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Abstract— This paper presents a stabilizing controller para-
metrization method of Fault Tolerant Control Systems (FTCS)
based on the stochastic exponential mean square (EMS) stability
of the Markovian model of FTCS. The free parameters of the
controller parametrization are real matrices or scalars therefore
it is easy to implement numerically. Furthermore, a relation
between the necessary existence conditions of stabilizing con-
trollers and the classical Linear Quadratic Regulator (LQR) is
shown and can be used to direct the parameter selection. As
a possible application, this parametrization result can be used
with the randomized algorithms for controller design.

I. INTRODUCTION

Fault Tolerant Control Systems (FTCS) aim to maintain
acceptable system performance when component faults occur
in a control system and thereby to avoid total failure and to
achieve high reliability [1], [2]. FTCS usually employ the
Fault Detection and Isolation (FDI) scheme and the recon-
figurable controller to eliminate the effects of the presumed
faults, usually called as active FTCS [1], [2]. But the false
alarm, missing detection and detection delays of FDI may
corrupt the overall stability and performance of the FTCS [3].
By modelling the fault and FDI behaviors as two separate
Markov processes, the FDI and controller can be analyzed
and designed in an integrated manner, such as the effects of
FDI false alarms on stochastic stability and controller design
with the consideration of FDI imperfectness [4], [5]. In this
paper, we study the stabilizing controller parametrization
problem of active FTCS based on the Markovian model.

Controller parametrization plays an important role in sys-
tems and control theory, which can facilitate the design of
optimal controller by using Linear Matrix Inequality (LMI)
or other classical optimization techniques. These techniques
usually require the parametrization expression and the de-
sign objective function are affine with respect to the free
parameters. The randomized algorithms can be used to find
an approximately optimal controller given any parametriza-
tion method by assuming bounded parameters with known
probability distribution [6], [7]. For linear systems, many
controller parametrization results have been reported, such as
the Youla parametrization [8], H∞ controller parametrization
by Riccati equations and by Linear Matrix Inequalities (LMI)
[9], [10], [11], covariance controller parametrization [12],
[13], and stabilizing controller parametrization by quadratic
Lyapunov functions [14]. However, to the best of our
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knowledge, no controller parametrization results have been
reported for FTCS.

This paper studies state-feedback stabilizing controller
parametrization of active FTCS in Markovian models. The
stability is in the sense of stochastic exponential mean square
(EMS) stability [4]; the necessary existence conditions are
given in the form of LMI and the free parameters are
real matrices and scalars. If the two Markov processes
are combined into one integrated process and the system
model is converted into a Jump Linear System (JLS) [15],
then the existence conditions of stabilizing controllers are
equivalent to the Algebraic Recatti Equations (ARE) of
the Linear Quadratic Regulator (LQR) problem for JLS
[16]; if the Markov state of the fault process are available
for controller design and the number of controller equals
the number of Markov states, the central controller of the
parametrization set can be deemed as the LQR optimal
controller in JLS. This connection gives an interpretation of
the parametrization result which is helpful for selecting some
of the free parameters. The parametrization result combined
with the randomized algorithms can be used to search for
the approximately optimal controller that achieve some high-
level performance criterion of FTCS, such as the system
reliability [6], [17].

The remaining of the paper is organized as follows. Sec-
tion II states the Markovian model and problem formulation;
section III gives the mathematical preliminaries; section
IV-VI presents the main results: the necessary existence
conditions, connections with LQR problem and generation
of controllers; a numerical example is given in section VII
followed by a conclusion in section VIII.

We will use the following notations. A−T means (AT )−1.
A+ is the Moore Penrose inverse of A. N (A) and R(A)
denote the null space and the range space of A, respec-
tively. A⊥ denotes a matrix with the following properties:
N (A⊥) = R(A) and A⊥A⊥T > 0. The norm ‖A‖ is the
largest singular value of A.

II. PROBLEM FORMULATION

Consider the following Markovian model of FTCS

ẋ(t) = A(ζ(t))x(t) + B(ζ(t))u(η(t), t), (1)

y(t) = C(ζ(t))x(t) + D(ζ(t))u(η(t), t). (2)

where x(t) ∈ R
n, u(η(t), t) ∈ R

m, y(t) ∈ R
l and w(t) ∈ R

h

denote the system state, control input, output and exogenous
input respectively. A(ζ(t)), B(ζ(t)), C(ζ(t)) and D(ζ(t))
are system matrices with appropriate dimensions.
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As in many references [3], [4], [5], ζ(t) and η(t) are as-
sumed to be two separate continuous-time Markov processes
with finite state spaces S1 = {0, 1, 2, · · · , N1} and S2 =
{0, 1, 2, · · · , N2} to represent system faults and FDI results.
ζ(t) is a homogeneous process while the transition rates of
η(t) depend on the current state of ζ(t).

For notational simplicity, for ζ(t) = i, η(t) = j, i ∈
S1, j ∈ S2, denote

Ai = A(ζ(t)), Bi = B(ζ(t)), Ci = C(ζ(t)), Di = D(ζ(t)),

Ei = E(ζ(t)), Fi = F (ζ(t)), uj(t) = u(η(t), t).

Let us begin with the basic case that the state spaces of ζ(t)
and η(t) are equal and both take values from {0, 1}, where
‘0’ denotes fault-free situation and ‘1’ the faulty state. The
behavior of ζ(t) is governed by its generator matrix G [19];
when ζ(t) = 0 or 1, the behavior of η(t) is determined by
the corresponding generator matrix H0 or H1. The generator
matrices of the basic case have the following form:

F =
[−α01 α01

α10 −α10

]
,

H0 =
[−β0

01 β0
01

β0
10 −β0

10

]
, H1 =

[−β1
01 β1

01

β1
10 −β1

10

]
,

where αij ≥ 0 and βk
ij ≥ 0 are the transition rates of

ζ(t) and η(t). For simplicity, given FTCS (1)-(2), consider
a static state feedback controller. For the single fault case,
the controller is composed of two static gains K0 and K1

and denoted as (K0, K1). When FDI results indicate the fault
mode 1, K1 is switched in; otherwise, K0 is in use for normal
system mode.

We consider the EMS stability of x = 0 in FTCS [4],
meaning that for any initial Markov states, ζ(0) and η(0),
and some δ(ζ(0), η(0)) > 0, there exist a > 0 and b > such
that when ‖x(0)‖ ≤ δ(ζ(0), η(0)), we have the following
inequality for t ≥ 0.

E{‖x(t)‖2} ≤ b‖x(0)‖2e−at,

where E{·} denotes the mathematical expectation.
Lemma 2.1 (Stochastic stability [4], [18]): The FTCS in

(1)-(2) is stabilized by the following static state feedback
control law in the sense of EMS stability

ui(t) = Kix(t), i ∈ S2,

if and only if for any given k ∈ S1 and i ∈ S2, there exist
positive-definite matrices Pik > 0, satisfying

ÃT
ikPik + PikÃik +

M∑
j �=i

βk
ijPjk +

N∑
j �=k

αkjPij < 0,

where

Ãik = Ak + BkKi − 0.5
µ∑

j �=i

βk
ij − 0.5

v∑
j �=k

αkj .

We consider the stabilizing controller parametrization prob-
lem in the sense of Lemma 2.1. The objective is to find a

parametrization method to generate all the stabilizing static
state feedback controllers of FTCS. The parametrization
method should use matrices or scalars as free parameters
for easy calculation; it should also have bounded free para-
meters and so the randomized algorithms can be applied for
controller design.

III. PRELIMINARIES

Lemma 3.1 (Finsler’s theorem [11], [13]): Let matrices
M ∈ R

n×m and Q ∈ R
n×n be given. Suppose rank(M) < n

and Q = QT . Let (MR, ML) be any full rank factor of M ,
i.e., M = MLMR and rank(ML) = rank(MR) = rank(M),
and define N := (MRMT

R )(−1/2). Then

µMMT − Q > 0

holds for some µ ∈ R if and only if

P := M⊥QM⊥T < 0

holds, in which case, all such µ are given by

µ > µmin := λmax[N(Q − QM⊥T P−1M⊥Q)NT ],

where λmax(·) denotes the largest eigenvalue.
Lemma 3.2 (Projection lemma and parametrization set [13]):

Let matrices M ∈ R
n×m, and Q = QT ∈ R

n×n be given.
Then the following statements are equivalent.

(i) There exists a matrix X satisfying

MX + (MX)T + Q < 0. (3)

(ii) The following conditions holds:

M⊥QM⊥T < 0 or MMT > 0.

Suppose the above statements hold, then all matrices X in
statement (i) are given by

X = −ρ−1MT + ρ−1/2L(ρ−1MMT − Q)1/2, (4)

where L is any matrix such that ‖L‖ < 1 and ρ is a positive
scalar in the interval (0, ρmax). ρmax = a−1 is given by
solving the following LMI problem.

Min{a,X}a

subject to

a > 0,[−aI X
XT MX + (MX)T + Q

]
< 0.

For a given inequality in the form of (3), Lemma 3.2 gives
its solvability condition and the following parametrization
set of all its solutions.

GM,Q(L, ρ) = {X |X = −ρ−1MT + ρ−1/2L

(ρ−1MMT − Q)1/2, ‖L‖ < 1, ρ ∈ (0, ρmax)}. (5)
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IV. NECESSARY EXISTENCE CONDITIONS

For the basic case of FTCS in (1)-(2), suppose the state
feedback law when η(t) = i is represented by ui(t) =
Kix(t), i ∈ S2 = {0, 1}. By Lemma 2.1, (K0, K1) stabilizes
the FTCS in the sense of EMS stability if and only if there
exist positive definite matrices Pik, i ∈ S2, k ∈ S1, such that
the following inequalities hold simultaneously.

P00B0K0 + (P00B0K0)T + Q00 < 0, (6)

P10B0K1 + (P10B0K1)T + Q10 < 0, (7)

P01B1K0 + (P01B1K0)T + Q01 < 0, (8)

P11B1K1 + (P11B1K1)T + Q11 < 0, (9)

where Qik, i ∈ S2, k ∈ S1, is defined as follows.

Qik = (Ak − 0.5βk
i(1−i) − 0.5αk(1−k))T Pik + Pik(Ak − 0.5

βk
i(1−i) − 0.5αk(1−k)) + βk

(1−i)kPi(1−k) + αk(1−k)Pi(1−k).
(10)

The set of all stabilizing controllers can be captured naturally
by posing a matrix inequality problem to solve (6)-(9)
for (K0, K1). In other words, one can solve (6) and (8)
simultaneously for K0 and (7) and (9) for K1.

Lemma 4.1: For the basic case of FTCS in (1)-(2), as-
sume that B0 and B1 are row rank deficient, then there
exists a stabilizing state feedback law in the sense of EMS
stability only if there exist positive-definite matrices Pik,
k ∈ S1 = {0, 1}, i ∈ S2 = {0, 1}, such that

(P00B0)⊥Q00(P00B0)⊥T < 0, (11)

(P10B0)⊥Q10(P10B0)⊥T < 0, (12)

(P01B1)⊥Q01(P01B1)⊥T < 0, (13)

(P11B1)⊥Q11(P11B1)⊥T < 0, (14)

where, for k ∈ S1 = {0, 1}, i ∈ S2 = {0, 1}, Qik is defined
in (10). If B0 has full row rank, (11) and (12) are removed
from the conditions; if B1 has full row rank, (13) and (14)
are removed.

Proof: Based on Lemma 3.2, each one of the inequalities
(6)-(9) has solution if and only if the the corresponding
condition in (11)-(14) holds. Considering the (6)-(9) must
hold simultaneously for system stability, (11)-(14) are only
necessary conditions. If B0 has full row rank, (6) and (7)
always have feasible solutions for any P00, P10, Q00 and Q10

so (11) and (12) are removed; similarly, if B1 has full row
rank, (13) and (14) are removed. �

Theorem 4.1: For the basic case of FTCS in (1)-(2), if B0

and B1 are row rank deficient and all the transition rates of
the fault and FDI process are nonzero, there exist stabilizing
state feedback controllers in the sense of EMS stability only
if there exist positive-definite matrices Pik , positive scalars
µik, k ∈ S1 = {0, 1}, i ∈ S2 = {0, 1}, such that the
following inequalities hold.⎡
⎣P−1

00 ĀT
00 + Ā00P

−1
00 − µ00B0B

T
0 P−1

00 P−1
00

P−1
00 − 1

β0
01

P−1
10 0

P−1
00 0 −α−1

01 P−1
01

⎤
⎦

< 0, (15)

⎡
⎣P−1

10 ĀT
10 + Ā10P

−1
10 − µ10B0B

T
0 P−1

10 P−1
10

P−1
10 − 1

β0
10

P−1
00 0

P−1
10 0 −α−1

01 P−1
11

⎤
⎦

< 0, (16)⎡
⎣P−1

01 ĀT
01 + Ā01P

−1
01 − µ01B1B

T
1 P−1

01 P−1
01

P−1
01 − 1

β1
01

P−1
11 0

P−1
01 0 −α−1

10 P−1
00

⎤
⎦

< 0, (17)⎡
⎣P−1

11 ĀT
11 + Ā11P

−1
11 − µ11B1B

T
1 P−1

11 P−1
11

P−1
11 − 1

β1
10

P−1
01 0

P−1
11 0 −α−1

10 P−1
10

⎤
⎦

< 0, (18)

where Ā00 = A0 − 0.5β0
01 − 0.5α01, Ā10 = A0 − 0.5β0

10 −
0.5α01, Ā01 = A1 − 0.5β1

01 − 0.5α10, Ā11 = A1 − 0.5β1
10 −

0.5α10. In case that B0 has full row rank, (15) and (16) are
removed from the conditions; if B1 has full row rank, (17)
and (18) are removed. If some transition rates are zero, the
corresponding rows and columns containing those transition
rates are removed from the above matrices.
Proof: Take (11) as an example and the derivations
are similar for the other three inequalities. As P00 >
0 and (P00B0)⊥((P00B0)⊥)T > 0, both (P00B0)⊥

and (P00B0)⊥P00 have full row rank. Considering
(P00B0)⊥P00B0 = 0 and (P00B0)⊥P00 = B⊥

0 , we have

(P00B0)⊥ = B⊥
0 P−1

00 .

So (11) is equivalent to

B⊥
0 P−1

00 Q00P
−1
00 B⊥T

0 < 0.

Substitute Q00 and denote Ā00 = A0 − 0.5β0
01 − 0.5α01, we

have

B⊥
0 (P−1

00 ĀT
00 + Ā00P

−1
00 + β0

01P
−1
00 P10P

−1
00

+α01P
−1
00 P01P

−1
00 )B⊥T

0 < 0.

By Lemma 3.1, this inequality is equivalent to

P−1
00 ĀT

00 + Ā00P
−1
00 + β0

01P
−1
00 P10P

−1
00

+α01P
−1
00 P01P

−1
00 < µ00B0B

T
0 , µ00 ∈ R. (19)

Pre- and post-multiply P00, we have

ĀT
00P00 + P00Ā00 + β0

01P10 + α01P01 < µ00P00B0B
T
0 P00.

(20)
According to Lemma 3.1, all feasible µ00 are given by µ00 >
µ00min, where µ00min can be calculated by the parameters in
the inequality. Therefore, if the feasible set of µ00 is non-
empty, there must be a feasible µ00 > 0. Furthermore, we
only need to consider the positive case of µ00 to obtain all
the feasible Pij due to the following reasons.

Suppose for any two feasible values of µ00, µ1 ≤ 0 and
µ2 > 0, all the corresponding feasible solutions of Pij in
(19), i, j ∈ {0, 1}, are denoted by P1 and P2. For every
element Pij ∈ P1, i, j ∈ {0, 1}, (19) holds for this Pij and
µ1. Again, based on Lemma 3.1, this element Pij , i, j ∈
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{0, 1}, is also feasible for (19) corresponding to µ2 as µ2 >
µ1 and thereby belongs to P2. Therefore, P1 ⊆ P2, which
means the feasible solution of Pij , i, j ∈ {0, 1}, for (19)
when µ ≤ 0 is a subset of those when µ > 0 and we only
need to consider this positive case.

Suppose the transition rates β0
01 > 0 and α01 > 0. By

Schur’s complement lemma, (19) is equivalent to⎡
⎣P−1

00 ĀT
00 + Ā00P

−1
00 − µ00B0B

T
0 P−1

00 P−1
00

P−1
00 − 1

β0
01

P−1
10 0

P−1
00 0 −α−1

01 P−1
01

⎤
⎦

< 0. (21)

If some transition rate is zero, the corresponding term in (19)
is removed and so are the corresponding row and column in
(21). For example, if α01 = 0, (21) becomes[

P−1
00 ĀT

00 + Ā00P
−1
00 − µ00B0B

T
0 P−1

00

P−1
00 − 1

β0
01

P−1
10

]
< 0.

Similarly, (12)-(14) can also be converted to LMI that are
convex in P−1

00 , P−1
01 , P−1

10 , P−1
11 , µ00, µ01, µ10 and µ11. �

The above results are for the basic case of FTCS. For the
multiple fault mode cases, the above procedure and results
are readily modified. For example, if S1 = S2 = {0, 1, 2},
to ensure stochastic stability, there are 9 inequalities in the
necessary conditions of Theorem 4.1 and a typical one is
given in (22).

The necessary conditions may hold for infinite sets of
Pij , i ∈ S2, j ∈ S1. For each set of Pij , there may exist
a corresponding set of stabilizing controllers. The freedom
of Pij can be exploited by the connection of the necessary
existence conditions with the LQR problem, presented in the
next section.

V. CONNECTION WITH LQR PROBLEM

The necessary existence conditions in section IV have
some connections with the LQR problem of JLS. To see this
relationship, convert the FTCS model into the form of JLS
by representing the behaviors of two Markov processes into
one, called the integrated Markov process φ(t) [15]; then,
compare the ARE of LQR problem in this JLS form with
the results in section IV.

For the basic case of FTCS, S1 = {0, 1} and
S2 = {0, 1} in the above model, the augmented
state space of the integrated Markov process is S3 =
{(0, 0), (0, 1), (1, 0), (1, 1)}, where the first element
represents the FDI mode in S2 and the second the fault
mode in S1. Suppose that the generator matrix of φ(t) is
represented by G = [γ(ij)(kl)]4×4, then we have:

γ(ij)(kl) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

αii + βi
jj , i = k, j = l;

βi
jl, i = k, j �= l;

αik, i �= k, j = l;
0, i �= k, j �= l.

(23)

For the basic case, the generator matrix G is given below.⎡
⎢⎣
−(α01 + β0

01) α01 β0
01 0

α10 −(α10 + β1
01) 0 β1

01

β0
10 0 −(α01 + β0

10) α01

0 α10 β1
10 −(α10 + β1

10)

⎤
⎥⎦

The FTCS model becomes a standard JLS model if we
substitute φ(t) into (1)-(2) and let w(t) = 0.

ẋ(t) = A(φ(t))x(t) + B(φ(t))u(φ(t), t), (24)

y(t) = C(φ(t))x(t) + D(φ(t))u(φ(t), t). (25)

The infinite time LQR problem aims to find a state feedback
controller to minimize the following objective.

J(t0, x(t0), u(t)) = E{
∫ ∞

t0

[xT (t)S(φ(t))x(t)

+uT (φ(t), t)R(φ(t))u(φ(t), t)]dt|x(t0), φ(t0)}. (26)

This problem was solved by the Theorem 5 in [16], which
stated that the optimal steady state control is

ui(t) = −R−1
i BT

i Pix(t), i ∈ S3,

where ui(t) denotes u(φ(t), t) when φ(t) = i. Here i = 1 ∼
4 is the index of the elements of S3. Pi is the set of positive
definite solutions of the coupled ARE

AT
i Pi + PiAi − PiAi − PiBiR

−1
i BT

i Pi − λiPi

+
∑

j∈S3,j �=i

λijPj + Qi = 0, i ∈ S3. (27)

In (27), the diagonal transition rates of φ(t) is represented by
λi and off-diagonal λij ; the system matrices are represented
by Ai and Bi corresponding to a particular state of φ(t).

For notational consistency, denote the elements of S3 as
(i, j), i ∈ S2, j ∈ S1. When φ(t) = (i, j), suppose the
weighting matrices for state and control input are Sij and
Rij respectively and substitute the system parameters into
(27) to obtain 4 coupled ARE. Take the following ARE for
state φ(t) = (0, 0) as an example and use the same notation
Pij for the variables of ARE for φ(t) = (i, j).

AT
0 P00 + P00A0 − P00B0R

−1
00 BT

0 P00 − (α01 + β0
01)P00

+β0
01P01 + α01P10 + Q00 = 0. (28)

Use Ā00 = A0 − 0.5β0
01 − 0.5α01 defined in Theorem 4.1 to

simplify this equation, we have

ĀT
00P00 + P00Ā00 + β0

01P01 + α01P10 + S00

= P00B0R
−1
00 BT

0 P00. (29)

Compare (29) with (20), these two equations are actually
equivalent if we let R00 be the scalar µ−1

00 and add a slack
variable S00 > 0 to convert the inequality (20) into equality.

For this JLS model, it has 4 states in the integrated Markov
process, hence there are correspondingly 4 controllers whose
static state feedback gains are given by

Kij = −R−1
ij BT

i Pij , i ∈ S2, j ∈ S1. (30)
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⎡
⎢⎢⎢⎢⎢⎣

P−1
00 ĀT

00P00P
−1
00 Ā00P

−1
00 − µ00B0B

T
0 P−1

00 P−1
00 P−1

00 P−1
00

P−1
00 − 1

β0
01

P−1
10 0 0 0

P−1
00 0 − 1

β0
02

P−1
10 0 0

P−1
00 0 0 1

α01
P−1

01 0
P−1

00 0 0 0 1
α02

P−1
02

⎤
⎥⎥⎥⎥⎥⎦ < 0. (22)

If using 4 controllers for the FTCS in the basic case, one
typical subset of controllers are given by [20]

Kij = −ρijB
T
i Pij , i ∈ S2, j ∈ S1, (31)

where ρij > 0 is a scalar to make ρijPijBiBiPij −Qij > 0.
Obviously, ρij may take the value of µij because we have

µijPijBiBiPij > Qij , i ∈ S2, j ∈ S1. (32)

To see this inequality, substitute the definition of Qij in (10)
and let i = 0 and j = 0, then (32) becomes (20), which has
been proved in Theorem 4.1. When i and j take other values,
(32) holds similarly. Thus, (31) and (30) are equivalent and
the central controller in (31) matches the LQR controller
in (30). When assuming the controller K only depends
on the FDI modes j ∈ S2, for the basic case, only two
controllers, K0 and K1, need to be designed. Each controller
is required to satisfy two inequalities simultaneously and the
parametrization set of FTCS can be considered to be around
the LQR optimal controller.

In summary, the necessary existence conditions of the
parametrization set, stated in Theorem 4.1, are equivalent
to the ARE of LQR problem. One particular feasible Pij ,
i ∈ S2, j ∈ S1, represents a particular solution to a LQR
problem corresponding to some specific weighting matrix.
We may use this connection to select appropriate Pij and
generate controllers for this Pij .

VI. CONTROLLER GENERATION

The stabilizing static state feedback controllers of FTCS
in the sense of EMS stability are the common solutions
of algebraic inequalities (11)-(14). The necessary existence
condition has been established in the form of LMI for Pik,
i ∈ S2, k ∈ S1. We have also shown how to select Pik

in section V. For the selected Pik , if the controllers exist,
a set of stabilizing controllers can be generated using a
parameterization and testing procedure.

Take K0 as an example. If K0 satisfies (6) and (8), it is
a stabilizing controller. Denote the set of common solutions
of (6) and (8) as S. Considering that W � GP00B0,Q00(L, ρ)
is the parameterization set of all the solutions of (6), S is a
subset of W .

Let the free parameters L and ρ of W be uniformly
distributed random variables and the elements of W can be
generated by samples of L and ρ. The elements in S are
those of G which satisfy (8).

When S is nonempty, the following probability is positive.

Pr{K0 ∈ S|K0 ∈ W} = Pr{K0 satisfies (8)|K0 ∈ W}.

Define the indicator function

I(L, ρ) =

{
1, K0 ∈ S given K0 ∈ W for some (L, ρ);
0, otherwise,

then Pr{I(L, ρ) = 1} = Pr{K0 ∈ S|K0 ∈ W}. According
to the Chernoff’s bound [6], when generating N ≥ ln(2/δ)

2ε2

samples for δ > 0 and ε > 0, the following statistic gives an
estimate of this probability.

P̂N =
∑N

i=1 I(Li, ρi)
N

.

Furthermore, this estimate satisfies

Pr{|Pr{I(L, ρ) = 1} − P̂N | ≤ ε} ≥ 1 − δ.

Suppose that ε and δ are so small that we can use the
estimate P̂N as the true probability of Pr{K0 ∈ S|K0 ∈
W}. If P̂N > 0, the stabilizing controller K0 exists and can
be generated by testing (8) for the elements of W . There
remains the question of deciding the sample size, i.e., the
number of elements of W to be tested. For instance, suppose
we want to obtain N2 stabilizing controllers K0, how many
elements of W need to be tested?

Define a new random variable Y = I(L, ρ), then Pr{Y =
1} = P̂N and Pr{Y = 0} = 1−P̂N . For N1 identically inde-
pendently distributed samples Li, ρi, denote Yi = I(Li, ρi),
i = 1 ∼ N1.

∑N1
i=1 Yi is the number of K0 ∈ S and subject

to the Binomial distribution.

Pr{
N1∑
i=1

Yi ≥ N2} =
N1∑

k=N2

(
N1

k

)
P̂ k

N1
(1 − P̂N1)

N1−k. (33)

Set a confidence level δ3 and select N1 to make
Pr{∑N1

i=1 Yi ≥ N2} ≥ 1 − δ3. When testing N1 samples
of Li, ρi, with probability 1 − δ3, we get N2 samples of
Ki

0, the common solutions of (6) and (8). The procedures of
generating N2 controllers are summarized as follows.

1) For K0, estimate Pr{K0 ∈ S|K0 ∈ W} for some small
parameters ε2 and δ2. If the estimated probability is 0,
no stabilizing controller exists and stop.

2) For a small confidence level δ3, select N3 to make the
following inequality hold.

N1∑
k=N2

(
N3

k

)
P̂ k

N (1 − P̂N )N3−k ≥ 1 − δ3.

3) Generate N1 samples in set G = GP00B0,Q00(L, ρ).
Test (8) for each sample and record those that satisfies
(8) which are stabilizing controllers in set S.

4) If less than N1 members in S are generated, repeat 3).
5) For K1, follow similar steps of 1)-4) to generate the

controller samples.
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VII. AN ILLUSTRATIVE EXAMPLE

Consider a system in the form of (1)-(2) with the following
parameters.

A0 =
[
7 3
6 18

]
, A1 =

[
4 9
14 5

]
, B0 =

[
13 12
5 14

]
,

B1 =
[
10 4
8 15

]
, G =

[−0.5 0.5
0 0

]
,

C0 = [3 8], C1 = [13 10].

H0 =
[−0.02 0.02

3.90 −3.90

]
, H1 =

[−2.99 2.99
0.05 −0.05

]
.

Construct the conditions of Theorem 4.1 and solve them for
Pij as follows.

P00 =
[

7.07 −8.55
−8.55 29.48

]
, P01 =

[
22.63 −1.46
−1.46 18.05

]
,

P10 =
[

73.00 −90.16
−90.16 300.710

]
, P11 =

[
16.4347 −2.6097
−2.6097 5.5386

]
.

These Pij corresponds to minimize the LQR objective (26)
with state weighting matrices Sij and control weighting
Rij = µ−1

ij as follows.

S00 =
[

42.01 −108.88
−108.88 347.90

]
, S01 =

[
162.96 −117.19
−117.19 364.11

]
,

S10 =
[

940 −1936
−1936 14887

]
, S11 =

[
278.46 −129.46
−129.46 79.66

]
.

R00 = 70.99, R01 = 182.35, R10 = 404.40, R11 = 63.12.

The maximum value of positive ρ can be calculated as
ρ1max = 757 and ρ2max = 1340.4 respectively. For fixed
Pij , i, j ∈ {0, 1}, the free parameters of the controllers are:
0 < ρi ≤ ρimax, ‖Li‖2 < 1, i = 1,∼ 2. Assume these
parameters to be uniformly distributed in their bounded sets
and 194 set of controllers are generated, one of which is
given below. The state trajectory of the closed-loop system
for one sample path of the Markov process is given in Fig.
1. Obviously, the closed loop system is stable for this sample
path.

K0 =
[−1.60 −0.43

1.13 −11.64

]
, K1 =

[−6.97 −2.72
3.68 −18.30

]
.

VIII. CONCLUSION

A stabilizing controller parametrization result is presented
in this paper which is derived based on the EMS stability
of FTCS. The free parameters in the expression of the
controllers are real matrices and scalars, which is easy
for numerical implementation. The existence conditions are
given in the form of LMI and they are shown to be equivalent
to the ARE of LQR problem in JLS. So the central controller
in the parametrization set is a optimal LQR controller of JLS.
This method can be used with the randomized algorithms to
design the approximately optimal controller of FTCS.
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Fig. 1. State trajectory of the closed-loop system.

REFERENCES

[1] R. Patton, “Fault-tolerant control systems: the 1997 situation”, IFAC
Symp. Fault Detection Supervision and Safety for Technical Processes,
edited by R. Patton and J. Chen, Kingston Upon Hull, UK, 1997, vol.
3, pp. 1033-1054.

[2] M. Blanke, M. Kinnaert, J. Lunze and M. Staroswiecki, Diagnosis and
Fault-Tolerant control, Springer, 2003.

[3] M. Mariton, “Detection delays, false alarm rates and the reconfiguration
of control systems”, Int. J. Contr., vol. 49, pp. 981-992, 1989.

[4] R. Srichander and B. Walker, “Stochastic stability analysis for
continuous-time fault tolerant Control Systems”, Int. J. Contr., vol. 57,
no. 2, pp. 433-452, 1993.

[5] M. Mahmoud, J. Jiang and Y. Zhang, Active Fault-tolerant Control
Systems: Stochastic Analysis and Synthesis, Springer-Verlag, 2003.

[6] R. Tempo, E. Bai and F. Dabbene, “Probabilistic robustness analysis:
explicit bounds for the minimum number of samples”, Sys. Contr. Lett.,
vol. 30, no. 5, pp. 237-242, 1997.

[7] G. Calafiore, F. Dabbene and R. Tempo, “Arandomized algorithms in
robust control”, Proc. 42nd IEEE Conf. Decision Contr., Hawaii, 2003,
pp. 1908-1913.

[8] K. Zhou and J. Doyle, Essentials Of Robust Control, Prentice Hall,
1997.

[9] J. Doyle, K. Glover, P. Khargonekar and B. Francis, “State-space
solutions to standard H2 and H∞ control problmes”, IEEE Trans.
Automat. Contr., vol. 34, pp. 831-847, 1989.

[10] P. Gahinet, “A new parametrization of H∞ suboptimal controllers”,
Int. J. Contr. vol. 59, no. 4, pp. 1031-1051, 1994.

[11] T. Iwasaki & R.E. Skelton, “All controllers for the general H∞
control problmes: LMI existence conditions and state space formulas”,
Automatica, vol. 30, no. 8, pp. 1307-1317, 1994.

[12] R. Skelton and T. Iwasaki, “Liapunov and convariance controllers”,
Int. J. Contr., vol. 57, no. 3, pp. 519-536, 1993.

[13] R. E. Skelton, T. Iwasaki and K. Grigoriadis, A Unified Approach to
Linear Control Design, Taylor & Francis, 1997.

[14] T. Iwasaki and R. E. Skelton, ”Parametrization of all stabilizing
controllers via quadratic Lyapunov functions,” J. Optim. Theory Appl.,
vol. 85, no.2, pp. 291–307, 1995.

[15] H. Li and Q. Zhao, “Analysis of fault tolerant control by using
randomized algorithms”, to appear, Proc. American Contr. Conf., 2005.

[16] Y. Ji and H. Chizeck, “Controllability, stabilizability, and continuous-
time Markovian jump linear quadratic control”, IEEE Trans. Automat.
Contr., vol. 35, no. 7, pp. 777-788, 1990.

[17] H. Li and Q. Zhao, “Reliability modeling of fault tolerant control
systems”, 44th IEEE Conf. Decision Contr. and European Contr. Conf.,
2005.

[18] P. Shi & E. K. Boukas, “H∞-Control for Markovian Jumping Linear
Systems with Parametric Uncertainty”, J. Optim. Theory Appl., vol. 95,
no. 1, pp. 75-99, 1997.

[19] E. Çinlar, Introduction to Stochastic Processes, Prentice-Hall, Engle-
wood Cliffs, 1975.

[20] T. Iwasaki and R. Skelton, “A unified approach to fixed order controller
design via linear matrix inequalities”, Math. Probl. Eng., vol. 1, pp. 59-
75, 1995.

6285


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




