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Abstract— The paper deals with the realization theory of
bilinear switched systems. Necessary and sufficient conditions
are formulated for a family of input-output maps to be
realizable by a bilinear switched system. Characterization of
minimal realizations is presented. The paper treats two types
of bilinear switched systems. The first one is when all switching
sequences are allowed. The second one is when only a subset of
switching sequences is admissible, but within this restricted set
the switching times are arbitrary. The paper uses the theory of
formal power series to derive the results on realization theory.
Partial realization theory is also discussed in the paper.

I. INTRODUCTION

Switched systems are one of the best studied subclasses of
hybrid systems. A vast literature is available on various issues
concerning switched systems, for a comprehensive survey see
[7]. Yet, to the author’s knowledge, the only works available
on the realization theory of switched systems are [8], [9],
which develop realization theory for linear switched systems.
Most of the material of the current paper together with the
proofs can be found in [11].

The current paper develops realization theory for bilin-
ear switched systems. More specifically, the paper presents
solutions to the following problems.

(i) If ® is a subset of input-output maps generated by
a bilinear switched system, then find a minimal bilinear
switched system generating the input-output maps of @,

(ii) Find necessary and sufficient condition for the
existence of a bilinear switched system realizing a given set
of input-output maps,

(111) Find conditions, under which a realization of a set
of input output maps can be constructed from finite data.

(iv) Find sufficient and necessary conditions for the
existence of a bilinear switched system realizing ® under
the following conditions. Assume that a set of admissible
switching sequences is defined. Assume that the switching
times of the admissible switching sequences are arbitrary.
The input-output maps from ® are defined only for the
admissible sequences.

The motivation of this problem is the following. Assume
that the switching is controlled by a finite automaton, which
is specified in advance, and the discrete modes are the states
of this automaton. Assume that discrete-state transitions can
be triggered only by discrete control input signals, which can
be generated at any time. Then the traces of this automaton
combined with the switching times ( which are arbitrary )
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give us the admissible switching sequences. If we can solve
the realization problem for the case of restricted switching,
then we can solve the realization problem for the hybrid
system described above.

The following results are proved in the paper.

o A bilinear switched system realization is minimal if and
only if it is observable and semi-reachable. Minimal
bilinear switched system which realize a given set
of input-output maps are isomorphic. Each bilinear
switched system realization can be transformed to a
minimal one.

o A set of input/output maps is realizable by a bilinear
switched system if and only if it has generalized Fliess-
series expansion and the rank of its Hankel-matrix is
finite. There is a procedure to construct the realiza-
tion from the columns of the Hankel-matrix, and this
procedure yields a minimal realization. Under certain
conditions, similar to those for bilinear systems ([4]), a
bilinear switched system realization can be constructed
from finite data.

o Consider a set of input-output maps ® defined on some
subset of switching sequences. Assume that the switch-
ing sequences of this subset have arbitrary switching
times and that their discrete mode parts form a regular
language L. Then & has a realization by a bilinear
switched system if and only if it has a generalized
Fliess-series expansion and its Hankel-matrix is of finite
rank. Again, there exists a procedure to construct a
realization from the columns of the Hankel-matrix.
The procedure yields an observable and semi-reachable
realization of ®. But this realization need not to be
the realization with the smallest state-space dimension
possible.

The main tool used in the paper is the theory of rational
formal power series. Rational formal power series were used
in systems theory earlier, for application of rational formal
power series, see [6], [5], [3], [1]. There are a number
of definitions for representation of rational formal power
series, see [2], [14], [13], [12]. All the cited works deal with
representations of a single formal power series. In this paper,
we will look at representations of families of formal power
series instead. This requires a slight but straightforward
extension of the existing theory, see [9], [11], [10] for details.

690



The outline of the paper is the following. Section II
introduces the notation and describes some properties and
concepts related to bilinear switched systems. Section III
contains the necessary results on formal power series. Section
IV presents the notion of generalized Fliess-series expansion
and gives a characterization of input-output maps generated
by bilinear switched systems. Section V presents realization
theory of bilinear switched systems.

II. BILINEAR SWITCHED SYSTEMS

For sets A, B, denote by PC(A, B) the class of piecewise-
continuous maps from A to B. For a set X denote by >* the
set of finite strings of elements of 3. For w = ajas---ay, €
¥* the length of w is denoted by |w|, i.e. [w| = k. The
empty sequence is denoted by e. The length of € is zero:
lef = 0. Let Xt = X*\ {€}. The concatenation of two
strings v = vy -V, W = Wi ---W,, € XF is the string
VW = vy vpwy W If w € QT then w* denotes
the word ww ---w. The word w' is just the empty word

k—times
e. Denote by T the set [0, +00) C R. Denote by N the set of
natural numbers including 0. Denote by F'(A, B) the set of
all functions from the set A to the set B. By abuse of notation
we will denote any constant function f : T — A by its value.
That is, if f(t) = a € Aforallt € T, then f will be denoted
by a. For any function f the range of f will be denoted by
Imf. If A, B are two sets, then the set (A x B)* will be
identified with the set {(u,w) € A* x B* | |u| = |w|}. For
any two sets .J, X the surjective function A : J — X is called
an indexed subset of X or simply an indexed set. It will be
denoted by A = {a; € X | j € J}. Let T = [0,+00)
and let f,g € PC(T,A) for some suitable set A. Define
for any 7 € T the concatenation f#.g € PC(T,A) of f

YO
and g by f#,9(t) = { o) ift>r JIEf T — A,
then for each 7 € T define Shift (f) : T — A by

Shift(f)(t) = f(t+ 7).
A switched ( control ) system is a tuple

Y= XUV Q{f,laeQuel},{h,|q€Q})

where X = R" is the state-space, } = RP? is the output-
space, Y = R™ is the input-space, () is the finite set of
discrete modes, f, (z,u), is a smooth function and globally
Lipschitz in z for each ¢ € Q, h, : X — ) is smooth map
for each o € Q.

Elements of the set (Q x T)T are called switching se-
quences. The inputs of the switched system Y are functions
from PC(T,U) and sequences from (Q x T)*. That is,
the switching sequences are part of the input, they are
specified externally and we allow any switching sequence to
occur. The state space evolution of a switched system takes
place as follows. Between two switches the state trajectory
is a solution to the differential equation corresponding to
the current discrete mode. The solution of the differential
equation is taken with an initial condition which coincides
with the value of the state trajectory at the moment when
the switch took place.

Let u € PC(T,U) and w = (q1,t2)(qo,t2) - - - (qi, tx) €
(Q xT)*. The inputs u and w steer the system Y. from state
Zo to the state xx(zo,u,w) given by

xz(l‘o, u,w) = F(qk, Shiftzllcfl " (u),tk) o
oF(qx—_1, Shifts~r-z . (u),tp_1) 00 F(q,u,t1)(xo)

where F(q,u,t) X — X and for each z € X
the function F(q,u,t,x) t — F(qu,t)(z) is the
solution of the differential equation %F (¢, u,t,x) =
fq(F(q,u,t,x),u(t)), F(q,u,0,2) = xz. The empty se-
quence € € (Q x T)* leaves the state intact: zx (o, u,€) =
zo. The reachable set of a system X from a set of initial
states Xy is defined by Reach(3,Xy) = {zxn(zo,u,w) €
X |ue PC(T\U),w € (Q xT),z9 € Ap}. ¥ is said
to be reachable from X if Reach(X, Xy) = X holds. X is
semi-reachable from Xj if X is the smallest vector space
containing Reach(X, Xp), that is, X = Span{z € X | z €
Reach(X, Xp)}. Define the function yx : X x PC(T,U) x
(Q xT)" — Y by ys(z,u,w) = hy, (zs(x,u,w)), Vo €
X,u € PC(T7 U)vw = (qlvtl)(q27t2) e (qutk) € (Q X
T)*. For each z € X define the input-output map of ¥ in-
duced by x as ys(x,.,.) : PC(T,U)x (QxT)" 3 (u,w) —
ys(z,u,w) € Y. Two states x1 # xo € X of the switched
system X are indistinguishable if ys(zx1,.,.) = ys(xa,.,).
Y is called observable if it has no pair of indistinguishable
states. A set & C F(PC(T,U) x (Q xT)*,Y) is said to be
realized by a switched system ¥ = (X,U,V,Q,{f, | ¢ €
Q,u € U}, {h, | ¢ € Q}) if there exists p : & — X' such
that ys(u(f), .,.) = f. By abuse of terminology, both 3 and
(X, 1) will be called a realization of ®. That is, 3 realizes
® if and only if for each f € ® there exists a state z € X
such that ys(z,.,.) = f. Denote by dim¥ := dim X the
dimension of the state space of the switched system X. Let
O C F(PC(T,U) x (@ xT)*,Y). A switched system ¥ is
a minimal realization of ® if ¥ is a realization of ® and for
each switched system 3; such that 3 is a realization of ®
it holds that dim ¥ < dim ¥;. For any L C Q7 define the
subset of admissible switching sequences T'L C (Q x T)™
by TL := {(w,7) € (Q x T)" | w € L,7 € T'"I}. That is,
TL is the set of all those switching sequences, for which the
sequence of discrete modes belongs to L and the sequence
of times is arbitrary. Notice that if L = Q% then TL =
(Q xT)". Let ® C F(PC(T,U) x TL,Y). The system
S = (LUY,QAf, | a € Quett{h | qeQh
realizes ® with constraint L if there exists p: & — X such
that ys (u(f), u, w) = f(u,w) for each u € PC(T,U) and
w € TL. We will call both (X, 1) and ¥ a realization of ®.
Notice that if L = Q7 then ¥ realizes ® with constraint L
if and only if X realizes ®. If X is a switched system, then
we say that the realization (3, u) is semi-reachable , if ¥ is
semi-reachable from Imy.

A switched system ¥ = (XU, Y, Q,{f, | ¢ €
Qu € U}, {h, | ¢ € Q}) is called bilinear if for
each ¢ € @ there exist linear mappings A, : X — X,
By : X = &, j=12....m,Cy : X - Y such
that fo(z,u) = Agz + 37" u;jBgx and hy = Cyz,
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Vo e X,u= (uy,...,un)t €U =R™, qc Q. We will use
the notation ¥ = (X,U, Y, Q, {(A;, {B, ;}i=1,2,...m, Cy) |
g € Q}) to denote bilinear switched systems. Similarly
to bilinear systems, the state- and output trajectories of
switched bilinear systems can be expressed by series of
iterated integrals. For each u = (uq,...,u;) € U denote
d¢jlu] = u;,j =1,2,...,m, d¢[u] = 1. Denote the set

{0,1,...,m} by Z,,. For each jy---jx € Z%,,j1,-.-,Jk €

oo k> 0t € T, u € PC(T,U) define Vj,...;, [u](t) =

{ 1 k=0 For
Jo A [NV o [l ()dr k> 1

each wq,...,wy S Z:w (tl,“-,tk) S Tk,

u € PC(T,U) define Vi, . w.lul(ts,...,tx) =

Viwy (81) [1] Vap, (t2) [Shifty (w)] - - - Vi, [Shiftg—1 (w)] (tr).
where Shift;(u) = Shiftsi (u), i = 1,2,...,k — 1. For
each g € Q and w = j1 - jr, k > 0,41,...,Jk € Zy let
us introduce the following notation B, := Ay, By =
Id;(, an,w = Bq;jkBqu—l "'Bq,jp where IdX is the
identity map on X. From the well-known result on iterated
integral series expansion of state trajectories of bilinear
systems it follows by induction that

1’2(170’“’ 3) = E By wy, -+ Bayuy o X

X Vw1 W [u](tlv . 7tk)
ys (o, u, 5) = Z Ca Bay. i+ By wy To %
wl,...,wkEZ;‘"
X Vw1,...,wk [u](tl, . 7tk)

20 € X, u € PC(T,U) and s = (q1,t1) -+ - (qx, t) € (Q X
T)*. Reachability and observability properties of bilinear
switched systems can be easily derived from the formulas
above. Let ¥ = (X, U, Y,Q,{(A,:{B, ;}i=12...m,Cy) |
g € Q}) be a bilinear switched system. The following holds.

Proposition 1: (i) Let W(Xp) = Span{z € X | z €
Reach(Xy,X)}. Then

W(X()) = Span{BQk,wk T Bqnwlxo ‘ Qky---q1 € Q>
k > 0,wg,...,wy € Z:I,ZL'O S Xo}
(i1) Let

Os = N

q1,--,qk€Q,k>0,w1,...,wx €LY,

ker Cq, By, wy *** Bgy uwy

Then x1,x5 € X are indistinguishable if and only if x; —
x9 € Ox. 3 is observable if and only if Oy = {0}.
Let ¥y = (&,U,Y,Q,{(A}, {Bgl,j}j:LQ,...,’rn?C(}) | g €
Q}) and Xp = (X2’u7 Y, Q, {(Aqv {B(ij}jzlﬂnuﬂm Cg) |
g € Q}). A linear map T : X} — X is called a
homomorphism from X1 to X9, denoted by 7" : 31 — X, if
for each ¢ € Q, 7 = 1,...,m the following holds:

TA,= AT Cy=CT TB);=B};,
If T is a linear isomorphism then 3; and Yo are said to be
isomorphic or algebraically similar. By abuse of terminology
T is said to be a bilinear switched system morphism from
(,p) to (2, 4), denoted by T : (2, p) — (X, 1), if

T :% — % is a bilinear switched system morphism and
Top= ul.

Note that switched systems defined above can be viewed as
general non-linear systems with discrete inputs. In particular,
bilinear switched systems can be viewed as ordinary bilinear
systems with particular inputs. Thus, the realization problem
for bilinear switched systems might be reduced to the real-
ization problem for the bilinear systems above. One could
attempt to develop realization theory of bilinear switched
systems relying on the realization theory for bilinear systems.
In this paper we will not pursue this approach. The reason for
that is the following First, dealing with restricted switching
would require dealing with the realization problem of bilinear
systems with input constraints. The author is not aware of
any work on this topic. Second, the author thinks that using
bilinear realization theory would not substantially simplify
the solution to realization problem for bilinear switched
systems. Notice however, that the equivalence of realization
problems mentioned above does explain the role of rational
formal power series in realization theory of bilinear switched
systems.

III. FORMAL POWER SERIES

The material of this section is based on the classical
theory of formal power series, see [14], [2]. A more detailed
discussion on the topic can be found in [11], [9]. Let X be
a finite alphabet. A formal power series S with coefficients
in RP is a map S : X* — RP. We denote by R? < X* >
the set of all formal power series with coefficients in RP.
An indexed set of formal power series ¥ = {S; € R? «
X* >| j € J} is called rational if there exists a vector space
X over R, dim X < +o0, linear maps C' : X — RP, A, :
X — X, o€ X and an indexed set B={B; € X |j € J}
of elements of X’ such that for all o1,...,0, € X,k > 0,
Sj(O’lag s O'k) = OAnkAak,l s Angj. The 4—tuple R =
(X, {Az}zex,B,C) is called a representation of S. The
number dim X is called the dimension of R and it is denoted
by dim R. In the sequel the following short-hand notation
will be used A, := Ay, Aw,_, -+ A, for w=wr - w.
A is the identity map. A representation R,,;, of VU is
called minimal if for each representation R of ¥ it holds
that dim Rmzn S dim R. Let Rz = (X“ {AZ‘_]G'}UGX’ B“ CZ),
1 = 1,2 be two representations. A representation morphism
T : Ry — Ry is alinear map T : X1} — X such that
the following holds T'A;, = AT,V € X, TBy; =
By;,Vj € J, C1 = CT . The homomorphism T is
called surjective, injective, isomorphism if 7" is a surjective,
injective or isomorphism respectively. Let L. C X™*. If L
is a regular languafe then the power series L € R <

) _ B 1 ifwel
X >, Lw) = 0 otherwise

series. Consider two power series S,T € RP <« X* >.
Define the Hadamard product S © T € RP < X* > by
(SoT)i(w) =8S;(w)T;(w),i=1,...,p. Let w € X* and
define wo S € RP <« X* > — the left shift of S by w by
Yo € X* :wo S(v) = S(wv). The following statements are
generalizations of the results on rational power series from

is a rational power
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[2]. Let ¥ = {S,; € R? <« X* >| j € J}. Define Wy =
Span{w o S; € R? <« X* >| j € J,w € X*}. Define
the Hankel-matrix Hy of ¥ as Hg € R&X™XDx(X7xJ)
I ={1,2,...,p} and (Hy)(u,i)(v,j) = (5;)i(vu). Notice
that ImHy is isomorphic to Wy and thus Wy = rank Hy.

Theorem 1: Let ¥ = {S; € R? « X* >| j € J}. Then
¥ is rational if and only if dim Wy = rank Hy < +o0.

Lemma I: Let ¥ = {S; € R? « X* >| j € J} and

© = {T; € R» « X* >| j € J} be rational indexed sets.
Then Y ©O := {S;©Tj | j € J} is a rational set. Moreover,
rank Hyoe < rank Hyg -rank He.
Let R = (X,{A,}sex, B,C) be a representation of ¥ C
RP <« X* >. Define the following subspaces of X:
Wr = Span{A,B; | w € X*,j € J} and Op =
Nwex+ ker CA,,. The representation R is called reachable if
dim Wgr = dim R and R is called observable if O = {0}.
It can be shown, that if J is a finite set, then observability and
reachability of representations can be checked by a numerical
algorithm. Moreover, in this case R can be transformed to
a reachable and observable representation by a numerical
algorithm. See [10] on this issue.

Theorem 2 (Minimal representation): Let ¥ = {S, €

RP <« X* >»| j € J}. The following are equivalent.
() Rmin = (X, {AT"} cx, B™" C™i") is a minimal
representation of W, (ii) R,,;, is reachable and observable.
(iii)) rank Hy = dimWg = dim Ry, (v) If R is a
reachable representation of W, then there exists a surjective
representation morphism 7' : R — R,,;,. In particular, all
minimal representations of R are isomorphic.
Note that if U is rational, one can construct a minimal
representation of ¥ over the space of column vectors of
Hy. Without loss of generality we can always assume that
X = R"” holds for any representation considered.

Below we will present conditions, under which a represen-
tation of W can be constructed from finite data. The approach
is similar to [4]. A more detailed discussion can be found in
[10]. For each S € R? < X* define Sy = S{wex+, |w|<N}-
Let H\I/,N,]W S RIMXJN, Iy = {(’U,i) | v € X*,|’U| <
M,i=1,...,p}, INn ={(w,j) | j € J,u € X*,|u| < N}
and (H\I/,N,JW)('u,i),(u,j) = (SJ (U,U))2 Notice that H\p,NJW is
a finite matrix, if J is finite. Define Wy n ar = {(woS;) s |
w € X* |Jw| < N,j € J}. Notice that rank Hy nynm =
dim W\II7N,]\/[.

Theorem 3 (Partial representation): (i) If R is a represen-
tation of ¥, dim R < N, then rank Hy = rank Hy n N,
(i1) Assume that rank H\II,N,N = rank H\I!7N,N+1 =
rank Hy n41,n. Then there exists a representation Ry =
(W@,N,N,{Ax}xeX7C,B), such that Ax((w o Sj)N) =
(wzx o Sj)n, C(T) = T(e), Bj = (S)|n,j € J and for
which the following holds. If ¥ has a representation R such
that N > dim R, then Ry is a minimal representation of W.

IV. INPUT/OUTPUT MAPS OF BILINEAR SWITCHED
SYSTEMS

Let L C Q. Let I = x 7% . Let JL

t Q /1
{(qlvwl)"'(quwk) er- | (qhwl)"'a(qkawk) € ka

(AVANI

0,¢1 - - - qr € L}. Define the relation R C I*xI* by requir-
ing that (q7 wl)(Q7 wQ),]%((L w1302)v and (Qa 6) (q/a wLR(qla ’LU)
hold for any ¢ € Q, (¢ ,w) € T, (¢, w1), (q,w2) € " Let R*
be smallest congruence relation containing R. That is, R* is
the smallest relation such that R C R*, R* is symmetric,
reflexive, transitive and (v,v") € R* implies (wvu, wv' u) €
R*, foreach w,u € I'*. Ac: JL — )Y is called a generating
convergent series on JL if (1) (w,v) € R*,w,v € JL =
c(w) = c(v), (2) There exists K, M > 0 such that for
each (q1,w1) - (qx,wx) € JL, (g1, w1)...(qk, wy) € I
c((qr,w1) - (qr,wy)) < KMl M1wkl The notion of
generating convergent series is an extension of the notion of
convergent power series from [6].

Let ¢ : JL — )Y be a generating conver-
gent series. For each v € PC(T,U) and s =
(¢1,t1) -~ (g, t) € TL define the convergent series
Fo(u,8) =3, wpezs, (@i, wr) -+ (qr, wr)) X
X Viy .. wi (U] (t1, - .., ;). By induction, using the well-
known result for classical Fliess-series expansion, one can
show that the series above are absolutely convergent. In fact
we can define a function F, € F(PC(T.U) x TL,Y) by
F.: (u,w) — F.(u,w). It can be shown that F. is uniquely
determined by c. That is, if d, ¢ : JL — ) are two convergent
generating series, then F, = F; <= ¢ = d. Now we
are ready to define the concept of generalized Fliess-series
representation of a set of input/output maps. The set of input-
output maps ¢ C F(PC(T,U) x TL,Y) is said to admit a
generalized Fliess-series expansion if for each f € ® there
exists a generating convergent series ¢y : JL — ) such
that Fi., = f. The following proposition gives a description
of the Fliess-series expansion of @ in the case when @ is
realized by a bilinear switched system.

Proposition 2: (X, ) is a bilinear switched system re-
alization of & with constraint L if and only if & has a
generalized Fliess-series expansion such that for each f €
®, (g1, w1) -+ (qr,wr) € JL

: B(I17w1 /U‘(f)

V. REALIZATION THEORY FOR BILINEAR SWITCHED
SYSTEMS

Cf((lewl) e (Qkawk)) = ququ,wk e

In this section realization theory for bilinear switched
systems will be developed. We start with the case when
the input/output maps are defined over all the switching
sequences. Let ® C F(PC(T,U)x (QxT)*,Y) and assume
that ® has a generalized Fliess-series expansion. As in the
case of linear switched systems [11], [9], we will associate
with ¢ an indexed set of formal power series Wg. It turns
out that every representation of W determines a realization
of ® and vice versa. We will use the theory of formal power
series to derive the results on realization theory. The proofs
of the theorems of this section can be found in [11].

LetT' ={(q,5) | ¢ € Q,j € Z,,,}. Define ¢ : I' — I'* by
¢((Qaj1 o jk)) = (Q7j1) e (Qajk)’ ()b((q, 6)) = € where
Jiy--sJk € Zpy, k > 0. The map ¢ determines a semigroup
morphism ¢ : I'* — IT'* given by ¢((q1,w1) - (g, wg)) =
(b((qlvwl)) T ¢((Qk,wk)) for each (qlvwl)v ) (qk‘vwk) €
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I,k > 0 and ¢(e) = e It is also clear that any el-
ement of I' can be thought of as an element of E i.e.
we can define the monoid morphism ¢ : I'" — IT'* by
7’(6) = € and Z((Qlajl) T (ql@]k)) = (qlajl) T (qkajk)’
(g1,71)s---,(qr,jx) € T C T. Tt is also easy to see that
d(i(w)) = w,Yw € I'* and w(q, €)R*i(p(w))(g, €).

For each f € ®,q € @ define formal power series Sy, €
R?P < I > as follows:

Stals) = es(i(s)(g €)).Vs € T

It is easy to see that in fact cr(v(g,€)) = Syq(p(v)) =

cr(i(d(v))(g,€)), since (v(g,€),i(¢(v))(g€)) € R*. As-
sume that @ = {qu, ..., gn }. Define the formal power series
Sy e RN?P < T > by
T T T
St =184+ 5Fan]
Define the set of formal power series Vg associated with ®
by
Uy ={S; e R"? < T* | f € &}

Define the Hankel-matrix Hg of ® as the Hankel-

matrix of Vg, ie. Hgp = Hy, Let ¥ =

(Xauvyan{(Aq7{Bqd‘}j:l,Q,...,m,Cq) | q € Q}) Define
the representation Ry , associated with the realization

(3, p) of @ by

Ry = (X {B.y}ayer:C:1)
\ivvhere Bq.j) = Bq.j>Bgo T: Ag,g € Q5 = 1,...,m,
c = [cf Ccr wu(f). Let
R = (X {Mj }@jyer;C,I) be a representation

such that I = {Iy € X | f € ®}. Define the realization
(Xgr, ur) associated with R by

and Iy =

ZR - (X,Z/l, y7 Q7 {(Aq, {Bq,j}j=1,2,.4.,m7 Cq) | qc Q})
where ,uR(f) = If,f gq), Bq,j = M(q,j),Aq = M(q70)7q €
Q,j=1,...,m,and C = [C] CqTN]T. It is easy to
see that Ry, ,, = R. Assume that ® admits a generalized
Fliess-series expansion. Then, (a) (X, u) realization of @ if
and only if Ry, is a representation of W4, (b) Conversely,
R is a representation of Wg if and only if (Xg,ur) is a
realization of ®. From the discussion above using Theorem
1 one gets the following characterization of realizability. Let
O C F(PC(T,U) x (Q xT)*", ).

Theorem 4 (Existence of a realization): The  following
are equivalent (i) ® has a realization by a bilinear switched
system, (ii) ® has a generalized Fliess-series expansion
and U4 is rational, (iii) ® has a generalized Fliess-series
expansion and rank Hg < +00
Assume that (X, pt) is a realization of ®. Let R = Ry .
Then it is easy to see that (X, 1) is observable if and only if
R is observable, and (X, 1) is semi-reachable from Im g if
and only if R is reachable. It is also easy to see that dim X =
dim Ry, ;, and dim R = dim Xg. In fact, if R is a minimal
representation of Ug then (X g, ugr) is a minimal realization
of ®. Conversely, if (¥, x) is a minimal realization of ®,
then Ry ,, is a minimal representation of ¥g. Moreover, T :

(2, 1) — (X, 1) is a bilinear switched system morphism if
andonly if T : Ry, , — Ryy s is a representation morphism.
Using the theory of ration formal power series presented in
Section III we get the following. Let ® C F(PC(T,U) x
(@ x T)*, V).

Theorem 5 (Minimal realization): The following are

equivalent (i) (X,in, fbmin) 1S @ minimal realization of ®
by a bilinear switched system, (ii) (Xin, fmin) 1S semi-
reachable and it is observable , (iii) dim X,,;, = rank Hg,
(iv) For any bilinear switched system realization (3, )
of ®, such that (X, ) is semi-reachable , there exist a
surjective homomorphism T : (X, ) — (Zpnin, tmin)- In
particular, all minimal bilinear switched system realizations
of ® are isomorphic.
In fact, it is easy to see that if R is a minimal representation
Uy, then (Xg,ug) is a minimal realization of ®. By the
remark in Section III, it means that we can construct a
realization of ® on the column space of Hg. From any
(%, 1) bilinear realization of ® we can construct a minimal
realization of ®, by constructing from Ry, a minimal
representation R of U and then constructing (X g, ug). The
discussion in Section III yields that R is computable from
Ry, ,, if @ is finite, and thus (X g, ugr) is computable from
(X, ) if @ is finite. The theory of rational formal power
series also enables us to formulate partial realization theory
for bilinear switched systems. With the notation of Theorem
3 the following holds.

Theorem 6 (Partial realization): Let b -

F(PC(T\U) x (@ x T)%,Y). Assume that
rank H\pq),NyN = rank H\I/q>,N+1,N = rank H\I/q>,N,N+1-
Let Ry be the representation from Theorem 3. Let
En,in) = (ZRry,Ry). If ® has a realization (X, u)
such that N > dim3, then (Xy,pn) is a minimal
realization of ®.
The theorem above implies that if it is known that ¢ has
a realization by a bilinear switched system of dimension at
most N, then a minimal realization of ® can be computed
from finitely many data.

The case of restricted switching is slightly more involved.
As in the case of arbitrary switching, we will associate a
set Uy of formal power series with the set of input-output
maps ® C F(PC(T,U) x TL,Y). If L is regular then
there is a correspondence between realizations of ® and
representations of ¥q. However, minimal representations of
W4 need not yield realizations of ® of the smallest possible
dimension. _ _

Recall the definition of the relation R* C I'* x I'* from
Subsection IV. Define the set JL CT™ by JL = {s € I'* |
Jw € JL : (w,s) € R*}. In fact, JL contains all those
sequences in I'* for which we can derive some information
based on the values of a convergent generating series for
the sequences from JL. More precisely, if ¢ : JL — Y
is a generating convergent series, then c can be extended
to a generating convergent series ¢ : JL — ) by defining
¢(s) = c¢(w) for each s € JL,w € JL,(s,w) € R*. By
abuse of notation we will denote ¢ simply by c. For each
q € Q define JL, = {v(q,w) € JL | v € I'*,(¢q,w) € T'}.

694



Let L, ={weI*|3Jve JL,: ¢(v) = w}. Notice that w €
L, < i(w)(g,€) € JL,. Let® C F(PC(T,U)xTL,Y).
For each g € Q, f € ® define Ty, € R < I'* > by

_ [ eris)(g ) if s € Ly
Tra(s) = { 0 otherwise
Notice that for each s € L, there exists a w = u(g,v) € JL
such that (w,i(s)(g,€)) € R*, which implies that T ;(s) =
cf(w) for some w € JL. Assume that Q = {q1,...,qn}.
Define the formal power series T’y € RNP < T* > by

Ty =T}, Ti )"

Define the set of formal power series Vg associated with ®
as
Uy = {T; cRV? <« T* | f € B}

Define the Hankel-matrix Hg of ® as the Hankel-matrix
of ¥y, that is, Hp = Hy,. Define 7, € RP < I'* >

- (1,1,..., )T ifwel,
by Z,(w) = { 0 otherwise Define Z €
R « T > by Z = [Zqu ZgN]T, and let Q) be the

indexed set {Z | f € ®},ie Q: ® - RN? <« T'* > and
Q(f) = Z, f € ®. Define the set comp(L) = {wy ---wy, €
Q* | Vv e Q* :vwy ¢ Lywy,...,w; € QY.

Lemma 2: Assume (X, p) is a bilinear switched system
realization of ® with constraint L. Let ® = {yx(u(f),.,.) €
F(PC(T,U) x (Q x T)*,Y) | f € ®} and let Uy be the
set of formal power series associated with @' as defined
for the case of arbitrary switching. That is, ¥4 = {5, €
RNP <« T >| g € (I)/}. Let Sy = Syz(”(f)wy') and let
©={S;|fe€®} Then Vs =0 O .

Theorem 7: If @ has a generalized Fliess-series expansion
and R is a representation of Ug, then (Xg, ug) is a real-
ization of ® with constraint L. Moreover, for each f € &,
w € T(comp(L)), Vu € PC(T,U) : ys(p(f), u, w) = 0.
We see that rationality of U, i.e. the condition rank Hg <
400, is a sufficient condition for realizability of ®. It turns
out that if L is regular, this is also a necessary condition,
since then (2 is a rational indexed set.

Theorem 8: Assume that L is regular. Then the following
are equivalent. (i) ® has a realization with constraint L by
a bilinear switched system , (ii) ® has a generalized Fliess-
series expansion and rank Hg < +o0, (iii) There exists a
realization with constraint L. of ® by a bilinear switched
system (X, 1) such that X is observable and semi-reachable
and Vf € ,(D , yZ(.u“(f)a'a')‘PC(T,M)XT(C()anl(L)) = 0 and
for any (X', uu ) bilinear switched system realization of @ it
holds that dim . < rank Hg dim ¥’

The following example demonstrates existence of a semi-
reachable and observable realization of ®, which is non-
minimal.

Example Let Q = {1,2}, L = {q¢fq2 | k > 0},
Y = U = R. Define the generating series ¢ : JL — R by
c((q1,w1) (g2, w2)) = 2, where wy = 090z --- 207, k =
Doicodis zi € {1},i=1,...,1. Let ® = {F_.}. Define the
system ¥y = (RvR»Rv Q, {(Aqa qulcq) | q¢€ {qla Q2}}) by
Ay =1,B1=1,Cf =land Ay, =2,B4,1 =1,Cy, =

1 . Define the system ¥y = (R2, R, R, Q, {(A,, By1,C,) |
q € Q}) by

1 0 1 0 ~
Aq1 = 0 0 BQ1,1 = 0 0 Cq1 = [O O}
~ 0 0 ~ 0 0 ~
AEI2 |2 92 Bg,1 = 1 1 qu = [1 1}
Let pty : F. — 1 and pp : F. — (1,007 € R2 Both

(X1,p1) and (X2, ug) are semi-reachable from Imyy and
Imus respectively and they are observable, therefore they are
the minimal realizations of ysx, (1, .,.) and yx, ((1,0)7,.,.).
Moreover, it is easy to see that (3;, u4;),¢ = 1,2 are both
realizations of ® with constraint L. Yet, dim>; = 1 and
dim ¥4 = 2. In fact, X5 can be obtained by constructing the
minimal representation of Ug, i.e., 3o is a realization of F,
satisfying part (iii) of Theorem 8.

VI. CONCLUSIONS

Solution to the realization problem for bilinear switched
systems was presented. The realization problem considered
is to find a realization of a family of input-output maps.
Moreover, it is allowed to restrict the input-output maps
to some subsets of switching sequences. Topics of further
research include realization theory for piecewise-affine sys-
tems, switched systems with switching controlled by an
automaton or a timed automaton and non-linear switched
systems.
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