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Abstract— This paper presents a robust adaptive observer
design methodology for a class of uncertain nonlinear systems
in the presence of time-varying unknown parameters and
non-vanishing disturbances. Using the universal approximation
property of radial basis function neural networks and the
adaptive bounding technique the developed observer achieves
asymptotic convergence of state estimation error to zero, while
ensuring boundedness of parameter errors. A comparative
simulation study is presented by the end.

I. INTRODUCTION

Design of adaptive observers for nonlinear systems is
one of the active areas of research, the significance of
which cannot be underestimated in problems of system
identification, failure detection or output feedback control.
Extended Kalman filter (EKF) and its modifications have
been the main tools for a long time for addressing the state
estimation problem in the presence of nonlinearities [1], [3],
[4], [10], [18], [26], [28]. However, convergence proofs for
EKFs have been derived only for limited class of systems.
For uncertain nonlinear systems, adaptive observers, without
involving EKFs, have been introduced in [5], [14], [16], [27],
[29] to estimate the unknown parameters along with the state
variables. While establishing global results, these approaches
are applicable only to systems transformable to output feed-
back form, i.e. to a form in which the nonlinearities depend
only on the measured outputs and inputs of the system. In [6],
[7], [13], [17], [30] neural network (NN) based identification
and estimation schemes have been proposed that relaxed the
assumptions on the system at the price of sacrificing on the
global nature of the results. In these estimation schemes,
the main challenge was in defining a feedback signal, which
could be employed in the adaptive laws for the NN weights.
This problem was solved by imposing conditions on the
system’s linear part to behave like a strictly positive real
(SPR) filter [2], [6], or by prefiltering the system’s input to
make the system SPR like [13], [30]. Both ways enabled
writing NN adaptive laws in terms of the measured error.

The observer design problems are more severe in the
presence of unknown time-varying disturbances. In the pres-
ence of bounded disturbances, adaptive observers have been
developed in [2], [13], [15] guaranteeing bounded state and
parameter estimation errors. It has been shown that the state
estimation error converges to zero only if the disturbances
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vanish. In [11], the disturbances are assumed to be generated
by an exponentially stable system, such that observability of
the combined system is not violated.

In this paper, we consider the problem of designing an
adaptive observer for a class of multi-output non-autonomous
nonlinear systems, in which i) unknown nonlinearities de-
pend on system’s state and input, ii) there are unknown
multiplicative time-varying bounded parameters that have
absolutely integrable derivative, and iii) there are unknown
time-varying bounded additive disturbances. The proposed
adaptive observer utilizes the NN approximation properties
of continuous functions and the adaptive bounding technique
for rejecting the disturbances similar to [22]. The linear part
of the system is assumed to satisfy a slightly mild than
SPR condition as in [6]. The resulting state observation
error is shown to converge to zero asymptotically, while
the parameter estimation error remains bounded. Our results
are most closely related to the results in [2], [6], [13], [15]
and extend those by proving asymptotic convergence of the
state estimation error to zero. In case of constant unknown
parameters and known nonlinearities, in the absence of
disturbances, we recover the results of [6]. Using adaptive
bounding, the observer presented in this paper achieves
asymptotic state estimation in the presence of unknown, but
otherwise bounded disturbance, whereas the one designed in
[15] achieves the asymptotic estimation only for vanishing
disturbances.

In Section II we give mathematical preliminaries. The
problem statement is given in Section III. We discuss the
observer design in Section IV. Stability analysis is presented
in Section V, and a simulation example is given in Section
VI. Concluding remarks are given in Section VII. Through-
out the manuscript bold symbols are used for vectors, capital
letters for matrices, small letters for scalars.

II. PRELIMINARIES

The observer design below is given by a differential
equation with discontinuous right hand side. Towards this
end, we recall Filipov solutions for differential equations
with discontinuous right-hand sides.

Consider the system

ẋ(t) = f(t,x(t)), x(t0) = x0 , (1)

where f : R × R
n → R

n is measurable and essentially
locally bounded. Filipov solution is defined as follows.

Definition 1: [25] A vector function x(·) is called a
solution of (1) on [t0, t1], if x(·) is absolutely continuous
on [t0, t1], and for almost all t ∈ [t0, t1], ẋ(t) ∈ K[f ](t,x),
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where K[f ](t,x) =
⋂

δ>0

⋂
µN=0 c̄of(t, B(x, δ)−N), and⋂

µN=0 denotes the intersection over all sets N of Lebesque
measure zero, B(x, δ) is a ball of radius δ centered at x.

It is proven in [19] that adaptive systems that involve
switching functions of state, like sgn function in the right-
hand side, satisfy the conditions of existence and uniqueness
of solutions in Filipov sense. Moreover, away from the
switching surface the existence of a unique solution is proven
in regular sense. Existence and uniqueness of solutions in
Filipov sense is proven also in [22] for the first order adaptive
systems defined by dynamics involving sgn functions. Lya-
punov stability theory and the related theorems are extended
to systems with Filipov solutions in [25] using the concept
of Clarke’s generalized gradient.

Definition 2: [8] For a locally Lipschitz function V :
R × R

n → R define the generalized gradient of V at (t,x)
∂V (t, x) = c̄o

{
lim(ti,xi)→(t,x) ∇V (ti, xi)| (ti,xi)∈̄ΩV

}
,

where ΩV is the set of measure zero on which the gradient
of V is not defined.

Definition 3: [8] The generalized directional derivative
at the point x in the direction v is defined as f0(x;v) =
limy→x suph↓0

f(y+hv)−f(y)
h .

Definition 4: [8] f(t, x) : R×R
n → R is called regular,

if for all v the usual one-sided directional derivative f ′(x; v)
exists and is given by f ′(x; v) = f0(x;v) .

Hence, smooth functions are regular.
Theorem 1: [8] (Chain Rule) Let x(·) be the Filipov

solution for the system ẋ = f(t, x) on an interval con-
taining t∗ and V : R × R

n → R be Lipschitz continu-
ous and, in addition, a regular function. Then V (t,x) is
absolutely continuous, (d/dt)V (t∗, x) exists almost every-

where and d
dtV (t∗,x) ∈a.e. ˙̃V (t∗, x) , where ˙̃V (t∗,x) =⋂

ξ∈∂V (t∗,x) [K[f ](t∗, x) 1] ξ .
Now we recall the Lyapunov stability theorems for sys-

tems with discontinuous right-hand sides [25].
Theorem 2: [25] Let f(t,x) be essentially locally

bounded and 0 ∈ K[f ](t,0) in a domain Q ⊃ {t| t0 ≤ t <
∞} × {x ∈ R

n| ‖x‖ < r}. Also, let V : R × R
n → R

be a regular function satisfying V (t,0) = 0 and 0 <
V1(‖x‖) ≤ V (t,x) ≤ V2(‖x‖) for x �= 0 in Q for some

class K functions V1, V2. Then ˙̃V (t,x) ≤ 0 in Q implies
that x(t) ≡ 0 is a uniformly stable solution of (1). If in
addition, there exists a class K function ω(·) in Q with the

property ˙̃V (t,x) ≤ −ω(x) < 0, then the solution x(t) ≡ 0
is uniformly asymptotically stable.

III. PROBLEM STATEMENT

Consider the system

ẋ(t) = Ax(t) + B
[
f(x(t), u(t))

+ G(x(t), u(t))θ(t) + d(t)
]

y(t) = Cx(t) , (2)

where x ∈ R
n is the state of the system, u ∈ R

k is the
control input, y ∈ R

q is the measured output, A ∈ R
n×n,

B ∈ R
n×m and C ∈ R

q×n are known constant matrices,
G = [g1, . . . , gp], θ = [θ1, . . . , θp]�, f : R

n × R
k →

R
m and gj : R

n × R
k → R

m are vectors of unknown
functions, θj : R → R are time-varying unknown parameters
(j = 1, . . . , p), and d : R → R

m is unknown time-varying
disturbance.

Assumption 1: On any compact subset of R
n × R

k, the
functions f(x, u), gj(x, u), j = 1, . . . , p, and their first
partial derivatives with respect to x, u are continuous.

Assumption 2: The process in (2) evolves on a compact
set, i.e. (x(t),u(t)) ∈ Ωx × Ωu for all t ≥ t0, where Ωx ×
Ωu ⊂ R

n × R
k is a compact set.

Assumption 3: For all j, θj(t) are piecewise continuous
and of known constant sign, θj(t) ∈ L∞, θ̇j(t) ∈ L1

⋂L∞.
Assumption 4: The disturbance is a piecewise continuous

bounded function, d(t) ∈ L∞.
Assumption 5: The pair A, C is detectable, and in addi-

tion, there exists a symmetric positive definite matrix P , a
positive constant ρ > 0 and a gain matrix L such that

(A − LC)�P + P (A − LC) + ρP�P + ρI < 0
B�P = C∗ , (3)

where the matrix C∗ lies in the span of the rows of C.
Remark 1: Assumptions 1 and 2 are well-known regular-

ity assumptions. Assumption 3 implies that the parameters
θj(t) converge to constant values. Assumption 4 is quite
natural and is common in the robust control or observer
design literature. Assumption 5 is the most restrictive one,
that essentially forces the system be SPR like. In [21],
necessary and sufficient conditions are given for the matrix P
to satisfy the matrix inequality (3). These conditions require
existence of a gain matrix L such that A − LC is Hurwitz
and min

ω∈R+
σmin(A − LC − iωI) > ρ, where σmin(·) denotes

the minimum singular value of the matrix, and i =
√−1.

The objective is to design an observer for the system in (2)
to ensure asymptotic estimation of the states of the system
in the presence of the unknown nonlinearities, time-varying
parameters and disturbances.

IV. OBSERVER DESIGN

Following [23], consider the following approximations
for the unknown vector functions f(x,u) and gj(x, u)
on the compact set Ωx × Ωu: f(x,u) = W�

0 Φ0(x,u) +
ε0(x, u), ‖ε0(x,u)‖ ≤ ε0, gj(x,u) = W�

j Φj(x, u) +
εj(x, u), ‖εj(x, u)‖ ≤ εj , where Wj ∈ R

m×rj are
unknown constant weight matrices, Φj(x, u) ∈ R

rj are
properly chosen vectors of Gaussian Radial Basis Functions
(RBF), εj(x, u) are the vectors of approximation errors, εj

are the unknown bounds for these errors and rj are the
numbers of chosen RBFs in approximation of corresponding
functions (j = 0, . . . , p). Using the above approximations,
the system in (2) can be written as follows

ẋ(t) = Ax(t) + B
[
W�

0 Φ0(x(t),u(t))

+
p∑

j=1

W�
j Φj(x(t), u(t))θj(t) + h(t,x(t),u(t))

]
y(t) = Cx(t) , (4)
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where h(t,x(t),u(t)) =
∑p

j=1 εj(x(t),u(t))θj(t)+d(t)+
ε0(x(t),u(t)). Assumptions 3 and 4 imply that there exist
positive constants βj > 0, δj > 0, j = 1, . . . , p and γ > 0,
such that δj ≤ |θj(t)| ≤ βj and ‖d(t)‖ ≤ γ for all t ≥
0. Therefore, the following bound can be derived for the
function h(t,x(t), u(t)): ‖h(t, x(t), u(t))‖ ≤ α, ∀t > 0 ,
where α = ε0 +

∑p
j=1 εjβj + γ is an unknown bound.

Consider the following state observer

˙̂x(t) = Ax̂(t) + Lỹ(t) + B
[
Ŵ�

0 (t)Φ0(x̂(t),u(t))

+
p∑

j=1

Ŵ�
j (t)Φj(x̂(t), u(t))θ̂j(t) + s(x̃(t))α̂(t)

]
ỹ(t) = y(t) − Cx̂(t) , (5)

where x̃(t) = x(t) − x̂(t) is the state observation error,
Ŵj(t), j = 0, . . . p, θ̂j(t), j = 1, . . . p and α̂(t) are the
estimates of the unknown parameters Wj , j = 0, . . . p,
θj(t), j = 1, . . . p and α respectively, and

s(x̃(t)) =

{
C∗x̃(t)

‖C∗x̃(t)‖ , if C∗x̃(t) �= 0

0, if C∗x̃(t) = 0
. (6)

Consider the following adaptive laws:

˙̂
Wj(t) = Gj Pr

(
Ŵj(t),Φj(x̂(t), u(t))(C∗x̃(t))�

)
˙̂
θk(t) = νk Pr(θ̂k(t), (C∗x̃(t))�Ŵ�

k (t)Φk(x̂(t),u(t)))
˙̂α(t) = σ Pr (α̂(t), ‖C∗x̃(t)‖) , (7)

where j = 0, . . . , p, k = 1, . . . , p, and Pr(·, ·) denotes the
projection operator [20].

Remark 2: We note that though x̃(t) is not available, the
feedback signal C∗x̃(t) can be computed via ỹ(t). Indeed,
since the matrix C∗ lies in the span of the rows of C, there
exists a matrix T such that C∗ = TC. To determine the
matrix T , consider the singular value decomposition of C:

C = U

[
Σ 0rc×(n−rc)

0(m−rc)×rc
0(m−rc)×(n−rc)

]
H� ,

where U is a q × q orthogonal matrix, Σ =
diag[σ1(C), . . . , σrc(C)] with σj(C), j = 1, . . . , rc being
the singular values of C, and H is a n×n orthogonal matrix,
where rc � rank(C) ≤ q, [9]. Then the pseudo inverse C†

is given by

C† = H

[
Σ−1 0rc×(m−rc)

0(n−rc)×rc
0(n−rc)×(m−rc)

]
U� .

It is straightforward to verify that the matrix T = C∗C†

satisfies the equation C∗ = TC. Therefore C∗x̃(t) =
TCx̃(t) = T ỹ(t), where ỹ(t) is the available measurement.

Upon some algebra, the error dynamics can be written

˙̃x(t) = Āx̃(t) + B
[
W�

0 (Φ0(x(t),u(t))) + h(t) (8)

− Φ0(x̂(t),u(t)) − W̃�
0 (t)Φ0(x̂(t), u(t))

+
p∑

j=1

W�
j (Φj(x(t),u(t)) − Φj(x̂(t),u(t)))θj(t)

−
p∑

j=1

W̃�
j (t)Φj(x̂(t),u(t))θj(t) − s(x̃(t))α

− s(x̃(t))α̃(t) −
p∑

j=1

Ŵ�(t)Φj(x̂(t),u(t))θ̃j(t)
]
,

where Ā = A − LC and W̃j(t) = Ŵj(t) − Wj , θ̃j(t) =
θ̂j(t) − θj(t), α̃(t) = α̂(t) − α are the parameter errors.

Remark 3: We notice that the observer dynamics in (5)
and the error dynamics in (8) have discontinuous right-hand
sides due to s(x̃). However, they satisfy the conditions of
existence and uniqueness of the Filipov solution as stated in
Definition 1. Moreover, following [19], we notice, that the
set S = {x̃ | C∗x̃ = 0} is the switching manifold. Away
from this manifold both dynamics have smooth right-hand
sides and the solutions exist in regular sense.

V. STABILITY ANALYSIS

Theorem 3: Let Assumptions 1-5 hold. The observer in
(5) along with the adaptive laws in (7), ensures that the pa-
rameter estimation errors are uniformly ultimately bounded
and x̃(t) → 0 as t → ∞.
Proof. Consider the following Lyapunov function candidate

V (t, x̃, W̃0, . . . , W̃p, θ̃1, . . . , θ̃p, α̃) = x̃�(t)P x̃(t)

+
1
σ

α̃2(t) + tr
(
W̃�

0 (t)G−1
0 W̃0(t)

)
+

p∑
j=1

1
νj

θ̃2
j (t)

+
p∑

j=1

tr
(
W̃�

j (t)G−1
j W̃j(t)

)
|θj(t)| , (9)

where the positive definite matrix P satisfies the relationships
in (3). The function V (t, x̃, W̃0, . . . , W̃p, θ̃1, . . . , θ̃p, α̃) is
absolutely continuous and is differentiable with respect to
time everywhere, but not continuously. Its derivative has
discontinuity on the switching manifold S. According to
Definition 4 it is a regular function, and, hence, the chain
rule from Theorem 1 can be applied. Therefore, the function
V (t, x̃, W̃0, . . . , W̃p, θ̃1, . . . , θ̃p, α̃) can be used for the sta-
bility analysis of the error dynamics as stated in Theorem 2.
The generalized gradient of V contains only one element ev-
erywhere, which is shown in [25] to be the regular gradient.
Thus, the derivative of V can be computed in the regular
sense everywhere, except for the points of the switching
manifold. On the switching manifold, the derivative has a
jump and needs to be computed differently. Away from S,
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V̇ (t) is computed as follows:

V̇ (t) = x̃�(t)(Ā�P + PĀ)x̃(t)
+2x̃�(t)PB

[
W�

0 (Φ0(x(t), u(t)) − Φ0(x̂(t), u(t)))

−W̃�
0 (t)Φ0(x̂(t),u(t)) +

∑p
j=1 W�

j (Φj(x(t), u(t))
−Φj(x̂(t), u(t)))θj(t) + h(t) − s(x̃(t))α̃(t)

−∑p
j=1 Ŵ�(t)Φj(x̂(t), u(t))θ̃j(t) − s(x̃(t))α

−∑p
j=1 W̃�(t)Φj(x̂(t), u(t))θj(t)

]
+ 2

σ α̃(t) ˙̃α(t)

+
∑p

j=1
2
νj

θ̃j(t)
˙̃
θj(t) + 2tr

(
W̃�

0 (t)G−1
0

˙̃W0(t)
)

+2
∑p

j=1 tr
(
W̃�

j (t)G−1
j

˙̃Wj(t)
)
|θj(t)|

+
∑p

j=1 tr
(
W̃�

j (t)G−1
j W̃j(t)

)
θ̇j(t)sgn(θj(t)) .

Since the Gaussian basis functions are Lipschitz in x, the
following bound can be derived:

2x̃�(t)PBW�
0 (Φ0(x(t),u(t)) − Φ0(x̂(t),u(t)))

+2x̃�(t)PB

p∑
j=1

W�
j (Φj(x(t),u(t)) − (10)

Φj(x̂(t),u(t)))θj(t) ≤ ρx̃�(t)(P�P + I)x̃(t) ,

where ρ = ‖B‖(λ0‖W0‖F +
∑p

j=1 λjβj‖Wj‖F ), λj , j =
0, . . . , p are the Lipschitz constants for the corresponding
basis functions, and ‖W‖F denotes the Frobenius norm
of W . Therefore, substituting the adaptive laws from (7),
taking into account the properties of the projection operator
(see [20] for details) and the inequality (C∗x̃(t))�h(t) ≤
(C∗x̃(t))�s(x̃(t))α, the following upper bound for the
derivative of the Lyapunov function can be derived:

V̇ (t) ≤ x̃�(t)(Ā�P + PĀ + ρPP + ρI)x̃(t) +∑p
j=1

(
tr

(
W̃�

j (t)G−1
j W̃j(t)

)
sgn(θj(t)) − 2

νj
θ̃j(t)

)
θ̇j(t)

The projection operator in the adaptive laws in
(7) guarantees boundedness of parameter estimates
Ŵj(t), θ̂j(t), j = 0, . . . , p, therefore the parameter
errors W̃j(t), θ̃j(t), j = 0, . . . , p are also bounded:
‖W̃j(t)‖F ≤ W ∗

j , |θ̃(t)| ≤ β∗
j , j = 0, . . . , p. Thus, the last

two terms in the above inequality can be bounded as follows:∑p
j=1

(
tr

(
W̃�

j (t)G−1
j W̃j(t)

)
sgn(θj(t)) − 2

νj
θ̃j(t)

)
θ̇j(t) ≤∑p

j=1 ηj |θ̇j(t)|, where ηj = (W∗
j )2

λmin(Gj)
+ 2βj

νj
> 0. According

to Assumption 5 , there exists a symmetric positive definite
matrix P such that Ā�P +PĀ+ρP�P +ρI = −Q, where
Q > 0. Thus the Lyapunov function derivative can be upper
bounded as follows

V̇ (t) ≤ −x̃�(t)Qx̃(t) +
p∑

j=1

ηj |θ̇j(t)| . (11)

On the switching manifold S one has x̃�(t)PB =
(C∗x̃(t))� = 0, and the adaptive laws in (7) are reduced

to ˙̂α(t) = 0,
˙̂

Wj(t) = 0,
˙̂
θj(t) = 0. Therefore ˙̃α(t) =

0, ˙̃Wj(t) = 0,
˙̃
θj(t) = −θ̇j(t) and, following the same

steps as above, the derivative of the Lyapunov function can
be upper bounded as V̇ (t) ≤ x̃�(t)(Ā�P + PĀ)x̃(t) +

∑p
j=1 ηj |θ̇j(t)| . Since Ā is Hurwitz, there exists a positive

definite symmetric matrix Q̄ such that Ā�P + PĀ = −Q̄.
Thus, on the switching manifold S the derivative of the
Lyapunov function satisfies the inequality

V̇ (t) ≤ −x̃�(t)Q̄x̃(t) +
p∑

j=1

ηj |θ̇j(t)| . (12)

According to Assumption 3, θ̇j(t) ∈ L∞. Hence, there exists
a positive constant γ1 > 0 such that

∑p
j=1 ηj |θ̇j(t)| < γ1.

Thus, the derivative of V (t) can be upper bounded

V̇ (t) ≤
{
−λmin(Q)‖x̃(t)‖2 + γ1, x̃ ∈ S

−λmin(Q̄)‖x̃(t)‖2 + γ1, x̃∈̄S
. (13)

Therefore V̇ (t) ≤ 0 outside of the compact set Ω =
{‖x̃‖ ≤

√
γ1

λmin
, ‖W̃j‖F ≤ W ∗

j , j = 0, . . . , p, |θ̃j | ≤
θ∗j , j = 1, . . . , p, |α̃| ≤ α∗} , where λmin =
min

(
λmin(Q), λmin(Q̄)

)
. Hence all the signals in the sys-

tem are ultimately bounded. Integrating the inequalities in
(11) and (12) and using λmin = min

(
λmin(Q), λmin(Q̄)

)
,

one can derive

λmin

∫ t

t0
‖x̃(τ)‖2dτ ≤ ∫ t

t0

∑p
j=1 ηj |θ̇j(τ)|dτ + V (t0)

−V (t) ≤ V (t0) +
∫ t

t0

∑p
j=1 ηj |θ̇j(τ)|dτ . (14)

Since θ̇j(t) ∈ L1, j = 1, . . . , p, the inequality in (14) implies
that limt→∞

∫ t

t0
‖x̃(τ)‖2dτ < ∞ . Thus x̃(t) ∈ L∞

⋂L2.
Also, ˙̃x(t) ∈ L∞, since all the terms on the right-hand side
of equation (8) are bounded. Application of Barbalat’s lemma
ensures that x̃(t) → 0 as t → ∞ [24]. The proof is complete.

Remark 4: To avoid possible chattering in the observer
dynamics in (5), one can replace the discontinuous function
s(x̃) by its continuous approximation sχ(x̃): sχ(x̃(t)) ={

C∗x̃(t)
‖C∗x̃(t)‖ , if ‖C∗x̃(t)‖ > χ
C∗x̃(t)

χ , if ‖C∗x̃(t)‖ ≤ χ
, where χ > 0 is a design

parameter. Then the error dynamics in (8) are continuous.
The Lyapunov function in (9) is smooth and its derivative can
be upper bounded using the same steps as above. Outside the
boundary layer Sχ = {x̃ | ‖C∗x̃‖ ≤ χ}, V̇ (t) has the same
bounds as in (12) and the application of Theorem 3 implies
that x̃(t) → 0 asymptotically, while all other error signals
remain bounded. Therefore, there exists time instant T > 0
such that x̃(T ) enters the boundary layer Sχ and remains
inside thereafter. Inside the boundary layer Sχ, ‖s(x̃(t)) −
sχ(x̃(t))‖ ≤ 1. Since |α̂(t)| ≤ α̂∗ for all t > 0, where the
bound α̂∗ is guaranteed by the projection operator used in
adaptive law in (7), the Lyapunov derivative can be upper
bounded as follows:

V̇ (t) ≤ −x̃�(t)Qx̃(t) + γ1 + γ2 , (15)

where t ≥ T , γ2 = χα̂∗ > 0. It is straightforward
to verify that V̇ (t) ≤ 0 outside the compact set Ωχ ={‖x̃‖ ≤

√
γ1+γ2

λmin(Q) , ‖W̃j‖F ≤ W ∗
j , j = 0, . . . , p, |θ̃j | ≤

θ∗j , j = 1, . . . , p, |α̃| ≤ α∗}, implying ultimate bound-
edness of all error signals. Decreasing the parameter χ will
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decrease the size of the boundary layer Sχ, and hence the
bounds on the components of x̃(t) that are in the range
of matrix C∗. However, the bounds on the components
of x̃(t) that are in the null space of C∗ are not affected
directly, and are defined by the ultimate bounds of the closed
loop system [12]. It can be shown that these bounds are

given as min
(

χ,

√
1

λmin(P )

(
λmax(P )
λmin(Q) (γ1 + γ2) + ηW

) )
,

where ηW =
∑p

j=1

[
βj

λmin(Gj)
− δj

λmax(Gj)

]
(W ∗

j )2 +[
1

λmin(G0)
− 1

λmax(G0)

]
(W ∗

0 )2.

VI. SIMULATIONS

Consider a bounded process that is described by the
closed-loop system

ẋ1(t) = x2(t)
ẋ2(t) = f(x1(t), x2(t)) + g(x1(t), x2(t))θ(t) + d(t)
y(t) = c1x1(t) + c2x2(t) , (16)

where f(x1, x2) and g(x1, x2) are unknown functions, θ(t)
is the unknown time-varying parameter and d(t) is the
unknown bounded time-varying disturbance. The following
functions are used in simulations: f(x1, x2) = −5x3

1 +
0.9x2

2, g(x1, x2) = sin(−0.4x1 − 0.5x3
2), θ(t) = 1.5 −

0.5 exp(−0.5t), d(t) = 0.9 sin(t), c1 = 0.4, c2 = 0.5. For
the system in (16) three types of observers are implemented.
First, a linear observer is designed using a routine Kalman
filter for the linear system

ẋ(t) = Ax(t) + w(t)
y(t) = Cx + v(t) (17)

where A =
[

0 1
0 0

]
, C = [c1 c2], w(t) represents the

process noise, and v(t) is the measurement noise, E(w) =
0, E(v) = 0, E(ww�) = I, E(v2) = 1, E(vw) = 0,
E(·) is the mathematical expectation. The optimal observer
gain is found from the algebraic Riccati equation to be
L = [1.2416; 1.0]� and places the closed loop poles at
[−0.4983+0.3895i, −0.4983−0.3895i]. The performance
of the Kalman filter, when applied to the nonlinear system
in (16), is displayed in Figure 1.

Next, the robust adaptive observer from [15] is imple-
mented. For this purpose we transform the system in (16)
using the state transformation ξ1 = c1x1 + c2x2, ξ2 = c1x2.
The transformed system is written as

ξ̇1(t) = ξ2(t) + c2

(
f̄(ξ1, ξ2) + ḡ(ξ1, ξ2)θ(t) + d(t)

)
ξ̇2(t) = c1

(
f̄(ξ1, ξ2) + ḡ(ξ1, ξ2)θ(t) + d(t)

)
,

y(t) = ξ1(t) (18)

where the functions f̄(ξ1, ξ2) and ḡ(ξ1, ξ2) are obtained
respectively from f(x1, x2) and g(x1, x2) by the inverse
transformations x1 = 1

c1
ξ1 − c2

c2
1
ξ2, x2 = 1

c1
ξ2 and

have the forms f̄(ξ1, ξ2) = 0.9 1
c2
1
ξ2
2 − 5

(
1
c1

ξ1 − c2
c2
1
ξ2

)3

,

ḡ(ξ1, ξ2) = sin
(
−0.4

(
1
c1

ξ1 − c2
c2
1
ξ2

)
− 0.5 1

c3
1
ξ3
2

)
. If one
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Fig. 1. Performance of the Kalman filter.

assumes that the signals ψ0(t) = f̄(ξ1(t), ξ2(t)) and ψ(t) =
ḡ(ξ1(t), ξ2(t)) are known and can be used in the observer
equation and in the adaptive law, the system (18) will satisfy
the assumptions for adaptive observer design from [15]. The
latter is implemented with the same poles for the linear
part as above, and with the adaptive gain ν = 3.9 for
the parameter update law. The observation error is bounded,
but does not converge to zero due to the presence of non-
vanishing disturbance, as it is shown in Figure 2.

Finally, the observer in (5) is implemented with the same
poles for the linear part as above, and with the adaptive
part according to equations in (7) with the following pa-
rameters: r0 = r1 = 10, G0 = 1.9; G1 = 1.6, ν =
2.9, σ = 3.8. To avoid chattering, the sgn function in
s = sgn (1.4x̃1(t) + 0.4x̃2(t)) is approximated as follows

sχ =

⎧⎪⎨
⎪⎩

1, 0.4x̃1(t) + 0.5x̃2(t) > 0.05
0.4x̃1(t)+0.5x̃2(t)

0.05 , |0.4x̃1(t) + 0.5x̃2(t)| ≤ 0.05
−1, 0.4x̃1(t) + 0.5x̃2(t) < −0.05

.

Convergence of the state observation error to zero is dis-
played in Figure 3.

VII. CONCLUSION

For a class of nonlinear uncertain systems with time-
varying unknown parameters and non-vanishing bounded
disturbances a robust adaptive observer design methodology
is presented that uses a discontinuous feedback to ensure
asymptotic convergence of the state estimation error to zero
and boundedness of parameter estimation errors. For practi-
cal implementation purposes a continuous approximation of
it is considered that ensures bounded tracking with adjustable
bounds. The benefits of the approach are illustrated in
comparative simulation studies.
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Fig. 2. Performance of the observer from [15].
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Fig. 3. Performance of the proposed observer.
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