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A Schur algorithm for symmetric inner functions.

Martine Olivi, Bernard Hanzon, Ralf L.M. Peeters

Abstract. Symmetric inner rational functions naturally
arise in the description of physical systems which satisfy
the conservation and reciprocity laws. Inner matrix functions
can be parametrized by a sequence of interpolation vectors
obtained from a tangential Schur algorithm. In this paper,
we present a Schur type algorithm which allows to describe
symmetric inner functions, based on a two-sided Nudelman
interpolation problem. This Schur algorithm gives rise to an
interesting interpretation in the context of surface acoustic
wave filters.

I. INTRODUCTION.

Symmetric inner functions naturally arise in the descrip-
tion of physical systems which satisfy the conservation and
reciprocity laws. This study was initially motivated by an
application to the synthesis of SAW (surface acoustic wave)
filters. A SAW filter can be viewed as composed by a finite
number of cells, each cell containing a reflection center with
reflection coefficient r;, r; €] — 1, 1[, and an electroacoustic
center [3]. The acoustic matrix which relates ingoing waves
to outgoing waves can be computed from the sequence of
reflection coefficients rq,7r9,...,7y. Put

tn: 1—7"%, Pn:tltg...tn,

and define Schur polynomials ¢,, and t,, of degree (n — 1)
satisfying the Levinson recursions

{¢n(2) = 2¢n-1(2) + rnPn-1(2)
Yu(2) = 2rp@n—1(2) + Pn-1(2),

¢1(z) = 1
¢1 (Z) = 7.
Note that these polynomials have real coefficients. Also

define the reciprocal polynomial of a polynomial p(z) of
formal degree n as

with

p(z) = 2"p(1/z) = z"p(1/2). (1)

The acoustic matrix associated with the first n-cells of the
filter is thus given by

_]¢n(z2) Pnzn_l T /2
Qn(z) =z PnZ"_l _]QZn(zg) /¢n(z )v 2)
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in which j denotes the square root of —1. Note that,
Pn(2?) = 22D On(1/22), Pu(2?) = 22D Pn(1/27).
The matrices @, (z) are symmetric inner matrices, of McMil-
lan degree 2n, with complex coefficients. In this example, the
complex structure is very particular, but it can be much more
complicated if one considers a combination of filters. Ratio-
nal complex matrices which are both inner and symmetric
seem to be relevant objects in physics and electrical engineer-
ing. However, while there exists an important literature on
inner functions and some papers on real symmetric rational
matrix functions [6], [7], to our knowledge symmetric inner
matrices have not been studied.

Tangential Schur algorithms provide interesting tools to
parametrize inner functions by means of interpolation values
[1], [5], [10]. The object of this paper is to present a Schur al-
gorithm which allows to describe symmetric inner functions.
In order to take into account symmetry, the usual Nevanlinna-
Pick interpolation problem underlying the Schur algorithm
will be replaced by a two-sided Nudelman interpolation
problem.

II. SCHUR ALGORITHMS, INTERPOLATION AND
PARAMETRIZATION.

The Schur algorithm was originally a nice recursive test
for checking the boundedness of an analytic function S(z)
in the disk: define a sequence of functions by Sy = S and

then, |S(z)] < 1 for |z| < 1 if and only if |5;(0)] < 1
for all ¢ > 0. Such an analytic function is called a Schur
function and it is completely characterize by the sequence of
numbers ~y; = S;(0). Then, Schur type algorithms were used
to approach interpolation problems with metric constraints
(Nevanlinna-Pick problems): find a Schur function which
takes certain specified values at certain points inside the unit
disk.

Generalizations of Nevanlinna-Pick problems to the matrix
case were considered, often motivated by some sample prob-
lems in control and system theory: sensitivity minimization,
robust stabilization and model reduction. For these questions
we refer the reader to [2] and the bibliography therein. An
interpolation condition for a rational matrix function can take
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several forms, namely

Swyu = v, 3)
e"S(w) = yT, )
xTS(w)u = p, 5)
Sw) = M, (6)

in which w is a complex scalar, u, v, x, ¥y, are vectors and
M is a complex matrix. The solutions of such interpolation
problems can be usually parametrized via a linear fractional
transformation, that is a transformation of the form

T@(R) = (@1R+@2)(@3R+@4)71, @)
associated with some rational matrix function O(z) with
block decomposition

o @1 @2
o-[o &].

The most popular interpolation problem, also called
Nevanlinna-Pick problem consists of a set of directional
interpolation conditions of the form (3). Schur algorithms to
solve this problem were presented among others in [1], [10].
In [1] a Schur algorithm is used to provide parameters for
the set of rational inner functions of fixed McMillan degree.
We briefly recall this result.

Let
I, 0 10 I
KIS P
For any matrix function F'(z), we define
Fi(z) = F(2)*, F(z)=F(2). )

A 2p x 2p rational matrix function O(z) is called J-inner
if, at every point of analyticity z of © it satisfies

0(2)JO(2)* < J,
O(2)JO(2)* = J,

2] <1,
|z] = 1.

(10)
(1)

The linear fractional transformation (7) possesses the fol-
lowing useful properties: if Q = Tg(R) where R and @ are
invertible, then

Trox (R,
Tyo(1/2r(RT).

Q*l
QT -

A p x p rational matrix function S(z) is Schur if it is
analytic and contractive in the disk

5(2)5(2)" < I,

12)
13)

lz| <1, (14)

and inner if in addition it takes unitary values on the circle
S(2)S(2)" = I, (15)

A linear fractional transformation (7) associated with a J-
inner matrix function © transforms inner functions into inner
functions.

Let Q(z) be a p x p inner function of McMillan degree
n, then

|z =1.

(i) w € C,|Jw| < 1 being given, we can always find
some direction u € CP, |ju|| = 1 such that v given by the
interpolation condition

Q(w)u = v,

has norm strictly less than 1.
(ii) in that case (||v]| < 1), a J-inner matrix function can
be built from the interpolation data w, u, v, namely

v v |
1—|w]? [ u u
Owuw(2) =Ip+(2—1) —J (16)
: 1T—[of* (z = w)(1 —w)
such that the function )(z) can be represented by the linear
fractional transformation (7) associated with ©, ., for
some inner function Q,,—1(z) of degree (n — 1).
The tangential Schur algorithm consists of repeating this
process, and thus provides a sequence of inner functions,

Qn = Q»Qn—lw-le»QOa

in which for £ = n,n — 1,...,1, @ has degree k£ and
satisfies the interpolation condition

Qr(wy)u = vg, okl <1,

and Qg is a constant unitary matrix.

A local parametrization (or chart) for the set of inner
functions of McMillan degree n can be associated with
a sequence of interpolation points (w1, ws,...,w,) and
interpolation directions (w1, us, ..., uy). An inner function
of McMillan degree n can be parametrized in this chart,
if the Schur algorithm can be run until @y (i.e. for &k =
n,...,1, the interpolation values vy, = Qp(wg)uy satisfy
[lvg]] < 1). Note that, by (i), for any Q(z), we can find a
sequence of interpolation values and interpolation directions
such that this condition is satisfied. The interpolation values
Vp = U,Up_1,...,01, are then the parameters of () in the
chart, together with the unitary matrix Q.

Recall that a linear fractional transformation 7'z associated
with such a J-unitary matrix H is a bijection on the set of
inner functions which preserves the McMillan degree [8].
Moreover, if © is a J-inner function, we have that

Ton(R) =Te (Tu(R)).

This leads to the following remark.

Remark 1: The function ©,,,, satisfies the condition
Owuw(l) = I, This implies that the constant unitary
matrix Qo in the Schur algorithm is such that Qg = Q(1).
This choice naturally arises in a function space approach [4].
The matrix ©,,,,, also has the nice factorization (obtained
from [8, Lemma 5.1] applied to KO%  K)

w, U,V
®w,u,v(z)

I 0
— *\—1 p
= HE)T G (85 (2) - Dt
in which ,, and H (vu*) are defined by (18) and (21) respec-

tively. However, assertion (ii) is still true if we replace ©,, y, ,

H(vu"),
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in the linear fractional transformation by any ©,, .. 0 =
Oy,uvH, where H is a constant J-unitary matrix. This
matrix H may depend (smoothly) on the interpolation data.
The corresponding Schur algorithm will provide from @ a
different sequence of inner matrices (). Such a choice may
be more convenient in some context. In [10], a similar Schur
algorithm is presented which gives rise to a circuit theoretical
interpretation. It is described in the case of continuous-time
transfer functions, but it corresponds in our discrete-time
setting to the choice of O, 4, H (vu*) 1. In [8], the freedom
in the choice of the matrix H has been used to associate with
the Schur algorithm a nice recursive construction of balanced
realizations. This is possible with the J-inner matrix

A 0

— * P h *

ew,u,v - H(wvu ) 0 Ip + (12—_2); o 1)uu* H(UU’ )
Now, we turn to the case of symmetric functions. In view

of (13) we have the following preliminary result:

Lemma 1: Let ©(z) be a J-unitary function such that
0 (1/2) = KO(2)K.

Then, the linear fractional transformation T preserves sym-
metry.

III. ELEMENTARY SYMMETRIC INNER FUNCTIONS.

The Schur algorithm we shall describe in the next section
produces a sequence of symmetric inner functions whose
McMillan degree decreases by 2 at each step. Thus, it
ends either on a symmetric unitary matrix or on an inner
function of McMillan degree 1. In this section, we shall
characterize these elementary symmetric inner functions. As
mentioned previously, constant .J-unitary functions also play
an important role in these questions. We shall also char-
acterize J-unitary matrices H which satisfies the condition
H = KHK, so that Ty preserves symmetry.

Symmetric complex matrices have been studied in [9]. We
recall the following result.

Lemma 2: A complex matrix X is both symmetric
and unitary if and only if it can be written as X =
OAOT where O is a real orthogonal matrix and A =
diag()\l,)\g,...,)\n), |>\k| =1.

Every inner function of McMillan degree 1 can be written
in the form (see [4, th.1.4.])

B(z) = (Ip + (Bc(2) — Dzaz™) X, (17)
where [¢(z) is the Blaschke factor
_ (-00-9
Be(z) = (1—i)(1=0) ¢l <1 (18)

X is a unitary matrix uniquely determined by X = B(1)
and z* is a left kernel vector of B(¢) such that ||z| = 1.

If B(z) is symmetric, then the matrix X = B(1) is
symmetric too. Since it is unitary, there exists a unitary
matrix Y such that (see Lemma 2)

X=YvY"T

Consider the matrix
B(z) = Y*B(2)Y = I, + (Bc(2) = Lyy",
where y = Y*z. The matrix B(z) will be symmetric if and
only if ey is real, for some unit complex number e.
Lemma 3: The inner function B(z) given by (17) is
symmetric if and only if it can be written in the form

B(z) =Y (I, + (Bc(2) = Dyy") Y7,

in which y is a unit real p-vector and Y a unitary matrix.
It is known [4, Th.1.2] that every 2p x 2p J-unitary matrix
can be expressed in the form

19)

(20)

n-uw)| g g

0 Q
where P and @ are p X p unitary matrices, and H(F) the

Halmos extension of a strictly contractive p X p matrix FE,
that is

H(E) (I, - EE*)~Y?  E(I, — E*E)~1/?
E*(Ip—EE*)71/2 (Ip_E*E)71/2

21

Lemma 4: The J-unitary matrix H(FE) satisfies

H(E) = KH(F)K if and only if F is symmetric.

IV. A SCHUR ALGORITHM FOR SYMMETRIC INNER
FUNCTIONS.

Let @ be a p x p symmetric inner function of McMillan
degree n > 2 and assume it satisfies the Nevanlinna-Pick
interpolation condition

Qw)u = v, (22)
where w belongs to the open unit disk, u and v are complex
p-vectors, ||u|| = 1 and ||v|| < 1. In order to take into account

the symmetry of ()(z), we shall consider simultaneously the
symmetric interpolation condition

uf' Q(w) = vT. (23)

The interpolation problem: find ) which satisfies (22) and
(23), is a special case of the two-sided Nevanlinna-Pick
problem in which the interpolation points coincide. It can
be viewed as a two-sided Carathéodory-Fejér problem [4,
th.6.3.] or as a particular case of a the two-sided Nudelman
interpolation problem considered in [2, ex.18.5.3]. For this
problem to be well-posed, an extra interpolation condition
of the form

u?' Q' (w)u = p,

in which @’ denotes the derivative of (), must be added to
the previous ones.

(24)

Pm 1— joff?
— v
o= Tl (25)
and associate with the set of interpolation data
6= (w>u7vap)7 (26)
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the Pick matrix

[o 5
As = { - } : @7)
and the J-inner matrix function
z—w)"! 0
Os5(z) = L+ (z—1)C ( 0 ) (1= 2i)! ]
—1 (1 - w)il 0 *
As [ 0 (1—w)1}0']
(28)
with -
C= { A ] : (29)

Remark 2: Note that ©5(1) = I, and that ©5(1/z) =

KOs(2)K, so that by Lemma 1 the linear fractional trans-
formation T, preserves symmetry.
It is proved in [2] that there exists a Schur function satisfying
the interpolation conditions (22), (23) and (24) if and only if
the Pick matrix As is positive definite. In the case of a sym-
metric inner function we have the following representation
theorem.

Proposition 1: Let QQ(z) be a p x p symmetric inner
function of McMillan degree n > 2 which satisfies (22),
(23) and (24) and such that Ay is positive definite. Then,
Q(z) can be represented as

Q =Te;s(R),

where ©; is given by (28) and R is a p X p symmetric inner
function of McMillan degree (n — 2).

Proof. We give a constructive proof of this result which
follows the approach developed by Potapov to describe the
multiplicative structure of J-inner functions [11]. We first
consider the case where the interpolation data are of the form
do = (0, u, 0, p), so that (22) takes the simpler form

Q(0)u=0.
From §p we construct the positive definite matrix As, given
by
o= |0 2] <
80 p 1| s

and the matrix O, (z) can be easily computed as

z—1 ~ T _p(z—=1) — ok
Os,(2) = Iy i'— T—[p2 Ut 1o Ut
%0 p(z—1) T z—1 « |-
a—1pP)= 4 P I[Pz WY

Then, we write the Taylor series of Q(z) about 0:
Q(z) =Q0) + 2Q(0) +....

and the singular value decomposition of (Q(0)

Q(0) = Vdiag(0, ..., 0, A1, AU, 0< A < .o < A

for some unitary matrices U and V. From (22) we may
choose the vector u as first column vector of U. Now, let

B(z) = I, + (z — 1)uu™ = Udiag(z,1,...,1)U",

then Q(z) = Q1(z)B(%#) for some inner function @Q(z) of
McMillan degree (n — 1), and

Q1(2) =Q(2)B(2) ' =Q(0) (2, +(1—2)uu*)+2x....
We then have the following interpolation condition for Q1 (2)
u”'Q1(0) = u” Q' (0)uu* = pu*.

This interpolation condition differs from (3) but can be
approached in a similar way [5]. Since ||pul = |p| < 1,
its solutions can be represented by a linear fractional trans-
formation Q1 = T, (R1) for some inner matrix function Ry
of McMillan degree (n — 2) (since @1 has McMillan degree
(n — 1)), and where ©; is the J-inner function

O1(2) = Iyp + (2 — 1) { pl;l]_[é; }

Thus

Q) = (U + i) Ba(e) - 5 pun)

1) - % z—1 *
(Zyput Ru(=) + 1 — o2 lplPuu)

z—1)

z—1) —_x U™
(1, + by Ba(2) — A=)

—-1 — =% =1 )

which is precisely Q = To,, (11). Moreover, by Lemma 1
R is symmetric which proves the result in this case.

Then, we assume that the interpolation data are of the form
01 = (w,u,0, p), so that (22) has the form

Q(w)u =0,

and that the associated Pick matrix

1 —
A51 — [ 1—|w|? f ‘|
P TP

is positive definite. Consider the inner function @, defined
by
Qu(Bu(z)) = Q(z),

where [3,(z) is the Blaschke factor defined in (18). The
matrix @, is symmetric, has same McMillan degree as Q(2)
and satisfies the interpolation conditions

1—w
QU,(O)U = 07 UTQL)(O)U = p(l - |w|2)mv
associated with the interpolation data
1—w
9 = (07%0,9(1 - |w2)1—w> :
The Pick matrix associated with these data
_ 1 p(1 = [w]?) =2
Agg = [ p(1— uf?) 1= 1
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is positive definite since As, is. The previous result thus
applies to the matrix @,,, so that

Qw = T@5/1 (Rw)a

for some symmetric inner function R,, of McMillan degree
(n — 2). It is then easily verified that

Os; (Buw(2)) = O5,(2),
so that

Q(2) = Qu(Pu(2)) = Te;, (R),

in which R(z) = Ry (Bw(2)) is symmetric and has degree
(n—2).

Now, we come to some general data § = (w,u, v, p) for
which v is a nonzero vector. We first assume that F = Q(w)
is a strictly contractive matrix and we consider the function

Q= Tu—p(Q)
= (I,—EE")"Y*(Q-E)(I,—E*Q)~'(I,—E*E)'/?
where H(E) is the Halmos extension (21) associated with
the symmetric matrix . This ensures that Q is symmetric.
Moreover, we have that

Q'(w) = (I - EE*)""2Q (w)(I - E*E)~'/2,

so that Q satisfies the set of interpolations conditions

Q)i =0, 70 (w)a p

I
where @ = (I — E*E)}/?——=~—

I=floll?
associated with the interpolation data 6 = (w, 1, 0, W)
is again strictly positive since A is. Thus, by what precedes,

Q = Te,(R),

for some symmetric inner function R of McMillan degree
(n — 2). We then have (note that H(E)™! = H(—E))

. The Pick matrix AS

Q =Tumyo,n(-r)(R),

in which R = Ty (g (R) is again symmetric of McMillan
degree (n — 2). It remains to prove that

H(E)O;H(-E) = ©s.
This follows immediately from the fact that
0 —a 1 v =
H(E)| . = .
(){u 0 } /1||v|2{u v]

In the case where Q(w) is not strictly contractive, we can
write the Takagi’s factorization ([9, Cor.4.4.4] for Q(w)

Q(w) = Udiag(o1, 09, ... ,an)UT,

where U is a unitary matrix and the o’s are real nonnegative
numbers of modulus less than or equal to one, since Q(w)
is contractive. Assume that |o1| = |o2| = -+ = |oy] =1
while |og| < 1, for k > [, and choose

E = Udiag(0,...,0,0051,...,0,)U".

It is not difficult to prove that EFu = v and the previous proof
can be adapted to this case. O
Remark 3: 1f both v and p are zero in the interpolation
conditions (22), (23) and (24), the linear fractional represen-
tation Q = T, (R) is a symmetric Potapov factorization

Q(z) = (Ip + (Bu(z) — l)ﬂuT)R(z)([p + (Buw(z) = Duu”).

The Schur algorithm: let Q(z) be an inner function of
McMillan degree n > 2. Then,

(i) we can find a set of interpolation data § = (w, u, v, p)
such that Q(z) satisfies (22), (23), (24) and the Pick matrix
As given by (27) is positive definite.

Indeed, we can take for example a zero w of Q(z) and an
associated direction u, so that

Q(w)u = 0.

Then, let p = uT'Q’(w)u. By Schwartz lemma [12, chap.12]
applied to the Schur analytic function u”'Q(z)u, we have

1
ol < ——s
= [wf?

The equality is strict and thus the Pick matrix Ay positive
definite unless if u7Q(2)u = £B3,,, £ unit complex number.
In this case, the matrix Q(z) is of the form

Q(Z) =X diag(ﬂw(z)’ Ql(z))XTa

and it is not difficult to find a unit vector u such that
uT'Q'(w)u = p = 0 and Q(w)u = v, with ||v]| < 1. The
Pick matrix Ay is again positive definite.

(ii) given a set of interpolation data § such that the
associated Pick matrix Ay is positive definite, any matrix
Q@ satisfying (22), (23), (24) can be represented by a linear
fractional transformation of the form

Q =To,(R),

for some symmetric inner function R of McMillan degree
(n—2).

Repeating this process we construct a sequence of sym-
metric inner function

QTL = Q;Qn727 .. ~7Q’n72i7 cee va

in which @,,_2; has McMillan degree (n — 2¢). The Schur
algorithm stops when the degree is 1 or 0. If n is odd, then
Q¢ is a symmetric inner function of McMillan degree 1
while if n is even, then Q) is a symmetric unitary matrix.
These elementary symmetric inner functions were described
in section IIL

V. SCHUR PARAMETERS FOR A SAW FILTER.
NORMALIZATION ISSUES.

We return to the example proposed in the introduction.
Let M, (z) = Qn(2)/z where @, (z) is the acoustic matrix
given by (2). It satisfies the interpolation condition (22) with

w =0, u:{o}, v:[ 0 }
1 —JTn
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It can be verified that u”'Q’,(0)u = 0, so that the associated
Pick matrix A = 21, is clearly positive definite. The
associated J-inner matrix can be computed as

1 0 0 0
2_ 2 . 2
0 z Z—zrn g dIm 222 —1)
On(z) =1 g G 0
'rn(2271) 177’72Lz2
0 4 zt2 0 22

We may also run two steps of the classical tangential Schur
algorithm described in section II, with

0 0
Wp—1 =0, up_1= 1 y  Un—1= 7]-7,
We get
M, = T<I>n(Mn—1)a
with
1 0 0 0
0 z 0 —JTn
tn 2ty
()= 0 1 0
0 % 0 Zin

Note that this matrix doesn’t satisfy the condition ®,(1) =
I, that was imposed to the J-inner functions ©s in the
symmetric Schur algorithm. The matrix ®,,(1) is in fact
equal to H(vu*). Note that, in this particular case,

vu* = 00
B 0 _jrn ,

is symmetric, so that by Lemma 4 and Lemma 1 the
linear fractional transformation T’ (,,~) preserves symmetry.
Moreover, we have that

®, =0,3,(1).

It appears that the sequence of acoustic matrices M,, corre-
sponds to a symmetric Schur algorithm in which the J-inner
function ©5H (vu*) has been chosen instead of ©;.

This leads us to some considerations on the choice of
the J-inner function in a Schur algorithm. Concerning the
tangential Schur algorithm described in section II, we have
already mentioned that several choices have been made in the
literature (see remark 1) and in particular, that of [10] which
allows for a nice circuit interpretation, and that of [8] which
leads to a recursive construction of balanced realizations. In
the context of SAW filters, the Schur algorithm associated
with the matrices ®,, has a nice physical interpretation: it
gives the sequence of acoustic matrices M, corresponding
to the first n-cells of the filter. Moreover, it can be proved that
it allows for a recursive construction of balanced realizations
as described in [8]. This is not very surprising since, when
the interpolation point w is zero, the choices in [10] and
[8] for the matrix © agree. In general, the matrix vu* is
not symmetric. It is symmetric only if v = Au for some

complex number A. This raises the question of the choice
of a symmetric contractive matrix E, such that the Schur
algorithm associated with ©sH (FE) allows for a recursive
construction of balanced realizations.
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