Proceedings of the

44th IEEE Conference on Decision and Control, and
the European Control Conference 2005

Seville, Spain, December 12-15, 2005

WeC13.2

An Electrical Interpretation of Mechanical Systems via the
Pseudo-inductor in the Brayton-Moser Equations

Alessandro de Rinaldis and Jacquelien M.A. Scherpen

Dedicato a Ester.

Abstract—1In this paper an analogy between mechanical and
electrical systems is presented, where, in contrast to the tradi-
tional analogy, position dependence of the mass inertia matrix
is allowed. In order to interpret the mechanical system in an
electrical manner, a pseudo-inductor element is introduced to
cope with inductor elements with voltage-dependent electro-
magnetic coupling. The starting point of this paper is given by
systems described in terms of the Euler-Lagrange equations.
Then, via the introduction of the pseudo-inductor, the Brayton-
Moser equations are determined for the mechanical system.

I. INTRODUCTION

Analogies between mechanical and electrical systems have
obtained quite some interest in the recent years. Briefly,
there are two types of analogies. The first one consid-
ers the mass/condensator and spring/inductor analogy, see
e.g, [1]. The second one considers the mass/inductor and
spring/condensator analogy, see e.g., [2]. In this paper we are
interested in the latter analogy. In particular, we are interested
in rewriting motion equations for mechanical systems into
motion equations for electrical circuits that can be written
in terms of the Brayton-Moser framework, see e.g., [3], [4],
[5]. This is a power-based framework that gives rise to a
new power-based passivity based control strategy, [6], that
has been applied successfully to electrical circuits.

We like to extend the above treatment for electrical circuits
to mechanical systems in order to use the advantages of the
power-based control method, including also the considera-
tions about series and parallel damping as presented in [7].
The usual mass/inductor and spring/condensator analogy is
not always satisfactory. For example, up to our knowledge,
so far the gravity force has to be considered as an external
force, while in the mechanical modeling, it is included in
the potential energy and as such, can be considered as an
“internal force”. Furthermore, position dependency of the
mass inertia matrix giving rise to coriolis and centrifugal
forces is a problem in the analogy as well.

In order to interpret the gravity and position dependent mass
inertia matrix in terms of an electrical circuit, we have
to extend the analogy. Considerations that are similar but
not physically interpretable can be found in [8]. The main
problem of [8] is that it keeps the position dependency of
the elements. In the Brayton-Moser framework, the equa-
tions of motion are given entirely in terms of currents and
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voltages. Then, position dependency can not be included in
an intuitively natural way.

In [9] a similar motivation for looking for a power-based de-
scription for mechanical systems is used. However, the major
difference with [9] is that here we look for the electrical
interpretation in terms of the currents and voltages, while
in [9] the purpose is to rewrite the standard Hamiltonian
equations of motion in terms of a power-based description
while not necessarily changing the coordinates and while
not looking for a precise electrical interpretation. Other
considerations are then in order.

We will start by briefly describing the Euler-Lagrange
and Brayton-Moser frameworks, and motivate the paper
by means of the example of the single pendulum. Then
we continue with our main results, i.e., the Brayton-Moser
description stemming from the Euler-Lagrange equations.
Finally, we consider two examples, the double pendulum and
the inverted pendulum on a cart.

II. PRELIMINARIES
A. Euler-Lagrangian systems (EL)

The standard Euler-Lagrange equations (e.g., [10]) for an
r degrees of freedom mechanical system with generalized
coordinates ¢ € R" and external forces 7 € R" are given by

d (0L(q,q) 0L(q,q)

A R
where

L(q.4) = T(q,4) — V(q) @)

is the so-called Lagrangian function, 7 (g, ) is the kinetic
energy which is of the form

1
T(g,q) = 54" D()d, 3)

where D(q) € R"™" is a symmetric positive definite matrix,
and V(q) is the potential function which is assumed to be
bounded from below.

B. RLC-circuits: The Brayton-Moser equations (BM)

The electrical circuits considered in this paper are complete
RLC-circuits in which all the elements can be nonlinear. The
standard definitions of respectively inductance and capacity
matrices are given by
99 (ip) 945 (vo)
L(i,) = 2222 Ov,) = =22
( P) alp ( ) avg
where i, € R" represents the currents flowing in the
inductors and ¢,(i,) € R" is the related magnetic flux
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vector. On the other hand v, € R® defines the voltages
across the capacitors and the vector g, (v,) € R® represents
the charges stored in the capacitors. From [3] we know that
the differential equations of such electrical circuits have the
special form

L(i,) 0 dip 5 (ip,vo)
= , @)
0 —C(Ug-) % gf (Zpavo')

with the mixed potential function P(i,,v,) which contains
the interconnection and resistive structure of the circuit and
that is defined as

P(iy,v,) = F(i,) — G(vs) +i," Av, (5)

where F' : R” — R and G : R® — R are the current potential
(content) related with the current-controlled resistors (R) and
voltage sources, and the voltage potential (co-content) related
with the voltage-controlled resistors (i.e., conductors, G) and
current sources, respectively. More specifically, the content
and co-content are defined by the integrals

i vo
/ or(i)di, / i (L),
0 0

where p(i,) and ic(v,) are the characteristic functions
of the (current-controlled) resistors and conductors (voltage-
controlled resistors), respectively. The 7 x s matrix A is given
by the interconnection of the inductors and capacitors, and
the elements of A are in {—1,0,1}.

C. The single pendulum: a motivating example

L

Fig. 1.
Consider the pendulum of Fig. 1 with mass m; connected
by a rigid massless wire of length [; to a fixed reference.
The angle is denoted by 6, and the gravity constant by g.
The potential energy V and the kinetic energy 7 are given
by V(0) = migli(1 — cos6) and T(f) = $m1363. The
Lagrangian is then £(6,8) = 7(0) — V(6). Now, we like to
study a full nonlinear analogue of the pendulum to an LC
electrical circuit, where we consider masses as inductive ele-
ments. Consider the electrical circuit that is shown in the Fig.
2. We consider the rotational force resulting from the gravity
as a capacitive element. In the analogy, this means that
this will result in a capacitor and a corresponding voltage.
Assuming 6 € (—Z % %), it follows that the characteristics of
the capacitor are given by

Single pendulum

91 — arcsin (mlgll) = 7f1,(1)0),
A S U
g, (m1glh)® — v,2 7

C(v-)_—

Fig. 2. Single pendulum equivalent LC circuit

Using the standard analogy where m1? = L and 9 = i,, We
finally obtain directly from the EL equations that L 2+, =
0 and additionally, we obtain the capacitor equatlon given
by C(vs) 5 dve — —j,. These are the motion equations of the
single pendulum expressed in an electrical fashion.

D. Definitions

In order to introduce the electrical counter part of the position
dependent mass we introduce the so-called pseudo-inductor.
This is an inductor, but now relating the magnetic flux
linkages to current and the voltage, which differs from the
“usual” electrical case, i.e.,

¢: 7f¢(vaaip)- (6)

where ¢ € R’ is the flux related to the inductors. This
definition lead to the following implicit relation between
voltage and current
dp _ Ofsdi, Ofydv,

v, = 2= Zele %o Do )
dt i, dt Ov, dt
Now, define the pseudo-inductance matrix and the co-
pseudo-inductance matrix as

~,. O0fe ~ Of
L(ip,vs) = di, M(ip,vo) = 90, ®)
respectively, then (7) can be written as
~ . di —~ dv,
v, = —L(zp,vg)d—tp — M(zp,vg)ﬁ. 9)

Similarly, we will consider a capacitor as a function relating
the charge and the voltage, i.e.,

doj = _fg(vdj)v

By defining the non-negative capacity matrix C(v,) =

j=1,...,s. (10)

diag (L (v”)> j=1,...,s, we have from differentiation
g
of (10) that
dv
o = —Clvg)—=. 11
i = ~Cl00) an

Remark 1: The voltage dependency of the pseudo-inductor
results in an incremental pseudo-inductance matrix L given
in (8) that can often be taken as follows

L o Myp(ve)

12)
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where M;;(v,) represents a magnetic effect between the
inductors L; and L; that can be written as

Mij(ve) = kij(ve)/ LiL;.

We thus consider a coupling coefficient k;;(v,), that is
voltage controlled.

Remark 2: We consider topologically complete RLC-
circuits. Then, the current flowing through the inductors i,
and the voltages across the capacitors v, are independent and
fully descriptive. It means that, even in the case of pseudo-
inductors we keep the following relations

13)

. OP(i,, v,
Vp = fplip,s Vo) = _—(85 )
P
) . OP(i,, v,
lo = fJ(Zpyva) = (an)

In other words, the voltage across any inductor v, is given
by a combination of the voltage across each capacitor v, and
the current flowing in each inductor 7,. The same holds for
the current i, through the branches of the capacitors.

III. MAIN RESULT

EL equations for mechanical systems represent the force
balance evaluated on each mass. Indeed, the generalized
coordinates g; and ¢; characterize the position and velocity of
the mass m;. For a few number of simple motion systems,
replacing the position by the charge stored in a capacitor
and the velocity by the current flowing through the inductors,
leads to a set of equations that also describes the behavior of
an electrical circuit. For more complex mechanical systems
that have a coriolis and centrifugal term this is not possible
anymore. Our main result gives conditions such that the
analogy between mechanical and electrical systems holds
even for more complex mechanical behaviors. Our results
are currently only valid for mechanical systems that move
in the plane. Furthermore, we present some examples of
mechanical systems where an electrical interpretation is
provided.

A. From EL to BM

Compare the functions in (2) and (5). It is then easily
observed that a main difference between the two functions
is the relation between the state variables, in the first case
(¢,q) and in the second one (i,,v,). Notice that (¢,¢) €
R?" while (i,,v,) € R™*, which corresponds to the fact
that mechanical systems are “nodical” (see e.g., [2]), where
as electrical systems are not. In order to cope with this,
the Kirchhoff current law may be needed (see e.g., [11]).
However, it can also be translated into an integral version
and will be represented in one of the conditions of our
theorem. In the following Lemma 1, we show that, if the
¢, € R" dependency of the general mass matrix D(g,) can
be expressed in terms of a new variable g, € R®, assumption
Al, and if there exists a a direct force-position link between
q¢o and v, € R®, assumption A2, then, via the use of the
pseudo-inductor defined in the previous section, the behavior
of mechanical systems that exhibit coriolis and centrifugal
terms can be still electrically interpretable. As a consequence,

a re-styling of the BM framework, where a cross-term will
be added into the Q(i,,v,) matrix, is also provided.
Lemma 1: Consider the general Lagrangian function (2).

Assume that:

A1l (interconnection) i, = i, !

A2 (force-position link) q,; = —fi(vs;) € Ct with j =
1,...,r is a set of invertible functions such that:

afJ Vo j
) Ofs(voj) _ C;(vo),

g ;

-) fg(qo'j):vaj-
Then:
0L (4, 9p) A dvy
# — _D(ZP’,UU)C(’UU)E + Vs (14)
d (9L(gp, Gp) ~ dip 5 dvo
— | —— | = D(vy)—= — D(v,s s)—— (15
il oL ()% Bu)own) e 15)
where
. T8D(q,
. %ZPT%LM:*J%(UU)
D(ip,vg) = (16)
1. T 0D(qp)
27’/’ aqpr |‘Ip:_fv(vﬂ)
OFi (vy;
Ov,) = diag(—fgi:jj),jzl,...,r) a7
D(vy) = D(gp)lgy=—f.(v) (18)
all(ipavo) alr(ipavo)
D(ip,va) = (19)
arl(ipavo) a/T’r‘(ianO')
with a;;(ip,v,) = ipTC_l(vg)vaﬁij(vg) for 4,5 €

{1,7}.
Proof: Consider 7 (q,,1,) in (3), then for j =1,...,r
aT(qp, ip)

_ Lo
3qu = 5l D (q,)ip- (20)
where
; 9D(q,)
j — p
Di(g,) : o0 1)

By using assumptions Al and A2, where we adopt the

integrated version of Al with equal integral constants, then
qp = 4o = _fv(va)- (22)

Replacing (22) into (21), we define the following new matrix

D) (ve) == DI (qp)|g,=— f.(vs)- (23)
Now, substituting (11) and (23) into (20), we obtain
07 (q,,1,) 1. 7 dvg
=) 2 T DI (p,)O—2 =
8qu 27’/’ 1z(v ) dt
A dvs
= —l)'7 (7’/)7 ’UO-)CE (24)

"Tmplying that s = 7 and A = I. See Remark 4 for the physical
implications.
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where D7 (i, v,) := 3i," Di(v,) is the 5 row of (16).
Furthermore, we have that
MV(g,) _ WV(ao) _ (aq)T MV (4o)
9q, 94, 94, 945
This proofs (14). On the other hand, considering (22) and
(18) it follows that

:’Uo.

0L(q,,1 . ~ .
% = D(¢p)ip = D(vs)ip (25)
tp
which, once differentiated w.r.t. time, yields
d (OL(gp,7p) > dip | 5. ;
— | —=F2 ) = D(vy)—= + D(i,,v5)1,. 26
dt ( di, (v )dt + Dlip, vo )iy (26)

with D(v,) given by (19). Then (15) is obtained by using
Al and (11). ™

Theorem 1: 1If the conditions of Lemma 1 are fulfilled, then
the Euler-Lagrange (1) equations can be rewritten in terms
of the Brayton-Moser framework as follows

dip OP(ip,0s)
, @t B,
—Q(ip,vs) = (27)
dvg 9P (ip,v0)
dt vy
with
) —D(vs) (D(ipava) - b(ip,vg))C(vg)
Q('Lpa Uo) =
0 C(vs)

P(ip,vs) = F(i,) — G(vs) +1ip vs

, and the functions F'(i,) and G(i,) being the content and
the co-content of the mixed potential function P(i,,v,),
respectively.

Proof: Substitute (15) and (14) the EL equations. Then

di dv,

D(Uo)dftp - D(ip,vg)C(vg)E +

A dv, _oP
—|—D(zp7vg)Cﬁ =7+ v, = 7, (28)
where 6%(.1"1) = 7 is a velocity controlled force that includes

external forces and velocity controlled dissipation. As a
consequence of assumption Al we have that G(v,) = 0—
see Remark 4—. Thus, (‘?TIZ =1, = iy. Combined with (11)
we obtain

oP dvy

— =—C(vy)— 29

0V, (vo) dt 29
which concludes the proof. [ ]

Remark 3: The flux related to the inductor element (the mass
analogue) is given by

6 = [L(v,) + M(v,)liy-

Time differentiation yields the dynamical behavior of a
coupled pseudo-inductor, as given in (9), where
L (vs) D (vs)

M(’L'p,’Uo-) _(D(ipavo) _ﬁv(imvd))C(UU)

In physical terms, it means that the kinetic energy 7 (g, i,)
in electrical terms corresponds to the energy stored into
coupled inductors, where the coupling coefficient k;; =
k;ij(v,) is assumed to be voltage-controlled.

Remark 4: As seen in the proof of Theorem 1, a conse-
quence of assumption Al is that G(v,) = 0, i.e., there
are no purely resistive branches or current sources in the
circuit. Moreover, the equivalent circuit presents an equal
number of inductors and capacitors that are series-connected.
To overcome this drawback we refer to our second example.

B. Example: the double pendulum

Fig. 3.

Double pendulum

Consider a double pendulum with masses m,mo and rigid
massless wires of lengths [; and ls. The angles with the
vertical are denoted by #; and 65, as illustrated in Fig. 3,
ie., 0 = (61,05)7. The gravity constant is given by g. Then
the potential energy of the system is given as

V(0) = —K; cosbh — Kocosby + C,

where K; = (z:i:7 my)lig and Cy = (mili+ma(li+12))g.
The kinetic energy is given by

1 ) . .
7(9, 9) = §(D11(9% + D229§) + D12(9)6162

where Dy = (Xi_,mp)l? and Dio(f) = Doi(0) =
malily cos(fy — 07) are the terms of the mass-matrix D(6)
defined in (3). Hence, the position dependence of the mass
inertia matrix is only present in D15 = Ds;. This term
represents the coupling induced by the second mass — or
the other way around —. The Euler-Lagrange equations of
motion are given by

0D15(9)

Dllél + Dlg(e)él — 20 9% + Kisinf, =71 (30)
1
. D (0) -
Dgs0s + D12(0)601 + 572()95 + Kysinfy =7 (31)
2

where the vector 7 = (71,72)7 represent the external
torques applied on each joint. Clearly, the angular position
6 corresponds to g, in the mass matrix configuration. The
angular velocity 6 is related to the current vector i,. Thus,

1 R :
Llapin) = 5ia"Dla)i = Y [ Filan)das;  G2)
j=1
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where
/f;(qu)dQUl = _Kl COS(]pla

/f;(qm)dqg = —K3cosq,, + Cy (33)

In this case, there are two masses that both experience an
independent gravity force that accounts for two potential
energy sources. Hence, i, = i,. Clearly, assumption 2 is
fulfilled as well and

fJ(QO']):KJSIHQU] 9 .]:1a2

As far as they are locally invertible for ¢,; € (-3, 5),
naming f7(qy;) = —vo;, we have that

(s ; = arcsin Yoj ) —
i = -2 =
J K;

afg(vaj) _ 1

Oy 5 2 2
J Kj Vo

—fi(ve;) » =12

and

= Cj(vo )

are well defined in the open interval (—K;, K;). Now, apply
Theorem 1 to obtain the following set of equations in the BM
fashion

dip M
) dt dip
—Q(ip, Vo) = ; (34
dvg OP(ip,vs)
dt vy
where, with for ease of notation we write fJ(v,;) = fJ. For

i =1,2, we have

Dii(vy) = Dy = (Z mk)
Dis(vy) = malyla cos(fL = f2),
Dii(ip,vg) = Dii(zp,vg) =0,
Dlz(ip7 Ua) = m2l1l2 Sin(fiffg)ipl*mglllg Sin(fq}ffg)im,
Dl?( ipy Vo) = fg)ipp

D21( vaa) = —malila sin (fq} - fg)ipz'

Furthermore v, = [—(my + mg)ligsin f} , — malagsin f2]
and P(i,,v,) = 77, +i," v,. The matrix C(v,) follows
straightforward from the definition in assumption A2.

An electrical interpretation of this set of equations is given

mglllg sin (fm} —

M(Vﬂ 1 ‘Vaz)

Ci(va)_— ——Cx(w2)

Fig. 4. Double pendulum equivalent C-L electrical circuit

in Fig. 4 where we have the mass matrix D(v,) = L(v,),

i.e., the pseudo inductor matrix as given in (12). The
torque vector 7 is equivalent to the two voltage sources
E = [Ey, Es)T.

C. Example: the inverted pendulum on a cart

Fig. 5. Inverted pendulum on a cart.

Another interesting example of mechanical system to study
is the inverted pendulum with rigid massless rod (of length
1) placed on a cart as shown if Fig. 5. It is often present in
the literature of non-linear control to test the performance of
command laws in order to stabilize the pendulum mass mo
in its natural unstable equilibrium point through a force F'
acting just on the cart of mass m,. The equations describing
the dynamics of the to masses could be computed considering
as state variables the angular position of the row with the
vertical axis 6 and the cart distance x—x to a fixed reference
(xog = 0). The motion equations can be determined via the
Euler-Lagrange equations. Considering the energetic terms
as follows

T(0,0,%)
V() =

1 1 . .
5011552 + §D2292 + D15(0)0i

K cosf

where D11 = mi1 + Mo, D22 = m2l2, D12 = mQZC089
and K = magl, the related Lagrangian is £(0,0,&) =

T(0,0,%) — V(0) and consequently the EL equations, con-
sidering the external force vector 7 = [F,0]7, are given by

0D12(9) 9D12(8) g2 _
00

DQQé + D12(9)x — Ksinf =0

D@+ Dip(0)0 + —~— (35)

(36)

As in the previous example, just replace [6,6,i] by

/f (4p1)dp,

where i, = [i,,,i,,]7. If we take s to be the number of
capacitive elements, or in other words, as the amount of
potential energy sources, we find in this case that s = 1,
and thus assumption Al is violated. For that reason, we add
a virtual potential energy source

/ fg(UUQ)dUGQ

such that his energetic contribution is approximately 0. So
far, we choose f2(vy9) = Cav,9, where we assume Co very
large, i.e., so that

TGy py15%ps)

'C<qp17ip) = (37)

5% (gp, )i

1
li o
Czli.{loo 2C q 2 0
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For simplicity but without loosing in generality, notice that
we assumed Cs(v,5) = Cs. The other potential energy term
is

/f?}(qu)dQUl = KCOSqu,

Then, we obtain the following relations

. Vo
do1 = arCSln*?I = 7fz}(vﬂl)a
aft(v, 1
f ( 1) = = Cl(val)
a’UO'I K? _Uo'%

with fl(v,) and C;(v,) invertible functions in the open
interval (—K, K). Since Al and A2 of Lemma 1 are now
satisfied for the system with virtual capacitor, from Theorem
1 we have

dip orP
. dt 0ip
_Q(2p7vﬁ) = ) (38)
dvg. opr
dt vy
where, with a slight abuse of notation f:(v,;) = f,i = 1,2,

we have

Bii(vg) = D” s 512(’[}0) = mglCOS fg,

Dii(’ip,vg) = 0 , Dlg(ip,v,,) = 7m2l Sin(fq})ipl,

Dii(ip,v5) = ﬁQl(imUU) =0,

Dia(ip,vy) = —malsin(fL)i,,.

Moreover P(i,,v,) = 714, +i," v,. Regarding the matrix

M(Va 1)

Ci(va)_— V-G

Fig. 6. Electrical interpretation of pendulum on the cart motion equations.

C(vs), just consider the definition given in the previous
section. Also in this case, replacing D(v,1) by the pseudo-
inductance matrix L(v,q) and considering F' = E, an elec-
trical interpretation of (38) is provided and can be depicted in
Fig. 7. Then, if we let Cy — 00,2 we obtain the equivalent
electrical circuit for the inverted pendulum on a cart, that
yields the electrical configuration shown in Fig. 7.

. d _1. . . . .
2Gince L2 — 6'2 1152, as far as igo = ipgs the right term being

limited by the presence of the inductor Lo, we are just assuming vy as a
constant which we consider to be = 0.

E
_—
s
12
Cl(Vcrl)::
Fig. 7. Equivalent electrical circuit provided C'> — oo.

IV. CONCLUSION

In this paper, we have presented an electrical interpretation
that fits within the Brayton-Moser framework of mechanical
systems that move in the plane. First, we gave a new
form to the Brayton-Moser framework introducing a new
definition of coupled pseudo-inductors (9) where the mutual
inductance is voltage controlled via the coupling coefficient
kij = k;j(v,) defined in (13). Indeed, under the assumptions
Al and A2 of Lemma 1, applying Theorem 1 and considering
the BM equations can now be written as

= ~ . di, P
L(UU) M<vavo) dt Oip
= . (39)
dvs Ie
0 _C(UU) dt %
where L(v,) = D(v,) and M(ip,vg) = —(D(vy) —

D(i,,vs) justify the electrical interpretation presented for
the given examples.
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