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Global asymptotic stabilization by output feedback
under a state norm detectability assumption

Laurent Praly and Alessandro Astolfi

Abstract—1t is shown that, if the state norm is detectable,
the result that global asymptotic stabilizability and complete
observability imply semi-global stabilizability by output feed-
back can be transformed into a global result. Besides the use
of a state norm observer, a key feature of our output feedback
design is the exploitation of the recursive high gain observer
design introduced in [1].

I. INTRODUCTION

The problem of asymptotic stabilization by means of out-
put feedback of general nonlinear systems has been widely
studied in the last years. Following the fundamental semi-
global existence result presented in [8], several attempts
have been made, on one side to extend this result to obtain,
for instance, global properties, and, on the other hand, to
construct explicit output feedback algorithms for classes
of nonlinear systems. Within this second research direction
several results have been proposed for systems that are linear
in the unmeasured states, see e.g. [6], [2] and references
therein, or for systems in normal forms, see e.g. [4], [3], [5]
and references therein. In this paper we focus on the first
research direction, namely we aim at extending the result in
[8] to achieve a global output feedback stabilization result.
This is achieved by adding a further assumption, namely
a state norm detectability assumption, and exploiting the
novel observer design methodology developed in [1]. It must
be noted that other extensions of the result of [8] have
been proposed, see e.g. [3], [7] and the references therein.
However, these results are still concerned with semiglobal
properties, whereas we aim at obtaining a globally stabilizing
output feedback.

II. MAIN RESULT AND DISCUSSION

A. Main result

The dynamics of the system under consideration are
described by the equations :

flxu) y = hz) (D

with input v € R, state x € R™ and measured output y €
R, and where the functions f and h are sufficiently many
times differentiable. Without loss of generality we choose the
coordinates so that the origin is the desired equilibrium to
be (globally) asymptotically stabilized by output feedback.
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For such a system we make the following assumptions.

Assumption Al (Uniform observability) : There exists a
C! function ® and an integer m such that, for any solution
of the system :

z - f(fE7U()) 3
Ug = U1,
2
’dmfl = Um ,
y = h)

with state (z,uq, ..., Um_1) € R*™™ and input u,, € R,
we have the following identity for each time t in its domain
of definition :

Jf(t) = (I)(y(t)’ yl(t)7 s 7y7n(t)’ UO(t)y ceey uT}'L—l(t)) (3)

where y; denotes the i-th time derivative of the output y.

Assumption A2 (Stabilizability) : There exists a C™+!
function ¢ such that the origin is a globally asymptotically
stable solution of © = f(x,p(x)) .

Assumption A3 (State norm detectability) : There exist
ct Sfunctions W, « and (3, such that « is non-increasing in
its first argument, (3 is non-decreasing in its first argument
and we have, for all (z,u),

W) = () f(x,u) < a(W(z),u,h(z))  (4)

and :

|z < B(W(x),h(x)) V. ()
Moreover, we have :
a(0,u,h) = 0 V(u,h), (6)

and there exist a continuous function o, two non-negative
real numbers c1 and W, and four strictly positive real
numbers ¢y, c3, 1 and «, satisfying, for all (W, u, h),

a((l+e)W +er,u,h) + ca < [1+ces]a(W,u,h) (7)

a(W,u,h) < a(u,h), ®)
and, for all (W, u, h) satisfying W > W, and |u|+ |h| <,
a(W,u,h) < —a, . (9)

Theorem 1: Under Assumptions Al to A3, there exists!
a dynamic output feedback control law which renders all
closed loop solutions defined and bounded on [0, +occ) and
such that their x-component converges to the origin as ¢ goes
to +oo.

ISee equations (37) for an expression.
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B. Discussion

As already emphasized, the above result is an extension
to the global case of the semi-global result established
in [8] (see also [3], [7], and references therein, for other
semi-global extensions). Moving to globality is a significant
change (and challenge) since all bounds that we have a priori
to design the feedback are no more available. As we shall
see they can be recovered thanks to Assumption A3, which
guarantees the existence of a dynamic system whose output
is, after a finite time and in any case before any possible
finite escape time, an upperbound of |x(¢)| for any solution.

ITI. DESIGN OF THE OUTPUT FEEDBACK
A. Design of a state norm estimator
With the functions « and [ given by Assumption A3,
consider the augmented system :

= f(z,u) , w = a(w,u,h(x)), (10)

with the initial condition for w taken non-negative. For such
a system we recall a result established in [5].

Lemma 1: Let the input function u be in L$°_([0, 00)).
Then, for any solution of (10), right maximally defined on

[0,T), there exists T* € [0,T) such that we have,

j2(t)] < B+ eslw(t) + e1 +y(t)%,y(t) Ve [T",T).

(11)
Moreover, if 7' is finite, we have lim;_p |z(t)] = 400 .
Note that, without loss of generality, we can assume :
W < BW,h)  W(W,h). (12)

B. Design of the controller part of the output feedback
In view of the uniform observability assumption Al, we
consider system (2), which we rewrite in the compact form :

T, = fv(mv) + gum (13)

with w, = (ug,...,Umpm-1) and z, = (x,u,) . In the
following, depending on whether or not we need to exhibit
their components, we will use equivalently the compact
notation w, or x, or their expansions (ug,...,Um—1) OF
(2, ).

Note now that, by the stabilizability assumption A2, there
exists a globally asymptotically stabilizing feedback ¢ for
the z-subsystem of system (13). As this function is assumed
to be at least m+1 times differentiable, we can conclude, for
instance by following a backstepping procedure, that there
exists a function ¢,,, which is at least C1, such that the state
feedback : u,, = ¢,(x,) renders the origin a globally
asymptotically stable equilibrium for the extended system
(13).

We have therefore obtained a dynamic state feedback for
system (1) described by the equations :

Um :@v($7uv>7uzcmuvauv :Amuv + Bmum ;

where we have introduced the notation? :
0 1 0o ... 0

0
: 0 1 0
0 ... ... ... 0 1

Con =(1 0 ... 0). (15)

From the above stability property it follows that there exist
a C!, positive definite and radially unbounded (Lyapunov)
function V' : R"*™ — R, a positive definite function
R:R"™ — R, and a continuous positive definite (stability
margin) function p : R"™™ — R, such that :

W () (o) + gum] < —R(zy) (16)

0x,
v(l"u:um) Ty 7é 0, ‘um - @U('r'u)‘ < p(l‘v) .

For the subsequent developments we find convenient to
introduce modifications V' and p of V and p such that p
is a C'! non-increasing function from R, to (0,1] and, for
some strictly positive real number v,, there exists a strictly
positive real number p, such that :

Viz,) = max{V(z,)— s, 0}, a7)
plze) > pe Vay: Viz) =0,  (18)
and :
ov
7(xv)[f(xv)+gum} <0 (19)

0x, ~
v(x’uaum) : V<xv) #0, |um - ‘F’v(mv)l < ﬁ(‘va) .

Such modifications can always be obtained since p is positive
definite. Note that V is C'! and radially unbounded.

Note now that there exists a C'! non-decreasing function
b, satisfying, for all z,,

1+ Jpu(zo)| < by(lzf?) -

Using this function we have, trivially, for all z,,

oula) = blofysae (ZH20)

where sat denotes the standard saturation function. How-
ever, by Lemma 1, we know that we can get an upperbound
of |z|. These arguments motivate the following output (par-
tial) feedback :

(20)

2
12 =B (L+eslw+cr + 92+ |l y)” + [ul?

i = b (1) sat (50

u =Cnt,y,

(22)

Uy :Amuv + Bmum )

where Z represents an estimate of z to be delivered by
an observer. Note that, compared to (11), |u,|? has been

2The subscript m is used to denote the dimensions of the given matrices,
e.g. Ap € RMXmM,
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added in the argument of § (see Lemma 2 below). A direct
consequence of (22) is that, from now on, we can assume
that u,,, satisfies the bound :

[t | < b@(ﬁ)~

C. Observability normal form

(23)

In view of the expression (3), which allows to reconstruct
the state = from the output, the input and their derivatives,
we define the following functions

yo =y = h),
v = % = hi(z,u),
: (24)
Ym = y'm—l = hm(xa ug, - - - 7um—1) ;
ym = hnl+1(xau03"'7um) 5

where the h;’s are at least C, since f and h are assumed
sufficiently smooth, and are obtained from successive differ-
entiations and direct substitution of @ by f(x,ug).

Note that there exist C'' non-decreasing functions by, and
bn, satisfying, for all (z,uog,...,un) and i € {0,...,m},

the bounds
|hi(1’7u07"’7ui71)‘ S bh(|xv|2) 3 (25)
|hm+1($7u07"'aum)‘ < bh(|$v|2) + bhtp(u?n) .

With this notation, the uniform observability assumption Al
can be equivalently rewritten as © = ®(h,(x, uy),u,) for
all (z,u,), where we have used the compact notation :

hy(z,uy) = (B(x),. .. S Um—1)) - (26)

It follows that any solution of the system (2) (or (13)) is a
solution of (the converse may not be true) :

ahm(x7u07 ..

yv - Am+1 Yo + Bm+1 fm (yva Uy, um) 5
where we have used the compact notation :
Yo = (Yo, - Ym) (28)

FnWos s ttn) = hg1 (P (Yo, Up), Uy, Upn) - (29)

Moreover, from the bounds (25), we have :

| fn (P (2, U0), Uy U )| < bh(‘xv‘z) + bh«p(ugn) (30)
and therefore :
fm(hv(xvuv)auwum) (31)

'm (P (T, ) Uy, Um
= [ba(z0?) + bup(u3,)] sat (fnfefpiduesnl)

Finally, we can find C'! non-decreasing functions ¢, [+, and
[, satisfying :

lo(s) > 1 Vs >0 (32)
and, for all (z,u,, um,),
sup |fm<hv<z,uv>+e,uv,um‘>e - Fin (ho (u0) 0 um)| (33)
e:le|]<1
< l(jzol?) + lp(up,)
sup [ (P(hy ($7u1r)+evuv)vuv‘)e|_ Yo (2 (hy (xv“v)vuv)vu'v)‘ (34)
e:le|<1
< lp(lzof?) -

D. Design of the observer

To complete the design of the output feedback given in
(22) we need to obtain an estimate Z of z. Thanks to the
uniform observability assumption Al, we know that x can
be reconstructed from u, and y,. It follows that an estimate
of x can be given if we have one for y,. This motivates the
design of the following observer. It is a direct application of
the recursive high gain observer proposed in [1]. Its interest
is that, by exploiting the state norm detectability property, it
gives after a finite time and in any case before any possible
finite escape time, an estimate, as precise as we need. This
observer takes the form :

(35)
f

There are two specific points in this observer. The first
one is in the use of the saturation function, motivated by
equation (31). Exploiting the property stated in Lemma 1,
we choose the gain § as :

Q\’U = Am+1 ?/J’U + k(y - Cm—i—lgv)
+ B,+1fsat (

w = O[(W7U0,y) )

12 =01+ cslw+c1 + 92 + [us[2,9)* + |u®*  (36)

f = bh(&%) + bhw(bsa(?%)2) .

The second point is in the choice of the gain vector k. It is
taken as a C'! function of the signal ch}, given above, i.e. of
(w, Uy, y). More information on this function will be given
in Section IV-C. Summarizing our design, we have obtained
the following output feedback :

2 =B (1 +cslw+ e+ 42+ uo? ) + Juol?
fo=brr2) + bru(by,(x2)?),

r = (I)(?/J\vauv) s

u = Chpuy ,
=) s (5.
d} = a(w7 u’ y) 9

~

Yy = Am—i—l @\U + k (y - Cm—}-lgv)

fm(ly\va Uy, um) )

+ B,,+1fsat ( 7

’l'l,ru :Amuv + Bmum .

(37)

IV. ANALYSIS OF THE CLOSED LOOP SYSTEM
A. State norm estimation in finite time

The use of saturation functions, both in the controller and
the observer, and the structure of the observer itself, with
gains depending only on (w, u,,y), guarantee that the result
of Lemma 1 extends to the closed loop system. Specifically,
the following fact holds.

Lemma 2: Let k be a continuous function of (w,u,,y)
only. Then, for any closed loop solution of (1), (37), right
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maximally defined on [0,T), there exists 7§ € [0,7) such
that, for all ¢t € [T, T),

(t)] < B[+ eslw(t) + c1 +y(t)* + |uo ()], y(t)). (38)
Moreover, if T is finite :

lim |z, ()] = oo (39)
Proof : The state of the closed loop system is (w, .y, Uy ).
Let (w(t), (), Yy (t)) be a solution right maximally defined
on [0,7"). We observe that (6) implies w(t) > 0 for all
t € [0,T) . To prove condition (39) we first remark that,
since k, f and y are functions of (w, ) only, and because of
the saturation funct@on, there exist continuous functions by
and byo such that |7,| < by1(w,xy) || + byo(w,z,) . It
follows that, for all ¢ € [0,T), we have :

t

G < 15.(0)] exp ( / (40)

+/0t by2(w(s), zy(s)) exp (/St byl(w(r),:cv(r))dr> ds .

As a result, if T is finite and the component (w,z,) of
the solution is bounded on [0,7"), so is the component
J». This is a contradiction. Hence, if T is finite, we have
lim; 7 [(w(t), z,(t))] = + oco. But then :

w(t) = w(0) + [ afls)uls).y(s) ds

But, if the x,, component is bounded, so are u and y. Hence,
by (8), it follows that « is bounded on [0,7") along the
solution. Thus, if T is finite, the w-component must also
be bounded. Again a contradiction. So (39) is established.
The proof of (38) follows from exactly the same arguments
as those given in [5]. O

b1 (5., (5) s

(41)

B. Existence of a bounding function
Let o be the C! function defined by the ratio :

o= p/l, . (42)

The properties of the functions [, and p imply that o is
non-increasing and upperbounded by one. Also, we can find
C'! non-decreasing functions b, and b, satisfying, for all
(Tw, um),

20" (|zo[?) 2ol [|fo(@0)] + |gl[m]] (43)
< bo(|zol?) + boy(Juml®) -

From the various functions o, p, b and [ introduced (see
(30), (33)), (34) and (43)), we select a C'' non-decreasing

function ~y satisfying :

Y(s) > s Vs>0 (44)

(45)

o(s)

v(s) > max{l, 4%7

Al () TR 02LT) () 4 tm(w(s)?)}

To appreciate the interest of this function v, observe that,
for all (z,u,,,) and all u,, satisfying (23), the inequalities
given below hold. Therein we use “[0]” to denote, generically,
a term of the form

Inax{(), Ca DIEN) q(zci)}} .

gl
According to Lemma 2, when p is non-negative and ¢ is non-
decreasing (resp. p is non-positive and ¢ is non-increasing),
such a term is known to be zero for each solution after time
T, when we pick 12 as (see (37)) :

r = B([l+ewter +y*+uly), (46
no o= 4. 47)
e Inequality for o(|z,|?) :
. 2
o(|xy
b=l 2o el 1£(@) + gunl
v@2) T v(x2) ’
< ba(|xv|2)+b0¢>(|um|2)
- v(x2) ’
2 2y 2
< o(xy) n bo (|7 )2 bo(r;) ’
4 7(x2)
2
< @ + 1), (48)

e General inequality for Af : To write the following
expressions in compact form, let :

Af = fsat (fm(@wW) 7fm(hv(xauv)auvaum) .

f
(49)
By (30) and the expression of f in (37), we obtain :
2 2 2
A1 ballaf) +0u@) + 200, (02
v(x3) Y(x?)
The inequality (45) satisfied by ~ gives :
o|? 2)+2 2
[ga(|xv|2) bh(|xv| ) + bh(xu) + hh‘/—’(um) (51)

I% p(|x
V(&) < 2l 4 g

Therefore, by (42), we obtain :
Af] _ o(|z]?)
) T2

e Inequality for Af for the case |y, — h,(z,u,)| < 1 :

Using (30) and exploiting the fact that the saturation function
is “pushing” f,,, in the interval [—f, f], we obtain :

AL < | fon @ oy tim) = fn (ho (@, u0); o, um)| + [6] -

(53)
But, if |g, — hy(z, uy)| < 1, with (33) and (45), we obtain :

+ [0 . (52)

| frn (Yos Uy Urn) = frn (Po (2, Uy ), Uy, Ui |
v(x3)

(54)
< o = holw,u)| + [9] -

This yields the implication :
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G0 = ho(z,u0)| <1 (55)
=

R
e Inequality for (r;) : Note that :

lammr-n
Y2 = 29'(e2) [xE + ul ]

where, from the definition (46), it can be seen that r is a
function of [1 + c3]w + ¢; + y? + |uy|? and z,. By (12),
(44) and (47), it follows that we can find C'! non-decreasing
functions b, and b, such that :

(56)

) < b,(G2) + byl + 6] . (57)

In view of the above inequalities, y(z?) is called a bounding
function.

C. Properties of the estimation error

This section is mainly a reproduction from [1]. To simplify
notation, indices of vectors and matrices start from 0. This
means, in particular, that the entry in the first column and
first line of a matrix is called its (00) entry.

Lete = 3§, — hy(z,u,) andlet O = A1 +
k By,+1 - The observer and system dynamics give simply :

¢ = Oc + B Af, (58)

with A f defined in equation (49). To study system (58) and
design the gain vector k, we introduce m + 1 functions a;
of the bounding function (z2), to be made precise later on.
Let L be the following lower triangular matrix :

0 . ... 0
—aq O :
L= 59)
(~am)™ (~am)™" . —ay O
The vector k is chosen as :
—ag
al 2
= ({I+L)k. (60)
(_a7rb)m+1

Then let e = (I + L)e , and let U be the positive definite
and radially unbounded function of ¢ defined as :

m

1
U =52 (), (61)
7=0
where :
[ =4,
=4 |1+ > il ), je{0,....(m-1)}
i=j+1
(62)

and ¢;; is the (7, j) entry of (I + L)~'. This definition of U
implies :

le]> < U. (63)

Following the same arguments as in [1] and using the
properties of the function o in (42), we can prove the
following statement.

Lemma 3: The functions a;’s can be chosen as C' func-
tions of the bounding function ~(x2) in such a way that, for
any closed loop solution, right maximally defined on [0, T),
there exists Ty € [T, T'), where 1§ is as given by Lemma 2,
such that we have (without loss of generality)

o(jzu(T7)?) > 0
and, for all ¢t € [T}, T),

(64)

’U'(T) S _’y(;v(t)2) ,Y(F’U(t)g)

ZU(t)—(Af“))Q] )

and
olau(t)P)

1 (66)

o(jza(OP)] < ¥(we(t)?)

D. Proof of Theorem 1

Let (w(t),xy(t), Yy (t)) be a solution of the closed loop
system, right maximally defined on [0, 7). From Lemmas 2
and 3 we infer that there exists 77 € [0,7") such that the
solution is bounded on [0, T5] (of course!), inequalities (64),
(65) and (66) hold, and :

2o (0] < ro(t)?

Moreover the following fact holds true.
Lemma 4: There exists Ty € [Ty, T), satisfying, for all
telT3,7),

vt e [Ty, T) . (67)

— 3
u) < —51@M0MUE), (68)
pllz (1))
t < = < 1. 69
Proof : From (66) and (52), we get, for all ¢t € [T}, T),
v t 2 /—
e EOR < SEER a0
nd AFOL _ olm®P)
< DTy . 71
Y(E(t)?) ~ 2 b
Therefore, from the inequality (65), we obtain :
U(t) — o (| (t)[*)? (72)

< @ ®)?) [5 [U®) = o(|z.()?)?] + oz (t)]?)?]
Let 7 be the function defined as :
) = [ el

Note that, since « is larger than one and satisfies (44), by
(39), we have :

(73)

lim 7(t) = +oo .
t—T

(74)
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Then, the above inequalities imply that, for all ¢ € [T}, T),
we have :

oz, (t)?) = exp(—~ "I o (|2, (T7)[?)

4 (75)

and :
(76)
< exp(— 2T [U(Ty)) — o (|2, (T7))2)?)

— T oz, (T7)]?)?

T(t)—7 (T} T(t)—7(Ty
(_((t)2( ))) (_5( (t)2( )))}.

X [exp — exp

Therefore, for all ¢t € [T}, T), we have :
U(t) — o(Ja, (1)]?)? < eXp(—M)

< [(U(T7)) = 50 (|2 (T7))?)?) exp(=2(7(t) — 7(T})))
—go (e (T7))1*)?]

Since, from (64), o(|x,(T7))|?)? is strictly positive, by
equation (74), the right hand side of (77) is negative after
some time T3 in [15,T'). As a result, condition (69) follows,
by equation (63) and the fact that the function o defined in
(42) is upperbounded by one.

Therefore, from equation (55), we conclude :

Af(t
IO o) < vOm  wiemT). 08)
¥(x0(t)?)
Thus equation (68) follows from equation (65). O
As a result of the above discussion, we know that :
Az ()) .
le(t)] < ——=5=+ <1 Vit e [Ty,T) . (79)
Lo (|0 (t)[?) 2
Then, by :

T = O(hy(m,uy) +e,uy), © = ®(hy(z,uy),uy) , (80)
and equation (34), we have, for all t € [Ty, T),

|90v(fv\(t)’uv(t)) - Spv(x(t)’uv(t))l (81)
< le@lp(lzo(®)?) < Bllzu()) -

Since p is upperbounded by one, it follows from (20) and
(67) that we have for all ¢t € [T5,T),

oo (@(t), u ()] < 1+ lou(@(), us(®))] < by (ra(8)?) -

(82)
This implies that the saturation is not acting in the expression
of u,,, ie. :

Um (1) = ©u(Z(t), uy(t)) Vte [Ty,T) . (83)
Hence (81) gives, for all ¢t € [T5,T),
[um (t) = @u(@(t), us (1) < Allz(®)?) . (84)
Thus, by equation (19), we get :
Viz,(t) < 0 Vtel[ly,T). (85)

The function V being radially unbounded, it follows that
the x,-component of any closed loop solution is bounded.
Moreover, we also know from (68) that the error e is
bounded. So the component (z,,%,) of the closed loop
solution is bounded. Finally, as far as w is concerned, we
observe that equations (41), (8) and the above boundedness
property imply that it cannot escape in finite time. Hence
T = 400, i.e. the closed loop solution is right maximally
defined on [0, +00).

Then, from Lemma 4, we know that U(¢) and therefore
le(t)| and |, (t) — @y (2, (t))| tend to zero as ¢ goes to
infinity. On the other hand, (16) yields, for all ¢ € [0, +00),
T < ~Rla(®) + o2 (1))g lum(t) — pu(e(0)]

’ (86)
Since we have shown that g% is bounded along any closed
loop solution, and R and V' are positive definite, we conclude
that |2, (¢)|, |»(t)| and therefore |u(t)| and |y(t)| tend to
zero as ¢ goes to +o0o. Therefore, there exists T5 € [0, +00)
such that :

lu®)| + [y@)] < n

Finally, equation (41) and (9) imply that the w component
of the closed loop solution is also bounded. This completes
the proof.

Vit € [Ty, +00) . (87)

V. CONCLUSIONS

It has been shown that uniform observability, state feed-
back stabilizability and a state norm detectability assumption
imply the existence of a globally asymptotically stabilizing
output feedback control law. This has been explicitly con-
structed exploiting the observer design tool proposed in [1],
and the properties of the state norm estimator in [5].
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