acknowledgment traffic delaying and/or eliminating it
from the network. This can be seen as uncertainty on the
round trip time. The average packet length is set to 1 Kbyte
differently from the nominal value of 500 bytes used for
control design. The choice of a different packet size is
made here to further test AQM schemes under different
network parameters. In real networks, the packet size is
usually chosen depending on the particular application being
considered and typically it is higher of 500 bytes. Indeed in
the experiment the average packet size is around 1500 bytes.
The parameters of the RHC and RRAQM controllers are
those recommenced in [9]. The sampling frequency schemes
is fs = 160Hz. We report below a variety of numerical

simulations and experiments. Namely, we investigate the (i)
nominal case with different packet size; (ii) the robustness of
AQM controllers to network dynamic parameter uncertainties
(load and round trip time); (iii) the dynamic behaviour in
the presence of UDP flows and cross traffic. In particular,
we evaluate the average and standard deviation of the routers
queue length in order to verify the AQM robust control effect
on queue stabilization and therefore on queueing and jitter
delays. In particular high queue standard deviation implies
variable round trip time for the sources and also low queue
utilization if the queue goes frequently to zero. In order to
better evaluate the differences in the controllers performance
standard deviation we have chosen a relatively large queue
(buffer size of 600packets).

A. Nominal case with different packet size and cross traffic

We validate AQM controllers upon the topology described
above when the packet size is fixed to the value of 1000 bytes
(differently to the nominal 500 bytes) as further validation
of AQM controllers upon different packet size. The different
packet size for the model point of view correspond to a
different operating point of the network. Then we have
considereds the presence of inverse cross traffic Nk+1,1,
k = 5 that correspond to dynamic queue delay (and so round
trip time) variations. We note in Fig. 3 that both controllers
presents good behavior under different static operating point.

B. Random TCP connections and round trip time variations

Now we consider variations of the round-trip propagation
delay together with load variations representing a strong
congestion scenario as in Table 1.

We can observe in Fig. 4 that also in this case the robust
controllers deal with dynamic uncertainties in the load and
round trip time bounding the queue oscillations (and so
packet dropping and queue under utilization). In particular
RHC has better and faster set point regulation with respect
to RRAQM.

C. Dynamic behaviour in presence of UDP flows and cross
traffic

An important aspect is the possible presence on the
network of unresponsive sources, whose traffic clearly affects
the overall network dynamics. The UDP dynamic not only
causes load and round trip time variations, but also an equiv-
alent capacity reduction perceived by tcp flows. In particular,
we study the effects of adding UDP flows (500Kbit/s - CBR
- Constant Bit Rate) to nominal traffic that are switched on
at t = 50 s and turned off when t = 100 s. We have also
considered the presence of inverse cross traffic N6,1. We note
in Fig. 5 the faster response time of the RHC and better
UDP traffic rejection (by reducing its propagation through
bottleneck levels) with respect to RRAQM scheme (Fig. 6).

V. CONCLUSIONS

We have discussed the effectiveness of improved AQM
control schemes to address the issue of variations of the
network parameters unavoidable in practical applications.
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In particular RHC strategy was shown to be particularly
effective on realistic multibottleneck network scenarious and
both in presence of cross traffic and UDP flows. Note that,
for the sake of brevity we have omitted standard AQMs
controller (i.e. PI, RED, REM, AVQ, VRC). Our experi-
ments show that those schemes present an overall (static
and dynamic behaviour) lower robustness performance in
single-multi bottleneck uncertainty scenarios with respect
to the robust AQMs schemes (refer to [8], [9] for further
details). Here the main idea is to compare the performance
of the two AQM robust schemes presented in [8], [9] in
the multibottleneck scenarios. We note that the simulations
presented above show faster responsiveness of RHC with
respect to RRAQM. This is due to the memoryless nature of
RHC. Besides, the practical implementation of the RRAQM
control strategy involves the computation of the integral in
the control law and the storing additional variables. Ongoing
research include the formal extension to multibottleneck
scenarios of robust controller.
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Fig. 2. Multibottleneck topology

(a) (b)

Fig. 3. Time evolution of queue length at the router 3 in presence of different packet size and cross traffic: (a) RHC; (b) RRAQM

Time Interval[sec] R = q0
C

+ Tp [sec] Time Interval [sec] N
0-10 [0.306-0.386] 0-5 60
10-15 [0.266-0.346] 5-15 90
15-20 [0.386-0.466] 15-30 140
20-30 [0.266-0.346] 30-50 50
30-40 [0.173-0.306] 50-60 120
40-60 [0.266-0.346] 60-70 90
60-80 [0.413-0.493] 70-85 180

80-100 [0.226-0.306] 85-100 80

TABLE I
DYNAMIC LOAD N AND ROUND TRIP TIME R VARIATIONS
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Fig. 4. Time evolution of queue length at the router 3 in presence of load and round trip time variation in Table 1: (a) RHC; (b) RRAQM
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(a) (b)

Fig. 5. Performance of RHC controller in presence of UDP and cross traffic flows: (a) time evolution of the queue length at the Router 1; (b) time
evolution of the queue length at the Router 5;

(a) (b)

Fig. 6. Performance of RRAQM controller in presence of UDP and cross traffic flows: (a) time evolution of the queue length at the Router 1; (b) time
evolution of the queue length at the Router 5;
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