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Abstract— This paper presents a stabilizing controller para-
metrization method of Fault Tolerant Control Systems (FTCS)
based on the stochastic exponential mean square (EMS) stability
of the Markovian model of FTCS. The free parameters of the
controller parametrization are real matrices or scalars therefore
it is easy to implement numerically. Furthermore, a relation
between the necessary existence conditions of stabilizing con-
trollers and the classical Linear Quadratic Regulator (LQR) is
shown and can be used to direct the parameter selection. As
a possible application, this parametrization result can be used
with the randomized algorithms for controller design.

I. INTRODUCTION

Fault Tolerant Control Systems (FTCS) aim to maintain
acceptable system performance when component faults occur
in a control system and thereby to avoid total failure and to
achieve high reliability [1], [2]. FTCS usually employ the
Fault Detection and Isolation (FDI) scheme and the recon-
figurable controller to eliminate the effects of the presumed
faults, usually called as active FTCS [1], [2]. But the false
alarm, missing detection and detection delays of FDI may
corrupt the overall stability and performance of the FTCS [3].
By modelling the fault and FDI behaviors as two separate
Markov processes, the FDI and controller can be analyzed
and designed in an integrated manner, such as the effects of
FDI false alarms on stochastic stability and controller design
with the consideration of FDI imperfectness [4], [5]. In this
paper, we study the stabilizing controller parametrization
problem of active FTCS based on the Markovian model.

Controller parametrization plays an important role in sys-
tems and control theory, which can facilitate the design of
optimal controller by using Linear Matrix Inequality (LMI)
or other classical optimization techniques. These techniques
usually require the parametrization expression and the de-
sign objective function are affine with respect to the free
parameters. The randomized algorithms can be used to find
an approximately optimal controller given any parametriza-
tion method by assuming bounded parameters with known
probability distribution [6], [7]. For linear systems, many
controller parametrization results have been reported, such as
the Youla parametrization [8], H, controller parametrization
by Riccati equations and by Linear Matrix Inequalities (LMI)
[9], [10], [11], covariance controller parametrization [12],
[13], and stabilizing controller parametrization by quadratic
Lyapunov functions [14]. However, to the best of our
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knowledge, no controller parametrization results have been
reported for FTCS.

This paper studies state-feedback stabilizing controller
parametrization of active FTCS in Markovian models. The
stability is in the sense of stochastic exponential mean square
(EMS) stability [4]; the necessary existence conditions are
given in the form of LMI and the free parameters are
real matrices and scalars. If the two Markov processes
are combined into one integrated process and the system
model is converted into a Jump Linear System (JLS) [15],
then the existence conditions of stabilizing controllers are
equivalent to the Algebraic Recatti Equations (ARE) of
the Linear Quadratic Regulator (LQR) problem for JLS
[16]; if the Markov state of the fault process are available
for controller design and the number of controller equals
the number of Markov states, the central controller of the
parametrization set can be deemed as the LQR optimal
controller in JLS. This connection gives an interpretation of
the parametrization result which is helpful for selecting some
of the free parameters. The parametrization result combined
with the randomized algorithms can be used to search for
the approximately optimal controller that achieve some high-
level performance criterion of FTCS, such as the system
reliability [6], [17].

The remaining of the paper is organized as follows. Sec-
tion II states the Markovian model and problem formulation;
section IIl gives the mathematical preliminaries; section
IV-VI presents the main results: the necessary existence
conditions, connections with LQR problem and generation
of controllers; a numerical example is given in section VII
followed by a conclusion in section VIIIL.

We will use the following notations. A~7 means (AT7)~!.
AT is the Moore Penrose inverse of A. A'(A) and R(A)
denote the null space and the range space of A, respec-
tively. A+ denotes a matrix with the following properties:
N(AY) = R(A) and AL ALT > 0. The norm ||A]| is the
largest singular value of A.

II. PROBLEM FORMULATION

Consider the following Markovian model of FTCS
A(C)z(t) + BC®)u(n(®),t), (1)

i(t) = +B u(n(t),t
y(t) = C@C@)z@) + DC@)uln(),t). (2

where z(t) € R™, u(n(t),t) € R™, y(t) € R and w(t) € R"
denote the system state, control input, output and exogenous

input respectively. A(((t)), B(¢(t)), C(¢(¢)) and D(((t))

are system matrices with appropriate dimensions.
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As in many references [3], [4], [5], {(¢) and n(t) are as-
sumed to be two separate continuous-time Markov processes
with finite state spaces S; = {0,1,2,---, N1} and Sy =
{0,1,2,---, Nao} to represent system faults and FDI results.
¢(t) is a homogeneous process while the transition rates of
n(t) depend on the current state of (t).

For notational simplicity, for ((t) = i,n(t) = j,i €
S1,J €S2, denote

A = A(C(1)), Bi = B(((1)), Ci = C(C(1)), Di = D(C(1)),
E; = E(C(1)), Fi = F(C(1)), u;(t) = u(n(t), ).

Let us begin with the basic case that the state spaces of ((t)
and 7)(t) are equal and both take values from {0, 1}, where
‘0’ denotes fault-free situation and ‘1’ the faulty state. The
behavior of {(t) is governed by its generator matrix G [19];
when ((t) = 0 or 1, the behavior of 7(t) is determined by
the corresponding generator matrix H® or H'. The generator
matrices of the basic case have the following form:

—Q «
F = 01 01 ,
a0 —Qi10

wo [ ) o[ W)

Blo =B Bio =B

where a;; > 0 and ﬂf] > 0 are the transition rates of
¢(t) and n(t). For simplicity, given FTCS (1)-(2), consider
a static state feedback controller. For the single fault case,
the controller is composed of two static gains Ky and K
and denoted as (K, K1). When FDI results indicate the fault
mode 1, K is switched in; otherwise, K is in use for normal
system mode.

We consider the EMS stability of z = 0 in FTCS [4],
meaning that for any initial Markov states, ¢(0) and 7(0),
and some §(¢(0),7(0)) > 0, there exist a > 0 and b > such
that when ||z(0)|| < §(¢(0),7n(0)), we have the following
inequality for ¢ > 0.

E{|lz®)II”} < bllo(0)]*e™,

where E{-} denotes the mathematical expectation.

Lemma 2.1 (Stochastic stability [4], [18]): The FTCS in
(1)-(2) is stabilized by the following static state feedback
control law in the sense of EMS stability

Uz(t) = Kia:(t),i € S,

if and only if for any given k € S; and ¢ € S5, there exist
positive-definite matrices P, > 0, satisfying

M N
AP + P A+ B5Pik + Y aj Py <0,
i 7k

where

14 v
Aj, = Ax + BrK; — 052553 — 052 Q-
J#i i#k
We consider the stabilizing controller parametrization prob-
lem in the sense of Lemma 2.1. The objective is to find a

parametrization method to generate all the stabilizing static
state feedback controllers of FTCS. The parametrization
method should use matrices or scalars as free parameters
for easy calculation; it should also have bounded free para-
meters and so the randomized algorithms can be applied for
controller design.

III. PRELIMINARIES

Lemma 3.1 (Finsler’s theorem [11], [13]): Let matrices
M € R™™ ™ and ) € R™*" be given. Suppose rank(M) < n
and Q = Q7. Let (Mg, M) be any full rank factor of M,
ie., M = My Mp and rank(Mp) = rank(Mpg) = rank(M),
and define N := (MrM%)(=1/2). Then

uMMT —Q >0
holds for some p € R if and only if
P:=MQM*T <0
holds, in which case, all such p are given by
> fmin = Amax [N (Q — QM T P71 M*Q)NT),

where Amax(+) denotes the largest eigenvalue.

Lemma 3.2 (Projection lemma and parametrization set [13]):
Let matrices M € R™*™, and Q = Q7 € R™*™ be given.
Then the following statements are equivalent.

(i) There exists a matrix X satisfying
MX+MX)'+Q<o. 3)
(i) The following conditions holds:
MEQM*T <0 or MMT > 0.

Suppose the above statements hold, then all matrices X in
statement (i) are given by

X=—p'M" +p ' PL(p7 MMT - Q)% (4)

where L is any matrix such that |L|| < 1 and p is a positive

scalar in the interval (0, pmax). pPmax = a~ ! is given by
solving the following LMI problem.
Min{mx}a
subject to
a > 0,
—al X < 0
X MX+MX)'+Q '

For a given inequality in the form of (3), Lemma 3.2 gives
its solvability condition and the following parametrization
set of all its solutions.

GrQ(Lyp) = {X|X = —p ' MT + p~'2L

(p ' MMT — Q)2 |LI < 1,p € (0, pmax)}- (5
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IV. NECESSARY EXISTENCE CONDITIONS

For the basic case of FTCS in (1)-(2), suppose the state
feedback law when n(t) = 4 is represented by wu;(t) =
K;xz(t),i € S = {0,1}. By Lemma 2.1, (Ko, K1) stabilizes
the FTCS in the sense of EMS stability if and only if there
exist positive definite matrices Py, i € Sa, k € S1, such that
the following inequalities hold simultaneously.

PooBoKo + (PooBoKo)" + Qoo < 0, (6)
PioBoK1 + (PioBoK1)" + Q1o < 0, (7
Py BiKo+ (PnBiKo)" + Qo1 < 0, (8)
PuBiKy+ (PuBiK)" +Qu < 0, ©

where Q;r,1 € So, k € Sy, is defined as follows.
Qir = (A — 058} s — 0.5a0_r))" Pix + Pir(Ar, — 0.5

ﬁf(lfi) —0.5ak(1-k)) + ﬁéfi)kpi(lfk) + ar—r) Pia—r)-
(10)
The set of all stabilizing controllers can be captured naturally
by posing a matrix inequality problem to solve (6)-(9)
for (Ko, K1). In other words, one can solve (6) and (8)
simultaneously for Ky and (7) and (9) for K.

Lemma 4.1: For the basic case of FTCS in (1)-(2), as-
sume that By and B; are row rank deficient, then there
exists a stabilizing state feedback law in the sense of EMS
stability only if there exist positive-definite matrices P,
ke S, ={0,1}, i € S; = {0, 1}, such that

(PooBo) Qoo (PooBo)*" < 0, (11)
(P1oBo)*Qio(PioBo)*" < 0, (12)
(Po1B1) Qo1 (Po1 B1)*T < 0, (13)
(Pi1B) Qu(PuB)*T < 0, (14)

where, for k € S; = {0,1}, ¢ € Sy ={0,1}, Qs is defined
in (10). If By has full row rank, (11) and (12) are removed
from the conditions; if By has full row rank, (13) and (14)
are removed.

Proof: Based on Lemma 3.2, each one of the inequalities
(6)-(9) has solution if and only if the the corresponding
condition in (11)-(14) holds. Considering the (6)-(9) must
hold simultaneously for system stability, (11)-(14) are only
necessary conditions. If By has full row rank, (6) and (7)
always have feasible solutions for any Py, P1g, Qoo and Q1o
so (11) and (12) are removed; similarly, if B; has full row
rank, (13) and (14) are removed. l

Theorem 4.1: For the basic case of FTCS in (1)-(2), if By
and B; are row rank deficient and all the transition rates of
the fault and FDI process are nonzero, there exist stabilizing
state feedback controllers in the sense of EMS stability only
if there exist positive-definite matrices P, positive scalars
Wi,k € S1 = {0,1},i € Sy = {0,1}, such that the
following inequalities hold.

Poo' Afly + Aoo Pog' — 1100 BoBY Py Py
Py —-Pio’ 0
P061 0 _04611P071

<0, (15)

[Pro Al + Alopfgl — n10BoB§ Jffol X Pyt T
Pl—Ol _KPOO —(1) —1
L Py 0 —agy Pry
<0, (16)
[Py " Af) + AOlPOIll — pio1 B1BY 113031 X Pyt ]
POl _ﬁ_gupll 0
L Po_11 0 _0‘1_01P07)1_
<0, (17
Pl AL + 1‘1111211 — p11B1 BT 1131_1171 Pt
P —ar o 0
— —1p-1
L Pu1 0 —ayy Py
<0, (18)

where Aoo = Ao — 05581 — 0.50&01, AIO = A() — 05ﬁ?0 —
0.5001, Ag1 = A1 —0.58%; — 0.5a10, A11 = A1 —0.581, —
0.5a10. In case that By has full row rank, (15) and (16) are
removed from the conditions; if B; has full row rank, (17)
and (18) are removed. If some transition rates are zero, the
corresponding rows and columns containing those transition
rates are removed from the above matrices.

Proof: Take (11) as an example and the derivations
are similar for the other three inequalities. As FPyo >
0 and (PooBo)J‘((PooBo)J‘)T > 0, both (PooBo)J‘
and (PyoBo)*Pyo have full row rank. Considering
(PooBo)J‘PooBo =0 and (PooBo)J‘Poo = Bd‘, we have

(PooBo)* = By Py
So (11) is equivalent to
By Pyy' Qoo Py Ba-' < 0.

Substitute Qoo and denote Agg = Ag — 0.53; — 0.5a01, we
have

By (Pao' Ay + Aoo Pog' + o1 Foo' ProPog’
+ao1 Pyt Po1 Pyt ) By* < 0.
By Lemma 3.1, this inequality is equivalent to
Poo' AGo + Aoo Pog' + B Poo' ProPoo’

+a01 Pyy' PorPyy" < pooBoBg , oo € R. (19)

Pre- and post-multiply Py, we have

ALy Poo + PooAoo + By Pio + o1 Por < 100 PooBoBg Poo.

(20)
According to Lemma 3.1, all feasible 100 are given by poo >
L400min, Where poomin can be calculated by the parameters in
the inequality. Therefore, if the feasible set of ugo is non-
empty, there must be a feasible pog > 0. Furthermore, we
only need to consider the positive case of pgo to obtain all
the feasible F;; due to the following reasons.

Suppose for any two feasible values of pgg, 11 < 0 and
p2 > 0, all the corresponding feasible solutions of P;; in
(19), i,5 € {0,1}, are denoted by P; and P,. For every
element P;; € Py, 4,5 € {0,1}, (19) holds for this P;; and
p1. Again, based on Lemma 3.1, this element P, i,j €
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{0,1}, is also feasible for (19) corresponding to uo as po >
w1 and thereby belongs to Ps. Therefore, P; C Po, which
means the feasible solution of Pj;, ¢,5 € {0,1}, for (19)
when g < 0 is a subset of those when p > 0 and we only
need to consider this positive case.

Suppose the transition rates 33; > 0 and ag; > 0. By
Schur’s complement lemma, (19) is equivalent to

Poo' Ao + AOOP()? —nooBoBy Py ) P!
Py, =50 Pro 0
Pog' 0 —ag Py’

<0. 2y

If some transition rate is zero, the corresponding term in (19)
is removed and so are the corresponding row and column in
(21). For example, if ag; = 0, (21) becomes

Pso ALy + AOOIE)I — pooBoBj 11305171 <0
POO _B_&PIO

Similarly, (12)-(14) can also be converted to LMI that are
convex in POBI, Pojl, Pfol, Pﬁl, 14005 o1, 10 and pq;. A

The above results are for the basic case of FTCS. For the
multiple fault mode cases, the above procedure and results
are readily modified. For example, if S; = Sy = {0, 1,2},
to ensure stochastic stability, there are 9 inequalities in the
necessary conditions of Theorem 4.1 and a typical one is
given in (22).

The necessary conditions may hold for infinite sets of
Pij,i € S2,57 € Si. For each set of P;j;, there may exist
a corresponding set of stabilizing controllers. The freedom
of P;; can be exploited by the connection of the necessary
existence conditions with the LQR problem, presented in the
next section.

V. CONNECTION WITH LQR PROBLEM

The necessary existence conditions in section IV have
some connections with the LQR problem of JLS. To see this
relationship, convert the FTCS model into the form of JLS
by representing the behaviors of two Markov processes into
one, called the integrated Markov process ¢(t) [15]; then,
compare the ARE of LQR problem in this JLS form with
the results in section IV.

For the basic case of FTCS, S; = {0,1} and
Sy = {0,1} in the above model, the augmented
state space of the integrated Markov process is S35 =
{(0,0), (0,1), (1,0), (1,1)}, where the first element
represents the FDI mode in S; and the second the fault
mode in Sj. Suppose that the generator matrix of ¢(t) is
represented by G' = [(;j)(r1)]4x4, then we have:

ay + B, i=kj=1
Bas  i=kj#l

V(i) (kl) = a]ik itk =1 (23)
0, itk AL

For the basic case, the generator matrix G is given below.

— (o1 + B01) Qo1 Bo1 0
aio —(a10 + Bo1) 0 Bo1
Blo 0 —(ao1 + ﬁgo) Qo1

0 Q10 Bio —(a10 + Bio)

The FTCS model becomes a standard JLS model if we
substitute ¢(t) into (1)-(2) and let w(¢) = 0.

a(t) = A((1))x(t) + B(o(t))u(s(t), 1),
Co(t)z(t) + D(o(t))u(o(t), t)-

The infinite time LQR problem aims to find a state feedback
controller to minimize the following objective.

[ (1) S (o(t))(t)

(24)
(25)

e}

J(to, x(to), u(t)) = E{

+ul (o(t), ) R((1))u(e(t), t)]dt|z(to ), d(to)}-

This problem was solved by the Theorem 5 in [16], which
stated that the optimal steady state control is

(26)

ui(t) = —R;'BI Pix(t),i € Sa,

where u;(t) denotes u(¢(t),t) when ¢(t) =i. Here i = 1 ~
4 is the index of the elements of Ss3. P; is the set of positive
definite solutions of the coupled ARE

ATP; + PA; — PiAi = PBiR; ' Bl P; — \i P;

+ > APj+Qi=0, i€Ss
JES3,j#i

27)

In (27), the diagonal transition rates of ¢(t) is represented by
A; and off-diagonal A;;; the system matrices are represented
by A; and B; corresponding to a particular state of ¢(t).

For notational consistency, denote the elements of S3 as
(4,7), © € S2,5 € S1. When ¢(t) = (i,7), suppose the
weighting matrices for state and control input are S;; and
R;; respectively and substitute the system parameters into
(27) to obtain 4 coupled ARE. Take the following ARE for
state ¢(t) = (0,0) as an example and use the same notation
P;; for the variables of ARE for ¢(t) = (1, j).

AJ Poo + Poo Ao — PooBoRyy By Poo — (o1 + 591) Poo
+831 Po1 + a1 Pio + Qoo = 0.

Use Agg = Ag — 0.58; — 0.5a; defined in Theorem 4.1 to
simplify this equation, we have

(28)

AL Poo + PooAoo + B3 Por + o1 Pro + Soo

= Py BoRyy BE Poo. (29)

Compare (29) with (20), these two equations are actually
equivalent if we let Rgo be the scalar 115 and add a slack
variable Syg > 0 to convert the inequality (20) into equality.

For this JLS model, it has 4 states in the integrated Markov
process, hence there are correspondingly 4 controllers whose
static state feedback gains are given by

Kij = —R;'B] Pj,i € S3,j € S1. (30)
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Py AfoPoo Pog AooPOO — pooBoBY
Pyo'
Pog'

If using 4 controllers for the FTCS in the basic case, one
typical subset of controllers are given by [20]

€19

where p;; > 0 is a scalar to make p;; P;; B; B; Pij — Qi > 0.
Obviously, p;; may take the value of u;; because we have

Ki]_ pt]B P”,ZESQ,.]-ESM

wij PijBiBi Py > Q5,1 € Sa,7 € S1. (32)
To see this inequality, substitute the definition of );; in (10)
and let ¢ = 0 and j = 0, then (32) becomes (20), which has
been proved in Theorem 4.1. When ¢ and j take other values,
(32) holds similarly. Thus, (31) and (30) are equivalent and
the central controller in (31) matches the LQR controller
in (30). When assuming the controller K only depends
on the FDI modes j € S5, for the basic case, only two
controllers, Ky and K, need to be designed. Each controller
is required to satisfy two inequalities simultaneously and the
parametrization set of FTCS can be considered to be around
the LQR optimal controller.

In summary, the necessary existence conditions of the
parametrization set, stated in Theorem 4.1, are equivalent
to the ARE of LQR problem. One particular feasible P;;,
i € S,j € 51, represents a particular solution to a LQR
problem corresponding to some specific weighting matrix.
We may use this connection to select appropriate P;; and
generate controllers for this P;;.

VI. CONTROLLER GENERATION

The stabilizing static state feedback controllers of FTCS
in the sense of EMS stability are the common solutions
of algebraic inequalities (11)-(14). The necessary existence
condition has been established in the form of LMI for P;,
i € Sy, k € S1. We have also shown how to select Py
in section V. For the selected P;;, if the controllers exist,
a set of stabilizing controllers can be generated using a
parameterization and testing procedure.

Take K as an example. If K satisfies (6) and (8), it is
a stabilizing controller. Denote the set of common solutions
of (6) and (8) as S. Considering that W £ Gp,, B, Qo0 (L p)
is the parameterization set of all the solutions of (6), S is a
subset of W.

Let the free parameters L and p of W be uniformly
distributed random variables and the elements of W can be
generated by samples of L and p. The elements in S are
those of GG which satisfy (8).

When S is nonempty, the following probability is positive.

Pr{K, € S|Ko € W} = Pr{ K satisfies (8)| Ky € W}.

501

% P! Py’ P!

Pt 0 0 0
—ﬁ—ézplgl 0 0 < 0. (22)
0 — P 0 »
0 0 — Py

Define the indicator function

1, Ky € S given Ky € Wfor some (L, p);
I(L,p) = .

0, otherwise,

then Pr{I(L,p) = 1} = Pr{K, € S|K, € W}. According
to the Chernoff’s bound [6], when generating N > %
samples for 6 > 0 and € > 0, the following statistic gives an
estimate of this probability.

N
A ‘—ILi;i
py - Elalliun)

Furthermore, this estimate satisfies
Pr{|Pr{I(L,p) =1} — Py| < ¢} > 1 —4.

Suppose that € and § are so small that we can use the
estimate Py as the true probability of Pr{K, € S|K, €
Wi If Py > 0, the stabilizing controller K exists and can
be generated by testing (8) for the elements of W. There
remains the question of deciding the sample size, i.e., the
number of elements of W to be tested. For instance, suppose
we want to obtain N stabilizing controllers Ky, how many
elements of W need to be tested?

Define a new random variable Y = I(L, p), then Pr{Y =
1} = Py and Pr{Y = 0} = 1— Py. For N, identically inde-
pendently distributed samples L;, p;, denote Y; = I(L;, p;),
i=1~ Nj. Zi\lel Y; is the number of Ky € S and subject
to the Binomial distribution.

N1 Nl N
1 a a A
Pr{d Yi>No} = ) (k )P]’f,l(l—PNl)Nl ko(33)
i=1 k=Nj
Set a confidence level 63 and select N7 to make

Pr{Zivzl1 Y; > No} > 1 — 03. When testing N7 samples
of L;, p;, with probability 1 — d3, we get N, samples of
K}, the common solutions of (6) and (8). The procedures of
generating No controllers are summarized as follows.

1) For Ky, estimate Pr{K, € S|Ky € W} for some small
parameters €2 and Jo. If the estimated probability is O,
no stabilizing controller exists and stop.

2) For a small confidence level 53, select N3 to make the
following inequality hold.

Ny N
> ( k3>P]’f,(1 — Py)Nemk > 1 — 6.
k=N>

3) Generate N; samples in set G = Gpy,By,Q00 (L) P)-
Test (8) for each sample and record those that satisfies
(8) which are stabilizing controllers in set .S.

4) If less than N7 members in S are generated, repeat 3).

5) For K, follow similar steps of 1)-4) to generate the
controller samples.
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VII. AN ILLUSTRATIVE EXAMPLE

Consider a system in the form of (1)-(2) with the following
parameters.

73 49 13 12
AO_[@‘ 18}’ Al_[m 5}’ BO_{5 14]’
10 4 —0.5 0.5
Bl_[s 15]’G_{0 0}’
Co=[3 8, C1=[13 10].

O — [—0.02 0.02} 7 [—2.99

3.90  -3.90 0.05

2.99
—0.05|"

Construct the conditions of Theorem 4.1 and solve them for
P;; as follows.

po_ [ 707 =855 , _[2263 —1.46

00 = | 855 29.48|°" %~ |—-1.46 18.05|’
po_ [ 7300 —90.16] , _ [16.4347 —2.6097
0= 1_90.16 300.710|° "' = |=2.6097 5.5386 |-

These P;; corresponds to minimize the LQR objective (26)
with state weighting matrices S;; and control weighting
R = ui_jl as follows.

g _ [ 4200 —108.88] o [162.96 —117.19
00 = 1-108.88 347.90 |7 = |-117.19 364.11 |’
g _ [ 940 -1936]  _ [278.46 —120.46

10711936 148877~ |-129.46  79.66 |-

Roo = 70.99, Ry = 182.35, Ry = 404.40, Ryi; = 63.12.

The maximum value of positive p can be calculated as
Pimax = 757 and pomax = 1340.4 respectively. For fixed
P;;, i,j € {0,1}, the free parameters of the controllers are:
0 < pi < Pimax, | Lillz2 < 1,4 = 1,~ 2. Assume these
parameters to be uniformly distributed in their bounded sets
and 194 set of controllers are generated, one of which is
given below. The state trajectory of the closed-loop system
for one sample path of the Markov process is given in Fig.
1. Obviously, the closed loop system is stable for this sample
path.

—1.60

—0.43 —6.97
KO_[1.13 ]’Kl_{

—2.72
—11.64 3.68 '

—18.30

VIII. CONCLUSION

A stabilizing controller parametrization result is presented
in this paper which is derived based on the EMS stability
of FTCS. The free parameters in the expression of the
controllers are real matrices and scalars, which is easy
for numerical implementation. The existence conditions are
given in the form of LMI and they are shown to be equivalent
to the ARE of LQR problem in JLS. So the central controller
in the parametrization set is a optimal LQR controller of JLS.
This method can be used with the randomized algorithms to
design the approximately optimal controller of FTCS.
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Fig. 1. State trajectory of the closed-loop system.
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