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Abstract— The paper presents a decentralized robust
adaptive multivariable controller, with a guarantee of global
stability, for large-scale uncertain power systems. The design is
based on the reformulation of the conventional multi-machine
power systems model into a new one with generators terminal
voltages as state variables. This model while suitable for the
application of modern control method, introduces a difficulty
with regards to current design methods for large-scale systems.
The interactions between generators treated as perturbations
do not meet the common assumption on matching
perturbations. A new robust adaptive method for a certain
class of large-scale systems is therefore introduced. It does not
require the matching condition, and can be seen as an extension
of Shi and Sing’s design method [1]. The main advantage of the
proposed controller is that the asymptotic stability of the entire
power system involves the mechanical and the electrical
variables contrary to most methods encountered in the
literature. Our solution consists of a nonlinear excitation and a
turbine valve input canceling some nonlinearities of the model.
An auxiliary control with linear and nonlinear components is
used to stabilize the system. It compensates the unknown
parameters in the model by continuously updating both the
gain of the nonlinear components and parameters of the
excitation. The adaptation algorithm for the gain uses sigma-
modification whereas the one for the excitation parameters
involves the projection method. Both algorithms are robust and
prevent estimation drift. The computation of the linear part’s
matrix-gain involves the resolution of an algebraic Riccati
equation and helps to solve the perturbation mismatching
problem. A power system with nonlinear and dynamic loads is
used to assess the proposed controller performance compared
to the conventional AVR/PSS/GOVERNOR. The results show
that transient performances are considerably improved after a
severe contingency.

I. INTRODUCTION

he paper is about the design of a decentralized
controller for large-scale uncertain multimachine power
systems with a formal guarantee of global stability. The
uncertainties may come from a topological or load variations
(lines, load or generator tripping). The complexity of this
problem comes from the fact that one aims to use local
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signals to compensate uncertain time-varying influences
from remote sources while providing a proof of global
stability. Several contributions have been reported on this
important topic. In [2] a decentralized adaptive output
feedback controller for large-scale power systems with
unknown interconnections is presented. The
interconnections are bounded by known polynomial
functions and the outputs are rotors local angles. Reference
[3] proposes a robust decentralized design scheme with
unknown interconnections bounded by a general nonlinear
function. Both solutions guarantee that the entire system is
stable. Despite the relatively good results reported,
generators terminal voltages are not included in the stability
study. The multivariable characteristic of power systems is
therefore not taken into account. The importance of the
voltage profile in power system stabilization has been
pointed out since the work in [4]. The general problem about
the design of a robust adaptive decentralized voltage and
speed (or power angle) regulator for uncertain large-scale
power systems with formal proof of global stability is still an
open problem.

The paper addresses this important issue in a
multivariable framework, contrary to [12] in which a
switching strategy is adopted to deal with the voltage
regulation and transient stability problems simultaneously
during the design of an adaptive control for a generator
connected to an uncertain infinite bus. A complete power
system model including the dynamics of terminal voltages
and rotors angles is used for design. The two-axis model is
used for the synchronous machine instead of the commonly
used swing equation. Also the turbine dynamics are
introduced resulting into a more realistic multivariable
model with two inputs (excitation and turbine valve input)
and two variables to be controlled (generator’s terminal
voltage and rotor speed). The solution extends the works in
[5] and [6] to the case of power systems with unknown
interconnection and aims to provide a guarantee of global
stability.

Aggregating the power system components’ dynamical
models leads to dynamics equations, which are not suitable
for modern control tools. Indeed, some variables such as
stator currents are not state variables but appear in the
model. A modeling procedure introduced by [6] is used in
our solution. Its main characteristic and advantage is that
generators terminal voltages are used as state variables and
all the signals appearing in the model are either state
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variables or inputs. Design methods for uncertain large-scale
system reported in the literature [1] [7] [8] are not
appropriate for this multivariable model, however. The main
problems when dealing with this model is that it is
multivariable and the uncertainties do not satisfy the
matching condition. Indeed, the approaches in [7] and [8] are
for single input systems and the multivariable approach of
[1] requires the matching condition for uncertain
interconnections. The proposed solution extends therefore
the method in [1] by removing the matching condition
assumption and the works in [2] and [3] by taking into
account generators terminal voltages in the stability study.

The design scheme consists of first reformulating the
conventional multi-machine power systems model into a
suitable one for modern control tools. Secondly, nonlinear
excitation and valve input are derived to cancel some of the
nonlinearities of the outputs dynamics. Next, linear and
nonlinear auxiliary controls are used to stabilize the system.
The linear stabilizing control has a fixed matrix-gain
computed from the solution of an algebraic Riccati equation.
The nonlinear stabilizing control has a time-varying gain
continuously updated by an adaptation algorithm to
compensate for the remote unknown interactions. An
additional adaptation law is introduced to update the
excitation and valve input parameters in order to compensate
for local parametric uncertainties. The adaptation algorithms
involve the sigma-modification for the estimated nonlinear
part gain and the projection approach for the excitation
parameters in order to prevent estimation drift.

The paper is organized as follows: The reformulation of
multimachine power systems model is recalled in section 2.
The design method for the decentralized multivariable robust
adaptive voltage and speed regulator is exposed in Section 3.
In Section 4, simulation results with a four-machine power
system are shown. The paper ends with some conclusions in
Section 5.

II. POWER SYSTEMS MODEL

We consider a power system with n generators and m
buses. Each generator, illustrated at Fig. 1, consists of a
synchronous machine powered by a static exciter and a
steam turbine with its servo-valve. When generators terminal
voltages are used as state variable, it is shown in [9] [13] that
multimachine power systems can be represented by the
following dynamics,

V=V, oV, +puEy +¥i(8.6.V, .V VyVy) Q)

Vo =BV + BV + PoiE i+ (8,6 V i Ve Vo V) ()

2H,0, =T, =G (Vi+Vi )+ ¥ . (6.6.Vy V) (3)

ToTs = ~Ty + (1= Xl yp o KowTow p “)
cis .

Teniler = =Pew + Poy )

8 =(0 - ), (6)

V, and V, represent the terminal voltage of the generator i
in the local d-q reference frame respectively. E,, denotes

the field voltage and is provided by the exciter. T,,, P,

CHi

and P, are the mechanical torque, steam pressure and steam
T, and K

CHi e are the

valve position respectively. T, ,

turbine and the servo parameters. @ represents the rotor
speed and &, is the power angle expressed in the absolute

reference frame. Without loss of generality, a thyristor type
exciter is used and is modelled by a constant gain. This gain
is included in the controller for simplicity.

¥.s and ¥, represent the interconnections terms

qi i
between generator i and other generators of the grid. Details
on the model parameters and the interactions terms are given
in the appendix section.

Remark 1:

Since generators terminal voltages can experience abrupt
variations particularly during short-circuits, they cannot be
used a priori as state variables. Neglecting fast stator
dynamics makes this possible however. Model (1-6) is based
on this assumption and is valid therefore only after the
discontinuity (i.e. for ¢+¢,, t>0) and not at ¢, the instant
of the discontinuity. Generators terminal voltages when used

as state variables are usually referred to as pseudo-state
variables.

Remark 2:
Note that the interconnection terms ¥, and ¥, depend on

other generators terminal voltages derivatives. An equivalent
form of dynamical model (1-6) in which interconnection
terms do not depend on terminal voltages derivatives can be
derived. The electrical part of the model has the following
form,

i

Vdi =oV,+ aZdii + pliE/di + zLdk(é‘)Efdk + Qd(é" Vi, Vq) (7)
k=1

Vi =BV + BV + PrE +;qu(5)EM +2.5v,7,) (8

where

52[51 52 5”]T’ Vd:[le Vs I/dn]r
T

Vo=[Vy Ve = V]

The detailed computations to derive equations (7-8) and the
expressions of L,, L,, £, and @ can be found in the

appendix section.

ITI. THE DECENTRALIZED ADAPTIVE VOLTAGE AND SPEED
CONTROLLER

In this section, decentralized multivariable voltage and
speed controllers are proposed to stabilize a multimachine
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power system represented by dynamical equations (1-6). The
parameters of this model depend on the loads characteristics
and the network structure. They change therefore with the
system operating condition, particularly after a load
shedding, following a severe contingency.

Our objective is to propose a stabilizing controller even if
local and interconnection parameters are unknown or are
subject to change. Since the electrical dynamics strongly
influence the rotor dynamical equation, our design strategy
is to regulate simultaneously the generator terminal voltage
and the speed. The good post-fault voltage profile resulting
from this strategy will contribute to the improvement of the
system’s transient stability. The control inputs are the
generator excitation £, and the turbine valve input £, .

Fig. 1 illustrates the control strategy and the main signals
involved.

\
E*d THRYSTOR »
Vref EXCITER V[
’ multivariable
regulator
—>
[N TURBINE
ref —» and E—
— Py | SERVO T, —
[0} [0}

generator

Fig. 1. Multivariable controller configuration

A. Design Procedure

First, let us derive the terminal voltage dynamical
equation. Let z,, denote the difference between the terminal

voltage \[V;(1)+V, () and its steady state value V,, .

z, =Vi()+V(1)=V, )
Note that, the square of the terminal voltage is used, for
simplicity. The dynamics of z, gives
2, =2V, V, +2V.V,

=200,V + BV AV Vo + BVl Vi o +V, 2,0 )+ (10)

200Vu+ PV JE i + 200 4V +¥ V)

where

V= ZLdk(§)E/dk+Q (6.V,.V,)] -

5yq,'z = [ZL¢1k(5)E/dk +-Q¢,(5) Vqu ) - 'P;,
k=1

The parameters ¥, ¥, and ¥, are the steady state values

of interconnection terms ¥, ¥, and ¥,,. ¥,,, ¥, and

¥ ., are defined as the difference between interconnections
terms are theirs steady state values.

Since ¢, ,

21’ ﬂ]l’ IBZ[ p]i

¥yr» ¥, and ¥, are unknown, we introduce nominal

p,; and the parameters of

operating condition parameters denoted o, @y, By
Bow > Py » Pay 10 the voltage dynamical equation (10). The
excitation is selected to partially linearize the voltage
dynamics and its expression is,
i —N
Em = P P

) 2[( Py + AP, V4 +( Py +Ap2i)ti]
where
N 2[( 1iN +Adh)V:/f +(ﬂ2iN +Aﬂ2:)V2 +( 2iN +Ad21)VdV +

iV gi
(ﬂmv + Aﬁ/: )de Vq: + V ( aon T A4 5Va/io)"' ti(quiON +4 y’qi() )]
21 4 Aﬂ]z

AﬂAz,' AP, AP, , yet to
be determined, denote the estimate of the difference between
the unknown @, @,, B, B.p;, P, and the known

aZ[N ’ ﬂ]iN ’ IBZ[N 7p1[N’ pZ[N N
Replacing (11) into (10) yields,

\4

(11)

The parameters Ac,, ,

parameters «,,, ,

—(Vz(t) Vi )=v, +6V i+ 0.V, V, +0V+6,V,+0V, +
OV, E 4OV E py + 2V 4, V)
=v,+Ap[ D +¥,,
(12)
where
Ap, =16, 6, -~ 6,] is the difference between

b= [0{11. Ty O~ Oy P _piN] and its estimate
Adz:‘ Aﬁz[] N

The interconnection term takes the following form

=2(¥ Vi +¥ .V,

f’[ = [Adﬁ

Ivt

@ =[v; v,

di” qi

14 EM]

Introducing the nominal operating condition parameters
into the rotor and the turbine dynamics gives

@ = T(AT:?XI Glinzi )+ (13)
ATM, __ 1 AT, +( 1 KHIHTRH: Zarwi ) Ap g KHI’iTRHt AP, (14)
’ o T, T, ;
RHi RHi RHi* CHi RHi* CHi
where
AX, = X, - X,, 1s the difference between actual and nominal

values of the turbine signals.

The valve input expression, shown below, is used to cancel
the turbine original dynamics and impose new dynamics
through the auxiliary input v,

T. 1 1 K, .
Py = Poyiy + i{iAT:m —( - A)AP(M TV }
Ko \ Trn Towe Tew (1 5 )
T.. 1 1 K
_ Leni { = ( _ e p > Vzl}
K pi | T Teni CHi

To achieve zero steady state in voltage and speed,
integrators are added into selected generators control loop.
In the sequel, only those generators are considered. The
extension of the method to a control loop without integrators
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is straightforward.
The system’s dynamics in closed form can be rewritten as
follows

X, =Ax +Bv,+By,+Dy,, (16)
where
0 1 0 0 0 0 0 0
0 0 0 0 0
1 0 1 0
0 0 0 1 0
4 = B,=\0 0| D.={0 0
-Gly 1
0 —— 0 0 — 0 0 0 1
28, 28, 0 1 0 0
10 0 00 0 |
T r T
Vi = [vh er] Vi = |:piT¢i 0:| Vi, = ['Pm 'ili(ua]

T
x}’ xtli x5i]

!
X = Izldr’ Xy =Zp, X3 = _[(w_wn’/ )z, x, :(w_wre/ )
X5, =AT,

Remark 3

The order of the resulting dynamics from the design
process described above is less than the one of the original
system. We can show that the zero dynamics of the two
hidden dynamics are stable and do not affect the system
stability [10]. They are not therefore considered in this

study.

The sequel is devoted to the synthesis of all the generators
stabilizing auxiliary inputs v, and v, which guarantee the

stability of the entire power system. The system to be
controlled consists of » subsystems described by equation
(16). The subsystems are interconnected through the terms
w  and ¥, appearing in y,. The main difficulties of this

wt

problem comes from the fact that the common assumption
on the matching condition is not satisfied (since B, is

different from D,). Since generator excitations are bounded
(ie. -E

fd max

<E

i S E4,,) the dependency of ¥, on £, is

not problematic. The bounds on E, will be used to

determine the bounds on ¥,, . The main result of the paper is
given by the following proposition and extends in a certain

sense the result in [1] for a class of interconnections
bounded by polynomials of order 2.

Proposition
The system described by (16) is ultimately bounded if the
vector of decentralized auxiliary controls is defined as
v =Kx; _ﬁiBiTin(]+“xi“z)
where the gain K, is given by
-1

K =— BiTE
2¢,

i

(17

and the matrix P is a solution of the following Riccati
equation

AP+ra-LpeE P+ PO R+ L E Eve0 =0
E. ; :

i i i

The parameters ¢ and g, are positive numbers. Q, is any

1 0 0 0 0
0 0 1 0 0

The gain p, and the vector of parameters p, are estimated

positive definite matrix and g :{

using the following adaptation algorithms.

B =n|x BB (1| )1+ 25 Rx )= vop, (18)
[;71' =TI, proj((1+2z/ Px, )& Px,, p,) (19)
y, is a positive real number and I, is a positive definite
matrix. |

Remark 4:

The projection function proj(/)) is used to force the
estimated parameters to remain within a predefined domain
say, 2. ={p, | p,| < P #» @nd is defined as follow

Pi

proj(y,p)=y.if f(p)<0

proj(y.p)=y.if f(p)=0 and g—gyﬁ()
roon Ly
proj(y.p)=[1- PP 1y if f(p)>0
op
and a—]jy>0
ap

where  f(p)= (|| = yu )/(6+26B,,) and & is a
positive real number. The projection function enjoys the
following properties.

®1) [proj(y.6)| <]

(P2) A6" proj(y,6) > A6"y
The last term in (18) and the projection of (19) are
introduced to prevent estimation drift due to parametric
uncertainties and disturbances, which may appear in
practice. Equations (18) and (19) are referred to as robust
adaptation algorithms.

B.  Proof of the proposition

Let us consider the following Lyapunov function for the
system consisting of n subsystems.
V= Zn:[xiTExi +(xiTPixi )2 + %_[(:bi _pOi)Z + API'TF_IAPI']

The parameter p . is the unknown steady state value of the
estimated parameter P, .

Let us derive the derivatives of each component of the
Lyapunov function.

%(fo,x, +(x,TEx,)2)=(1+2x,TP,xI)%(xiTPIxI)

and

6475



d
CH(x[Px,) =] (ATB+PAJx,+ 2x] By, + 22 BBy, + 23 EDY,

= xiT(i EBiRi_[BiTE _LEDI'DI'TE _LEiTEi -£0,)x,
gi i l[li
+2x] BBy, +2x BBy, +2x/ EDy,,
Completing the square using the following inequality
1
inTI)iDIII/IZ < *xfTP,D,D,Tszl +/UII//IT2 i2
H;
yields
d T T 1 T T T
;(xi Fx,)Sx; (——EJ E, =0, )x, +x;, EBY, + 4y, v,
t I

i

’)

_2([)1‘ ~Poi +pm)(1+

X;

Also,
d ., . , o .
E(%’(p,-—po,-)‘)=27f’(p,-—po,-)p

=2(p, = po )| BB (1+|x (1425 Px, )= 0,( B, = py + oy }
=2(p, = po )| BB (14| )1+ 257 Bx, )= 20,( p, = poy ) -
20, (,bl = Poi ) Poi

Again, completing the square with
_20-,'(:[),' _p()i)p(li < O-,(:[)f — Poi )2 +O—ipﬂzz
gives

d, ., . R

E(?’, 1(,0,' _p(”)z) < 2(/)1 _pm)

-0, (Ib: — Py )2 + O-ip(fi
The last Lyapunov function term derivative is

2 2 T
(1+ )(1+2z; Pz,;)

X P8,

Z;

%(ApiTF”Ap,.) =-2Ap] proj{(1+2x] Px, )®" .Px,,p)
=-2Ap! { proj[(1+2x] Px, )®" Px,,p] -
(1+2x] Px, )®" Px, +(1+2x] Px, )@ ,Px, }
Using property 2 yields
%(A pI T Ap, )< —2Ap! (1+2x" Px, )&" Px,
It is possible to show that, there exist positive constants C,,,
C,, and C,, such that
(¥ )< G+ Zn:C/ikx;k

k=1

Also, positive constants D,, and D,,, which depend on

E 4 e » €Xist such that

(Vi iz + qu'ilqiz )< D, + Z Dn/:xzzk
k=1

Therefore,

VoW, = 4(1+(Gl ) )V, + Vi,

q

o) HAH] ) (W)

2
xi

N N
2
<ny, +Z(mlikx2k) <ny, +”1iz

k=1 i=1
where
n(lf = (4Hi2 )71 C(li + 4(1 + (GH/N )2 )D()f
my, =4(1+ (Gu/m ) )Dy +(4Hi2 )’ Ce my = m]?x{mn/: }

The Lyapunov function derivative satisfies therefore,

V<=3 (14237 Px T (ﬂi E'E,+£0,)x,~0.( b, py )} + 0.0,
i=1 i

N

=20, (1|5, )1+ 2x] Bax, )+ (14257 Px, Jpt,(ny + 1, Y | | )
i=1
n N
. 2 4 ~
V< _Z{Lu x|+ ZLZf x|+ o-i(pi — Py )2 }+”0
i=1 i=1
where

N

Ty = Z(_Zp()i +un, +0,p,)

i

Ly, =2py(uny, + A,,( B )= Snny, = 2pny, A, (B )=

/1””-” (LETE + 8iQi)
H;

L, =24,.(P)A

max min

(LEE+60)+4p,2(P)
H

There exist constants v and 7, such that

V(Hx (PP, ) A6,) < _UV(HX (D= Py ) A6, )+ 7, -
We conclude that the system is ultimately bounded. It can be
easily shown that the integrators in the voltage and speed
control loops help ensure asymptotic stability. Indeed, it
follows from the boundedness of the system that

J.z“d‘[ and z, are bounded. Therefore J'Z“df exists and is
0

finite. Since z, is also bounded, z, is uniformly bounded.
By Barbalat lemma, we conclude that |z, | tends to zero as

time goes to infinity. We follow the same scheme to show
that |z, | converges to zero.

The decentralized adaptive voltage and speed controller is
now tested in a realistic multi generators power system
containing static and dynamic nonlinear loads. The
simulation file is built in the SimPowerSystems environment
and complete models are used for power system
components.

IV. SIMULATION AND RESULTS

A. System description

One test is used in this section to assess the proposed
controller performance versus the conventional AVR/PSS
and Governor system. The power system depicted at Fig. 2
is used for this purpose. The parameters of its components
can be found in [11]. Loads characteristics are given by
Table I. Note that Chrl contains a nonlinear voltage
dependent load whereas Chr3 main component is an
induction motor.

B. Controllers parameters

The parameters used to compute the controllers gains are
0 =1, ¢=01 and g =0.75. The resulting gain K, is

-14 -7 0 0 0
K, =

0 0 -41 24 A
The adaptation laws parameters o,, 7 and 7, are 5, 107
and 7077 respectively. The limits on the excitation and
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valve inputs are respectively —/7.5pu.<E, <11.5pu. and
0<p,<I12pu.

Fig. 2: A four-machine power system

C. Test description and simulation results

A short-circuit of 12 cycles (about 200 ms) is applied at Bus
B1. Fig.4 and 5 give the main signals of the system during
the test. The proposed controller performances are compared
to conventional regulators. It can be noted that very good
transient performance is achieved with the multivariable
adaptive controller. All the estimated gains and parameters
remain bounded.

V. CONCLUSION

A methodology for the design of a decentralized
multivariable adaptive controller for uncertain large-scale
power systems is exposed. The solution guarantees global
stability of the entire system. Both the rotor speed and the
terminal voltage of each generator are regulated. The design
method extends previously exposed methods and requires
the modeling of power systems into closed form suitable for
modern control tools. The controller has a nonlinear
linearizing part with time-varying parameters and an
auxiliary stabilizing one. The auxiliary control consists of a
linear component with a fixed matrix-gain computed after
the resolution of a Riccati equation, and a nonlinear
component with a time varying gain. The time-varying
parameters and gain are continuously updated to
accommodate the uncertainties of the power system.
Simulation results assess that the system stability and
transient performance are considerably improved as
compared to  conventional ~AVR/PSS/GOVERNOR
regulator.
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VI. APPENDIX

TABLE I
NONLINEAR LOADS PARAMETERS

Induction motor (in p.u.)
P=7000 MW
V=25Kv f=60H:z

R =0.012 LI, =0.053
R =0.04 LI =0.053

L,=3 H=038
Voltage dependent load o p { v ]"p 1+T, s
V =735 Kv ) 1T
P, =500 MW Q=Q0[K]nq 1+7T,,s
0, =250 MVar Vo) 1+T,s
V,=0.994 p.u. If V=V, then
V..=0.7 pu. n,=13,n,=2
Tp[ =4,,= 7:,1 = 7:;2 =0 If V<V, then
n,=n,=2




Expressions of the nonlinear terms ¥, ¥, and ¥,,.

0,=(6,-9,), o, =(0,-a,)
Y=+
0w = ZR;{COS(&:'/{ =6 Wy —sin( 8, =G )V, +
k=1
k#i

m

k#i k#i

Yo = ZNIi Cos(é‘ik _Qi )de _ZNi Sin(é‘ik _Qi )qu
k=1 k=1
ki ki

Y =,

1qi 2qi

Yy = ZR; {cos(8y =G Vy —sin(6, — O )V, } +
k=1
k#i

m m

Z @, Ny sin( 8, — 3 WV — Z @, N} cos(6, — & )qu
k=1 k=1

ki ki
m ) m )
_ q q 4 o q
y’zm‘ = ZNik Cos(é‘ik =03 Wy _ZNik Sln(sik - )qu
k=1 k=1
ki ki

m

Vo = Vdi{ZMik cos( 8y + ¢, )V, _ZMik sin( 3, +(pik)qu )+
k=1 k=1

k#i k#i

ti{ZMik SIn( Sy + @y WV + ZMik cos( 8y + @y )qu )}
k=1 =l
ki ki

Steady state values of ¥,,, ¥, and ¥,,.

Wi = Rl sin(8'+ 6 6, V.,
k=1 ) )
ki

m
0 z d 0 d 13
qu = Rik COS(5I. + eik - erqf' )anf'
k=1

k#i

¥y = ZM i Vrif cos (erkz;f' - e:ff Y
=1

k#i
Model parameters
(G’ )P x.(B')Y B x.
G OB B ey,
o xdi Tdoi xqiT:]w' xqi T:;oi xdi
i =
(G ) +(B P +B(—-"1)
xd[ xq[
G”/B”f ’xdi’ _ ’xq[’ )+ ’Gn/’ (xdi_’x:fi)
.. = xd[T;lo[ xqiT;]m' xddeU[ xdi
2i T
(G ) +(B P +Bl(—-1)
xdi xqi
- s
_(xdsziGi: +xquikaf )
o _ x;ii Td’oi x(’]i T;oi
3ik
(G ) +(B P +Bl(—-1)
xd[ xqi

Za)ikNi sin(Jy _Qi W _Za)ikN;llf cos( 0, _Qi )qu +
k=1 k=1

f /
x;Gii By Xy Gy B,

(= )
o — xdi Tdoi xqi T:]w'
4ik 72 72 P 1 ]
(G ) +(B; ) +B;(———))
xdi xq[
,0 — Td’ui x{’lt
1i _ _ 1 ]
(Gl ) +(B ) +B[(—~—)
xdi xqi
a. = _(Gi{Gti +Bi{Bi1£)
Sik
(Gl 7 +(B[p+B/(1-L)
xd[ xq[
(G{Bi-B|G})
aéik = ) , ] 1
(Gl P +(Bl ) +Bl(——=—-))
xdi xqi
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a_ [ 2 2 d_
Ry =y, +o, O, =atan(a,, /a3ik)

d 2 2 d
Ny =o5, +og, @, =atan(o, /a5[k)

G G/ x,
Cali gy Lo L) O (fuiy Bl-1)
X Xgi xqiqui X i

ﬁI. — di” doi di qi
! 1 1
(Gl ) +(B] ) +B (=)
KXo Xy
(B + oLy B Ty
- Xai i Xai + (Gi)
ﬂ _ xdiTzini 'xqi]:]oi
2i T

Xyi

qu.)

(G| F+(B] f+Bl (-1
xdi xqi
LGUC(B/' +L_L)_M
P A
(Gl P +(B] P +B[(+—)
xdi xqi

i'_i')xdiBﬁC
X, .

di qu

—(B] + o
el
xqz' Gii Gik

xt’z'i];;z)i - x(’]i T;oi
(G P +(B/ p+B/ (-1
X i

qi

,B4fk =

. . 1 ]
(GiBi~(Bi+ = —)Gi)

ﬂ5ik= o - = ;i 7
(G} ) +(B] ) +B](—-—))
X, X

qi

(GG +(B/ + LBy
ﬂ _ xdi xq[
6ik — ] ] ] 1
(Gl ) +(B] ) +Bl(———))
X Xy

qi




—(BI:{ +fl, —i)
xdi qi
p — xt’ii];;z)i
)i
(Gl +(B ) +B/(L-1)
xd[ xqi

N[(/]c =4 ﬂ;k +ﬂ62[k i = am”(ﬂm‘k /ﬂS[k )
M, =\(G[ ) +(B ) @, =atan(B][G])

Derivation of equations (2)
The electrical part of (1-6) , when @, =0, can be rewritten

n n
X, =Lyx +Bi[Efdi +ZL[kxk +ZMkak
k=1 k=1

k#i
L - [a a} [ | Ricos(8,~8;) —Risin(&,~6;)
! ﬁ]i ﬂZi o R(lic COS(é;k _65]:) _R'{/]( Sin(é;k _91)
B = P - Ny cos(8,~6;) —Nj sin(3,~6;)
"leal " [ Nicos(8,-64) ~Nisin(8, -6,
Putting all the electrical part together gives
Mx=Lx+ BEfdi
1 M12 M]n Lu L12 LJn
M= M21 I MZn I = L21 Lzz 2n
Mn] MnZ 1 Ln[ LnZ Lnn
B =diag(B,)

L

Using the fact that M =7+ N for a certain matrix N and
=L,+L, with L, =diag(L,) and a certain matrix L,,

applying the formula M~ =1-M~'N we get

X=Lx+BE, +M"(L,—NL, )x—M'NBE,,

Equation (2) and the expressions of the nonlinear terms

are derived from the above equation.

(1]
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