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Abstract— This paper treats the problem of designing con-
trollers and estimators for freeway management applications
using macroscopic models and optimal control. The model is
a nonlinear conservation law that may develop and propagate
discontinuities known as shock waves and thus prevent the
use of variational techniques requiring regularity. We show in
this paper how a valid first variation of the model can be
computed, give an explicit formula of its solution and use it to
evaluate gradients of optimization problems using the adjoint
method. The coordinated ramp metering problem and the state
estimation problem are treated as illustrations.

I. INTRODUCTION

Traffic control and monitoring is a mature and still active
research field. Given the large size of freeway infrastructures,
macroscopic traffic models are often considered, the simplest
one being the Lighthill-Whitham-Richards (LWR) model [1]
that relies on the vehicle conservation principle and the
constitutive assumption that vehicles travel at an equilibrium
velocity function of the local density only. This model
takes the form of a nonlinear hyperbolic partial differential
equation also called a conservation law, a class known to
be difficult to analyse [2] and simulate [3] because of the
possible presence of propagating discontinuities called shock
waves. For practical applications, the authors proposed in [4]
an extension of the LWR model that takes into account on/off
ramps and on-ramp saturations for heavily congested main
lanes by adding an inhomogeneous term with Dirac distribu-
tions. Thought the consequences of this irregular source term
should be addressed more carefully, we assume this model
to be well-posed when interpreted in the distributional sense,
which is standard for nonlinear conservation laws [5], [2].

The distributed nature of the model led some authors [6]
to discretize the state equation in order to apply finite dimen-
sional control techniques. Nevertheless, valid discretizations
of conservation laws [3] as the Godunov method cannot be
put in a form suitable for control (i.e. continuous or discrete
state equation). A notable exception is the discretization pro-
posed in [7] which is used in [8] but it assumes a piecewise
linear flow function and leads to rather complicated hybrid
controllers. The alternative is to perform the analytical design
with the distributed system directly, discretizations being
used for practical implementation only. Nevertheless, if the
field of partial differential equation control is rather mature
for elliptic, parabolic and hyperbolic linear systems [9], very
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few literature is available for nonlinear conservation laws and
shocks are generally disregarded [10].

The contribution of this paper is to provide a new method-
ology that takes into account the possible propagation of
shocks when solving optimal control problems with conser-
vation laws. The motivation of such work is that many traffic
management applications take the form of optimization prob-
lems. Examples are the design of coordinated ramp metering
strategies that maximise the vehicle-distance-travelled and
the estimation of the distributed traffic density that best
matches the observations at finite sensor locations.

Optimal control problems involving distributed systems
are classically solved iteratively using gradient descent meth-
ods that evaluate gradients of the cost functional based on
the linearized dynamics. The advantage of this approach
is to use the unavoidable discretizations only to solve the
infinite dimensional conditions of optimality, making this
approach computationally efficient and usually more con-
sistent than discretize-then-optimize methods. Unfortunately,
the extended LWR model may develop shock waves and is
thus not linearizable, at least not in the usual sense. Though
some works [11] discard these shocks when linearizing, some
recent results [12] proposed an elegant way to compute para-
metric linearization of conservation laws using a distribu-
tional interpretation. Using the weak form of the conservation
law, this paper provides a rigorous framework to compute
the first variation of the traffic model and gives a formula to
explicitly compute its solution. Though not being exactly a
linearization in the strict sense, this first variation is enough
to solve iteratively optimal control problems where gradients
are evaluated using the classical method of adjoint calculus.
In addition, this setting provides a nice interpretation of the
necessary conditions of optimality that is not available in
discretize-then-optimize approaches.

This paper treats the coordinated ramp metering problem
and the state estimation problem but the proposed methodol-
ogy may be applied to any control or estimation problem as
soon as an optimization formulation is adopted. Numerical
examples using real field data are proposed in the last section.

Notations. C} is the set of continuously differentiable
functions with compact support. For p discontinuous on
I, pr and p are its left and right values along I' and
[p]r=pit—pir . Variables of integration are omitted in integrals.
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II. THE EXTENDED LWR MODEL (ELWR)

The authors proposed in [4] a model for freeway sections
with on/off ramps suited for applications in ramp metering,
state estimation and missing data reconstruction. It is based
on the vehicle and flow conservation principles, as in the
LWR formulation [1], where a source term is introduced to
handle ramps. For illustration, we consider a section of the
beltway of Grenoble (France) as depicted on Figure 1.

@ Counting stations

Fig. 1. Study case considered for illustration and numerical examples.

Let (x,t) € Q = (0,L) x (0,T) be the space and time
independent variables. The vehicle density, aggregated by
lanes, is denoted p(z,t) and plays the role of the state
variable of the model. The vehicles are assumed to travel
at an equilibrium speed v(z,t) = V(p(z,t)), leading to
the flow function ®(p) = pV (p) known as the fundamental
diagram.We consider the Greenshield model [13] given by
the concave quadratic form ®(p) = pvr — p?v¢/pm With
v the free flow speed and p,, the maximal density. The
N, on-ramps are located at {Z1,...,%y,} and the N3 off-
ramps at {&1,...,%n,}. The i*" on-ramp flow is set to
wi (1)U, (p(24,1)) with u(t) = (ui(t),...,un, (t)) € [0,1]Nu
the metering rates and ¥, (-) a smooth saturation function as
depicted on Figure 2 that limits the inflow for large densities
on the main lanes. The i*? off-ramp flow is set to be equal

Wilp(t, 2:))

max ramp flow

Pm
saturated

unsaturated

Fig. 2. Smooth saturation at on-ramp 4.

to ﬂl(t)cb(p(il7 t)) with (61 (t)7 s 7ﬂN5 (t)) € [07 I]NB the
split ratios and ®(+) the flow function. The functions ®(-) and
U, (+) should be tuned (for instance by least square estimation
if in parametric form) to reproduce the traffic dynamics in
the region of interest.

With these notations, the traffic model in [4] writes

(DE) 0p + 0:@(p) = 32, 03, wiWi(p) — 325 02,8, (p)
(IC) p<o,zc> - pi(x) .
p(t,0) ~ Pup (¢
(BO) { p(t, L) ~ pao(t)
ey
where J¢ is the Dirac distribution centered at x = £. The
symbol ~ is used to point out that the Dirichlet boundary
conditions are only active on a subset of (0, 7") determined by
the BLN condition [14]. For illustration, at x = 0, this condi-
tion tells that py, applies only for entering characteristics, i.e.
when ®'(p(t,0)) > 0 or if a discontinuous wave has positive
speed. i.e. (®(p(t,0)) — ®(pup(1)))/ (p(t,0) — pupl(£)).
Being a conservation law, Equation (1) is valid only if it is
interpreted in the distributional or weak sense [2] as p may
develop discontinuities. A standard choice for the space of
test functions is A = C3 (] — o0, T[x]0, L[), making the weak
sense interpretation of (DE) in (1) of the form

T T

TrL L
+ [ oo+ 2@0.0+ [pro], =0, ¥ oer @
0J0 0

Equation (2) is a set of integral equations ensuring the
conservation of vehicles and flows on any subset of ().
Though its rigorous wellposedness requires additional anal-
ysis, it is assumed to have a unique piecewise-C'! solution
satisfying the entropy admissibility condition ([5], [15]).
Curves of discontinuity, known as shock waves, are denoted
{T";}i=1,....n, and correspond to strong congestion waves in
traffic applications. Depending on the initial and boundary
conditions as well as on the ramp flows, shocks may appear
in finite time when characteristics intersect. Each curve
of discontinuity T; stating at time ¢! is parameterized by
I; = {(si(t),t),t € (t/,T)}. The entropy admissibility
condition ([5], [15]) tells that shocks are allowed to propagate
with speed 3;(t) = [®(p)lr,/[plr, if p; < pit, ie. if
characteristic curves are oriented towards I'; near the shock.

As p is discontinuous at * = Z; and x = I, the
products dz,u;¥;(p) and 6z, 3;P(p) of a Dirac and a dis-
continuous function are ill-defined. This inconsistency can
be removed with U;(p),.. = ¥;( max(limgz, p,limgs, p))
and ®(p),,, = ®(limy;, p) from the traffic behavior.

To ease forthcoming calculus, Equation (DE) in (1) can be
formulated with a divergence operator in the frame (e, e;)

v. (‘I’;”)) —b(pu, ) inQ 3)

with b(p,u, 8) = 2, 85,u;Wilp) — X2, 62,6, %(p). This
formulation makes the method of characteristics [15] very
explicit by showing that p is the integral of the inhomoge-
neous term b(p, u, 3) along the integral curves of the field

o) = (*1)

Contrary to linear hyperbolic equations, 7 is not a structural
property of the model as it depends on the solution p.
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III. FIRST VARIATION OF THE ELWR MODEL

It is a known fact [16] that nonlinear hyperbolic equations
cannot be linearized along a trajectory p. The reason is
that in the presence of shocks, small perturbations p will
propagate with increasing magnitude in time as they modify
the shock speeds. Recently, a method was proposed in
[12] to compute the linearized dynamics with respect to a
finite dimensional parameter in the initial condition using
distributional calculus. We present in what follows a new
method based on the weak formulation to compute the first
variation of the ELWR model. This operator will then be
used to solve iteratively optimization problems.

Theorem (first variation of ELWR) The first variation
of the state equation along the trajectory (p,pr,u) with
perturbation (p, pr,u) is given by

615/3 + a:z: ((b/(ﬁ)ﬁ) =
> 02 (@5 (p)p + @ Wi(p) =22, 0z, 8, (p)p
p(0,2) = pr
p(t,0) =0 when py, applies.
{ p(t,L) =0 when pq, applies.
“)
The dynamical part of (4) should be interpreted in the weak
sense and can be put in the divergence form

v (YO0 < papprnen
Wilh{ bp(ﬁ,ﬂ,ﬁ) = Zﬂsaﬁﬂz‘l’;(ﬁ)—zj 6ijﬁj¢/(ﬁ)
bolp) = 56 Wi(0)

Proof: The weak formulation (2) is a set of equations
of the form F : (p,pr,u) € (LL.)* — R. A Taylor
expansion of F around (p, py, @) with perturbation (p, pr, )
can be performed by setting p = p+ p, pr = pr + pr and
u = U + 4. The function ®(-) being quadratic, we have
the expansion ®(p + p) = ®(p) + ®(p)'p + +P"p* with
®" a negative constant. The first variation of (2) is then
obtained by removing the nonlinear terms that vanish as
(p, pr,4) — (0,0) and setting the boundary conditions of
p to 0 as there are not allowed to vary.

|

It makes sense that the first variation of a conservation
law is itself a conservation law as the conservation principle
should be fulfilled by the unperturbed and perturbed systems.

Theorem (Solution of the first variation of ELWR) The
solution of Equation (4) is

p=pec+ Z or, K (6)

with p. the solution in Q\ (U;T;) of
{ (?tﬁc + (I)/</_’~)arﬁc = bp(lja U, ﬂ)ﬁc + bu(ﬁ)ﬂ
pe(0, ) = pr(x)
and k; with i =1, ..., Ng, the solutions of

{ %Zl{):ipép7 ﬂ, 6)\Fi’£i+§i [/66] Ir; [(I)/(ﬁ)ﬁc] Ir; (8)

(7

This result states that the solution of (4) is the sum of the
piecewise-C'! solution of (7) constructed from the charac-
teristic field n(p) and Dirac measures on the shock curves
T';. Equation (7) is well-posed at the shock locations as the
entropy condition ([5], [15]) states that the characteristics
are leaving the computational domain near these boundary
curves. In (8), d/dt is the full time derivative along a shock.

Proof: The proof relies on the integration by parts formula
that states that for F' a continuously differentiable vector field
and g a continuously differentiable functional, we have

/(V-F)g:—/F-Vg—I— F-vg
Q Q 0

with v the unit outward normal vector to 0f2. Let consider
the special case of p with a single shock I" on x = 5(¢).
We can write p = p' + (p? — p*)H (z — 5(t)) with H(-) the
Heaviside distribution, p' and p? being the C'!' solutions at
the left and right of the shock. A formal differentiation would
give p=p' +(p* — p* ) H(z — 5(t)) — 5(p* — p*)d(x — 5(1)),
which suggests a solution of the form p = p.+ >, o, k; as
proposed in [12]. Interpreting (5) in the weak sense, we have
the following set of equations for all ¢ € C§(]0,7[x]0, L)

o= [ (‘I"(ﬁﬁ)ﬁ) Y6+ by, B)6 + bu(p)id

D' (p)pe o _ o

’ % o ((*17) Vot by(p.0.000)

with [ J, Qx a decomposition of © where p is C*. Note that
dp, ®’(p) is ill-defined as ®'(p) is discontinuous along the
curve I';. Nevertheless, this difficulty can be overcame by
using generalized characteristics [17] and Filippov’s theory
[18] of discontinuous fields. Without going into details, we
set ®'(p),, = [®(p)]i,/[plr, Which generalizes the way
information propagates. An integration by parts gives

0= /Q (—V- (q’/(fj)[’c) +b,(p. 1, B)pe + bu(p)ﬂ) ¢

C

Ns T
T Zl/tI (—[®'(P)pelir, + 5:(t)[er,) Hyr,

N. 1 e
n Z/t K ((CI) (f)ln) . V(b\ri + bp<p7u7ﬁ)r‘i¢[r‘i)

‘ I
i=1 i

The first term is equal to O with p. the strong solution of
(7), which can be computed by the method of characteristics
[15] on each subset €. The second term is obtained using
the fact that ¢ is continuous along the shocks as ¢ € CJ.
Finally, given the value affected to ®'(p).,, we recognize
the directional derivative of ¢ along the shock curve I';

d

&(b\ri = 019, + (D)1, 0P, = D¢, + 5i(t)0nrr, (9)
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leading to

T
0= /t | gt (= @@, + 505,
+by(p, 4, ﬁ)\pini) .

An integration by parts in time concludes the proof. |
It should be pointed out that (4) is not rigorously a
linearization of the state equation (1) as its solution (6) is
a distribution whereas the solution of (1) is in Llloc. This
mismatch of functional spaces does not allow the mapping
H : u — p to be linearized as H(u + @) » H(z) + H'(@)a.
Nevertheless, all the information of a linearization is in (6)
as the shock sensitivity is contained in its singular part.
The same kind of inconsistency appears for the Heaviside
distribution as H(x —a — a) » H(z — a) + 6(z — a)a.

Note that the shock sensitivity is given by a time integra-
tion in Equation (8) as perturbations of the state near a shock
modify the shock speed.

Optimization problems are often solved using iterative
algorithms that evaluate gradients of the cost based on the
first variation of the constraints. This result is thus a first step
towards the development of methods able to solve optimal
control problems involving nonlinear conservation laws.

IV. APPLICATION TO OPTIMIZATION PROBLEMS
A. Problem formulation

Many traffic management problems can be casted as opti-
mal control problems with the traffic model as a dynamical
constraint and possible constraints on the admissible states
and controls. Using barrier techniques to move the last
constraints to the cost function, these problems take the form

lvll:lin j(p, U) = jobs(p) + jbar(u)
= fonoL Qlp) + j;)TR u (10)
Subj. to (DE) — (IC) — (BC) of Eq. (1)

where the decision variable y can be any variable of the
problem depending on the application (generally the initial
condition p; or the metering rates u).

B. Gradient evaluation by the adjoint method

A simple variational analysis of Equation (10) by setting
=p+ p and u = u + u gives the perturbed cost

j(ﬁ7 ﬂ') = jobs(ﬁ) + jbar(a)

_ /OT/OL D,Q(p)5 + 2 /OT Dy, R(a)a

But p is not a decision variable and is defined through the
traffic dynamics (1). A standard approach [9] is to use the
adjoint equation of its first variation to evaluate 7. We have

/ (0002 (¥ ()9) -3 b, WP 0, 5,07
- Z%iﬂi\l’i(ﬁ)}/\ =

‘/{—&A—é )0\ E:éam A+§:&%@ P)A}D
Q

AX)
L L T T
~ ~ 1/ =\ ~ 1/ =\ ~
+ /0 PAlir— /0 /Mlt:ﬁ/o ' (p)pA| /0 '(p)pA|,—g
Bt (X,p) Bi(X,p) Bp(A,p) Bu (X,p)
- Z/ )‘\zl |x1 uz
C: (,\)
1 [‘P’(p)ﬁ]m)
+ ~ AT,
Z/ V1452 ( > < 1Al T
D(X.p)
By setting
AN = D,Q(p)
BT(A7ﬁ) = 0
Bp(\p) = 0 (11)
BU()\7ﬁ) =0
D(\j) = 0
we obtain

L Ny T
j:/ BI()\,[))+Z/ {C;(\) + Do, R(u)}ii;

[ i

Theorem (Gradient evaluation) The gradient of the
abstract problem (10) may be evaluated by

JAC, Z3) + Dy, R(u) Y

Vo I =X(0,") (12)
with the adjoint variable \ solving
(DE) —0,A—®'(p)0:A = D,Q(p)
+ 22 06, ui V(P )>\ ;02,89 (P)A
(FC) AM(T,z)=0
)\(t7 0) =0 when pyp does not apply.
(BC) ¢ A(t,L) =0 when pg, does not apply.
Ar, =0, i=1,.., N,
' (14

Proof: The adjoint equation (14) with final condition
(FC) and boundary conditions (BC) is defined so that all
equalities in (11) are satisfied. The boundary conditions of
the adjoint equation (14) and of the first variation (4) apply
on complementary domains that depends on the solution p of
(1). Additional homogeneous boundary conditions A, = 0
are provided at the shock locations to remove the singular
part of (6). They make the reverse problem (14) well-posed
as backward characteristics leave the boundaries I';. [ |

This gradient evaluation method may be embedded in any
descent algorithm to compute iteratively a solution to (10).
Even with the analytic expressions (12,13,14), discretizations
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are unavoidable as infinite dimensional calculus is needed.
Numerical schemes solving (1) and (14) are available in [4].
The dual variable A can be interpreted as a marginal cost.
The backwards differential operator —9;A — ®'(p)0, A in
(14) implies that A is the integral of the inhomogeneous
term along the backwards characteristics. The characteristic
field being the same than for the first variation (4), the dual
equation can be interpreted as the following
1) D,Qis used to trig the adjoint variable where improve-
ments are possible. It creates some marginal cost.
2) The marginal cost travels towards some regions where
decision variables are available by following the back-
wards characteristics.

V. TRAFFIC CONTROL AND MONITORING APPLICATIONS

Two traffic related problems are treated as illustrations.
The first one is the optimization of a coordinated and traffic
responsive ramp metering algorithm to reduce congestion on
freeways. The second is the estimation of the traffic state
where no sensor is available.

A. The ramp metering problem

Considering the objective of maximizing the vehicle-
distance-travelled, [4] proposed the following formulation.

Min  Ji(p) = = [y Jy @

(DE) — (IC) — (BC) of Eq. (1)
u € Upa = L2((0,T),[0,1))™"

U.q being a compact and convex subset, the barrier function

Z/ In (u; (1 — u;))

can be used, leading to the augmented problem
Min  Jaug(pw) = Ti(p) + Ty (u)
Subj. to (DE) — (IC) — (BC) of Eq. (1)

The solution of (16) will converge to that of (15) as M — oo
while keeping solutions of (16) in the admissible set U,q.
In this problem, the initial condition p; is supposed to be
known thus it is not a decision variable and p; = 0. The
first variation of the cost functional thus reduces to

No T
jaug = Z/ {\Ilz(p( )
i=170
giving the following gradient in L2

Vui‘-lz'lllg = W,(p(7i’7)))\(7i’l) + Duijb]\;[r(u)

and the dual equation

(15)
Subj. to {

jbar =

(16)

&) i) + Duijbﬂgr(u)}az

a7

~0A = W0 = ()

+Z5 W (p)A — Za 3%’ (p)

This result is in accordance with our previous results in
[4] obtained with a slightly different method.

The following descent algorithm solves (15) iteratively.

Require: u; := u!™* € (0,1), M := Miuis, €, €0, AM
while jbar( )/':ff(p) > €o do
while ||V.Jaugl > € do
Compute p from (1)
Compute A\ from (14)
Compute V., Jaug from (17)
Update u; := u; — tVuy; Jaug, t € (0,1) s.t. uw € (0, 1)
end while
M := M.AM
end while

Figures 3 and 4 give the obtained results for the ramp
metering optimization of the freeway section of Figure 1. A
time horizon of 1.5 hour at the beginning of the afternoon
rush hours is considered with real field initial and boundary
data courtesy of DDE Isere. We observe that the metering
rates decrease in Figure 4 to cope with the incoming con-
gestion. The weakness of this method is that it requires the
knowledge of the initial condition p; and of the estimates
of the boundary conditions p,, and pq,. Receding horizon
techniques may help to avoid propagation of errors in the
estimates of pr, pup and pqo.

x10*

Iterations

Fig. 3. Reduction of the costs J; and Jaug
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Fig. 4. Optimal on-ramp flows before and after optimization in the
afternoon rush hours.
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B. The state estimation problem

Consider the problem of estimating the current state
p(0, z) based on the density measurements &;(t) at a finite set
of locations {&;} "1 on the time horizon (—T’,0). As nonlin-
ear conservation laws are not invertible (cannot be integrated
backwards), iterations on the final condition would not be
valid. The alternative is to search for the initial condition
that minimizes the square error at the sensor locations, the
final state being given by a one-to-one correspondance. The
state estimation problem is formulated as following

Min  Jo(p) = 30 3 fy (0 ) — &0)?

= Zivm 2 fonoL 0z, (p - 51)2
(DE) — (IC) — (BC) of Eq. (1)

In this problem, the ramp metering rates wu; are supposed
to be known leading to @; = O for all ;. We get

_ L
jO = / A(Oa )ﬁf
0
leading to the gradient
VirJo = A0, )

and the adjoint equation

(18)
Subj. to

(19)

— O\ = @'(p) 0\ = 05, (p — &)
+ 3 G (PIN =D 8z, ;% (p)A
i J

The marginal cost interpretation gives some insight on
the limitations of the method. As characteristics linking the
sensor locations to the initial condition in (—77,0) are the
only ones to provide information in the descent method, a
lack of such characteristics would lead to a poor estimation.
Nevertheless, this is a structural limitation of the system that
cannot be overcome by other methods.

The following descent algorithm solve (18) iteratively
and Figures 5 and 6 present the results for 5 sensors.

Require: p; := p™* € (0, pu), €
while ||V, 7| > € do
Compute p from (1)
Compute A from (14)
Compute V,; J, from (19)
Update pr := pr — V,, Jo
end while

F W e we e w0 w0 0 ® w00 200 ETRE I

Space Iterations

Fig. 5. Estimated initial condition (dashed: actual, plain: estimated, dot:
linear interpolation of measurements) and cost evolution.

Space

Space

Fig. 6. Actual density distribution (left) and residual error after optimization
(right). The 5 black lines show the sensor locations.

VI. CONCLUSION

This paper propose a rigorous methodology to compute the
first variation of a scalar conservation law by using its weak
interpretation. Though this first variation cannot be called
rigorously a linearization, it can be used to solve optimization
problems. Traffic control and monitoring applications were
considered to show the practical usefulness of the approach.
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