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Abstract— This paper deals with the mathematical modeling
and the nonlinear control of an electrohydraulic closed-center
power-steering system. The system under consideration is char-
acterized by its high energetic efficiency at a full electric power-
steering functionality. Based on a nonlinear mathematical model
of the system, a flatness-based controller for the servo actuator
is designed. Afterwards, an interpretation of the overall steering
control system as a mechanical impedance matching problem
yields a controller with good performance and robust behavior.
Finally, measurement results on a test stand and in a test car
show the usefulness of the proposed control approach.

I. INTRODUCTION

Present hydraulic power-steering systems do not meet the
requirements of future steering systems anymore. Increasing
demands on driving dynamics, ride comfort and ride stabil-
ity as well as tighter restrictions on the fuel consumption
demand new approaches, see, e.g., [15]. As a result, new
steering systems like electrohydraulic power-steering (EHPS)
and electric power-steering (EPS) systems have recently been
introduced in the market, see, e.g., [8], [17]. For both systems
the power is supplied by the electric power supply of the
vehicle. For driving situations with high steering assistance
this involves large electric currents. As the steering assistance
grows with the size of the car, up to now these systems
are limited to small and middle class cars. Many works
dealing with the control of EPS and EHPS systems have been
published in the last years, most of them based on linear
(optimal, adaptive) control approaches, see, e.g., [6], [11],
[16] and [17] for EPS and [1] and [8] for EHPS systems.

In this paper, we will analyze a closed-center power-
steering system consisting of an energetically optimized belt
driven hydraulic power supply and two closed-center steering
valves. This configuration is capable of fulfilling the power
demands on high steering assistance even for luxury class
cars, while ensuring less fuel consumption compared to
conventional hydraulic power steering systems. Furthermore,
it is possible to actively influence the steering dynamics. The
main focus of the paper is laid on a controller design for the
steering system. Thereby, the controller has to cope with
the inherent nonlinear behavior arising in hydraulic systems,
e.g., due to the valve opening characteristics, see, e.g., [14].
Since we assume that the hydraulic power supply is able to
provide a sufficiently large system pressure, we will keep
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the description of the hydraulic power supply system to a
necessary minimum.

The paper is organized as follows: In Section II we will
present a schematic diagram of the overall steering system.
Afterwards, we will derive a detailed mathematical model of
the system. Section III is devoted to the controller design.
First, we will determine a flatness-based controller for the
servo force and then the controller for the steering torque will
be designed. Furthermore, essential issues like the steering
feeling and the stability will be addressed in this section.
Measurement results performed on a hardware in the loop
(HIL) test stand will be shown in Section IV. In the last
section, Section V, we will summarize the results and give a
short outlook on future research activities.

II. MATHEMATICAL MODELING

A. System Overview

Fig. 1 depicts a schematic diagram of the electrohydraulic
closed-center steering system. It can be formally subdivided
into four subsystems: (i) the mechanical steering system
consisting of the steering wheel, the steering column, the
torsion bar and the steering rack; (ii) the hydraulic steering
assistant system comprising the assistant cylinder and the
steering valves (volume flows ¢4 and ¢p); (iii) the hydraulic
power supply built up by a constant displacement pump, an
electronically controlled inlet orifice, a proportional bypass
valve and a hydraulic accumulator and (iv) the electronic
control unit (ECU) with the related sensors for the pressures
in the two chambers, p4 and pp, as well as the supply
pressure pg, the steering wheel angle pgy and the steering
torque 7sc. The principle mode of operation can be sum-
marized as follows. If the driver turns the steering wheel,
the torsion bar is twisted and a steering torque is generated,
which in turn moves the steering rack. Depending on the
change in the steering rack position s (velocity w = $) the
direction of travel of the vehicle changes which causes a
change in the rack force f,,c,. With no servo force applied
by the assistant cylinder, the rack force would equal the
steering force fgc which is equivalent to the steering torque
Tsc = fsc/i, with the gear transmission ratio . In order
to assist the driver and to provide a good steering feeling, a
certain amount of the rack force is compensated by the servo
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Fig. 1. Schematic diagram of the overall steering system.

force fservo = (pa —pB) Aac generated by the assistant
cylinder, with A 4 as the effective piston area.

B. Mechanical Steering System

The steering wheel is connected to the steering rack via the
steering torque sensor, the steering column, the torsion bar
and a gearbox. Both, the torsion bar and the torque sensor,
can be modeled in the form of linear springs with stiffness
crp and crg, respectively. Due to the fact that the moment
of inertia of the steering column is small compared to that of
the steering wheel gy, the steering column can be modeled
in the form

(D

where Tgriver denotes the torque on the steering wheel
enforced by the driver and 75 is given by

QSWSbSW = Tdriver — TSC »

Tsc = csc (psw — Psr) + Ta,sc - (2
Here csc = (crpers) / (erp + erg) is the effective stiff-
ness of the steering column and 74sc = dyswPsw +

dc swsign (psw) denotes the friction, where d, sy is the
viscous and d. sy the Coulomb friction coefficient.

The systematic determination of the driver’s torque 7g,;yer
is a controversial problem. On the one hand the driver clearly
applies a torque to the steering wheel via his/her hands
and arms. On the other hand, normally the driver wants
the vehicle to follow a specific path (i.e. the road) which
results in a desired steering wheel angle ¢%;,. This also
implies that the driver tries to control the driver’s torque in
such a way that the desired steering wheel angle is achieved.
A mathematical model of the driver’s behavior is evidently
very complex and beyond the scope of this paper, see, e.g.,
[13] and the references cited therein for more details on
this topic. Nonetheless, for simulation purposes we make
the assumption that the driver is able to control the steering
angle fast enough. Thus, we can take the (desired) steering
wheel angle as the driver’s input to the steering system. Then
the driver’s torque can simply be calculated by means of (1).

In the following, we will design a steering assistance strategy
based on a controller for the steering torque 7g¢ instead of
the driver’s torque Tgriver, since (i) these two quantities are
equivalent in the stationary case and (ii) the resulting torque
due to an acceleration of the wheel ¢gy 0sw is considered
negligible for characteristic steering maneuvers.
The mathematical model of the steering rack reads as
s = w

3)

MmgprwWw = fsgm;o + Tsct — ffric - .frack s

with the mass mgpr of the steering rack and all masses
rigidly connected to it, the servo force fqery0, the steering
force fsc = Tsci and the friction force ff.;.. The rack
force frqcr denotes the sum of all reaction forces of the
vehicle. Many works dealing with a detailed calculation of
the dynamic reaction forces of the car have been published,
see, e.g., [13]. In this work the simulation model of the
rack force is based on a simple single-track model which
gives good results for stable driving conditions. The major
part of the friction force ff,;. results from the sealings of
the assistant cylinder. As the sealings are forced against
the walls of the cylinder by the pressures in the chambers,
the friction increases with the sum pressure, i.e. frric =
de,sr (pa + pp)sign (w) + dy,spw. Here de sk (pa + pp)
denotes the pressure dependent Coulomb friction coefficient
and d, sg is a viscous friction coefficient.

C. Hydraulic Assistant System

The steering assistant force fqe,y0 1S generated by means
of a double rod cylinder. The pressures p4 and pp in the
chambers A and B of the cylinder, cf. Fig. 1, are given by

) B
DA VAC+AACS( ACW + q4) (4a)
) B

S : 4b
be = _AACS( ACW +qp) (4b)

where 3 denotes the bulk modulus of the oil and V4 the
volume of the cylinder chambers for s = 0. The volume
flows g4 and gp are supplied by two steering valves, which
in our case are built up in the form of pressure control
valves. Fig. 2 shows a schematic diagram of the pressure
control valve designed by HYDAC ELECTRONIC GMBH
[9]. In the following we will only describe the valve A,
since the equations for valve B are identical. The valve

damping orifice X4 V4 valve body
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b
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spring control spool valve spool

Fig. 2. Schematic diagram of the pressure control valve [9].

consists of a valve spool which is controlled by the magnetic
force finag,4 generated by a solenoid. A current control
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loop imposes the current i4 on the solenoid and assures a
very fast dynamics of the electric subsystem of the valve.
Therefore, the magnetic force can be modeled in form of
a static nonlinear relationship with ¢4 as the control input,
ie., frnag,A = fmag,a (i4). The restoring of the valve spool
is ensured by a spring with the force f.a = cy,xa + fo,
where ¢, denotes the spring stiffness, x 4 the position of the
valve spool and fj the bias force. Furthermore, the control
spool with the effective area Acg generates a restoring force
paAcs being proportional to the chamber pressure p4. The
friction force fr 4 comprises the mechanical friction and the
hydraulic damping

fr.a=dyova+deysign (va)+ fa,a , )

with the viscous friction coefficient d,, ,,, the Coulomb fric-
tion coefficient d. , and the velocity of the valve spool v4.
Stick-slip effects do not play a role in our case since the
electric current loop consists of a pulse-width-modulation
controlled system. Thereby, the carrier frequency is chosen
in such a way that the induced current ripple prevents the
valve spool from sticking. The hydraulic damping force fq 4
is generated by a damping orifice. The motion of the valve
spool induces a volume flow proportional to the valve spool
velocity v 4, which in turn generates a damping force in the
form of fg 4 (va), see, e.g., [3] for more details.

While in multi-stage servo valves jet forces can be ne-
glected, they have a great influence in conventional pressure
control valves. Jet forces always occur if oil flows over the
control edges either from the pressure supply to the chamber
(volume flow ¢gg4) or from the chamber to the tank (volume
flow ga7). The volume flows are given by

a\/%ASA (za) VPs — Pa
gar = a\/%AAT (a) VPa — D1,

where « is the constant discharge coefficient and Aga (z4)
and Aar (xa) denote the opening characteristics of the
valve from supply to chamber and from chamber to tank,
respectively. Since the opening characteristics, Asa (z4) and
Aar (z4), do have an essential influence on the dynamic
behavior, an accurate modeling is absolutely necessary. It
turns out that we have to use piecewise defined polynomials
at least of order 3 to get a satisfactory approximation. In our
application we use critical center valves, i.e. Aga (z.) =
Aar (z.) =0, where z. denotes the middle position of the
valve spool. Thus, the volume flow into the chamber directly
results in g4 = qs4 — qar. Using the relations of e.g., [2],
[3], we can calculate the jet forces by

fiet.a = /2p (asav/ps — pa — qar/pa — pr) cos (6),
(N
where the density of the oil p and the jet angle 6 are assumed
to be constant. The overall model of the pressure control
valve is completed by the equations of motion of the valve
spool of mass m,:

gsa =

(6)

fa = va ®)

MyVA = fmag,A —PAACs — fjet,a — fe,a — fr.a

D. Hydraulic Power Supply

The key point in the design of a high efficient power
supply is the inclusion of a hydraulic accumulator for the
storage of hydraulic energy. This hydraulic accumulator
allows us to temporarily shut down the pump by means of
the inlet orifice and the bypass valve when only little volume
flow is necessary.

III. CONTROLLER DESIGN

The controller design proceeds in two steps. First, we
design a flatness-based controller for the pressures in the
chambers of the assistant cylinder. Together with a trajectory
generator, taking the desired servo force f7.,,, as the control
input, they form the inner control loop of the system.
Then, for the outer control loop we develop an impedance

controller to provide a good steering feeling.

A. Pressure Controller

For the controller design of the chamber pressure p4 let us
reconsider the mathematical model (4a), (8) by neglecting the
Coulomb friction. If we assume zero velocity of the steering
cylinder w = 0 and a constant magnetic force f;, .. 4 (i.e. a
constant input current ¢% ), then the set of equilibrium points
is given by € = {Z4 = 2., U4 =0, Pa}, with

AcsPa = frmag,a — e — fo - 9)
It can be shown that the equilibrium is asymptotically stable
in the sense of Lyapunov, provided that the parameters, in
particular the effective area of the control spool Acg, are
lying within certain limits. Note that the control spool is
nothing else than a mechanically implemented proportional
controller where the effective area of the control spool Acg
corresponds to the proportional gain.

For the design of a tracking controller we take advantage
of the differential flatness of (4a), (8), see, e.g., [4] for the
background on the notion of flatness. Roughly speaking, this
property ensures that, given a flat output &; (in our case
pa), the state x = [pa,za,va] and the input fr,qq 4 can
be determined by the flat output and its time derivatives.
Furthermore, this design allows us to systematically include
the (known) exogenous variables s (t), $(t) = w (¢) in the
controller design. Let & = p% (t) € C? denote the three
times continuously differentiable desired trajectory for the
chamber pressure p4. Then the first derivative with respect
to time is given by

: p
* *
f=6= Vac + Aacs
with g4 = qa (&5,2%) given by (6). For the sake of

convenience let x% = x7 (£5,&5, s, w) denote the solution
of (10). Onward differentiation gives

(—Ascw+qa) , (10

~ 06 . 0% . 08 0%
52 53 aé‘f 62 + 8xj<4'rA + s w + w w, ( )
where 2% = o7 is the velocity of the valve spool. For

a condensed notation we will henceforth use the abbre-
viations = = {&1,&,&3} and ¥ = {s,w,w,w}. Then
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v = x5 (2%, s,w,w) denotes the solution of (11). The third
derivative

S 2 &3 ex €3 083 - x
& = Xia % i+1 T afi VAt 5050 (12)
3 (o134 —% %
+2 e 8%3;79”1 = (: ) mag,A’ﬂ)
finally includes the input, since
mvi)j} ';knag,A - ETACS - Cﬂxz (13)
—fiet,a (&1, 2%) — fr.a (Va) = fo .
Combining (12) and (13) and solving for f, .. 4, we get the
flatness-based feedforward control in the form of
f':zag,A = X; (E*a ;:719) . (14)

If the desired trajectory & (¢) of the flat output is consistent
with the initial condition x¢, then the output p4 (¢) exactly
tracks the desired output, provided that the mathematical
model is exact. Moreover, by a simple change of coordinates
the system (4a) and (8) with the feedforward control for the
valve A due to (14) can be written in Brunovsky form, see,
e.g., [10], [7]

§1=8, §&=E&, &=E6.
In order to cope with model uncertainties and inconsistent
initial conditions we have to incorporate a feedback control
to stabilize the tracking error e = Z—Z". For this purpose we
take advantage of the fact that the following property holds
[7]: If the desired trajectory of the flat output is not consistent
with the initial condition xg, but it is sufficiently close to the
initial condition, then, when applying the feedback control,
there exists a unique solution at least for a given finite
time interval in the vicinity of the desired trajectory, which
represents the solution of the aforementioned Brunovsky
form. This observation in combination with an extended
control law in the form of

15)

Fmag.a = X5 (27,65~ Ae) ) (16)
yields a a closed-loop error system
éz' = 6,;_;,.1, 7= 1, 2
a7)

i = v(Ena(E & -Ae W) .0) &
Now a PID-like feedback law given by

t 3
A(e):)\o/ 61(7)d7+z)\¢€¢, A >0,7=0,...,3
0

=1 (18)
can be used to stabilize the error dynamics (17). The proof of
the stability relies on the linearized, time varying closed-loop
error system, see, e.g., [7] and [12].

Remark 1: A state feedback law (18) requires the knowl-
edge of the full state x. In our application only p4 can be
measured. In [5] an estimation of the time derivatives of the
flat output based on a polynomial representation of the flat
output is proposed. With this approach the time derivatives
can be calculated in a robust way by means of time varying

linear filters. In our case it turns out that a partial state
feedback law in the form of

t
A(e):Ao/Oﬁ(T)dT—F)\lel, A\i>0,i=0,1 (19

is sufficient for the stabilization of the system. For a proof
of the stability the linearization of the corresponding closed-
loop error system has to be performed. Due to the afore-
mentioned piecewise approximation of the nonlinear opening
characteristics of the valve it is not possible to determine this
linearization analytically. This is why we are not able to give
a rigorous proof of the stability for the proposed pressure
controller. Nevertheless, excessive simulation studies and
measurements in a test car show a very robust behavior w.r.t.
model uncertainties and inconsistent initial conditions.

Remark 2: The proposed feedforward controller (14) uses
the exogenous variable s (¢) and its derivatives up to the
order 3. Although the position s (¢) of the assistant cylinder
cannot be measured it can be approximately derived from
the measured steering wheel angle pgy and the steering
torque Tsc by the relation 75¢ = cso (psw — is). Again,
the time derivatives can be determined e.g. by the approach
of [5] or by approximate differentiation. However, in our
application w and 1 are considerably small and will therefore
be neglected in (14) or (16), respectively.

The controller for the second chamber B is completely
equivalent to the one of chamber A if one replaces s
by —s and consequently w by —w. In order to complete

the inner control loop the desired servo force f; =

Servo
Aac (p% — p}), determined by the outer control loop, has
to be subdivided into the two trajectories for the chamber
pressures p and p7, respectively. It is immediately evident
that by the choice of f7,.,, the chamber pressures are not
fixed. Thus, this extra degree-of-freedom is utilized to keep
the sum pressure p% + p%; as small as possible in order to

minimize the friction in the assistant cylinder.

B. Steering Torque Controller

When dealing with power steering systems, the main
challenge in the design of a steering torque controller is
to provide a good steering feeling. Unfortunately, this term
is very subjective since every car manufacturer has its own
definition of good steering feeling. Nonetheless, the essential
requirements of all power steering systems are equal. First
of all, the power steering system has to provide a sufficient
assistance to the driver. This is especially the case for low
velocities, where the rack forces are very high. Secondly,
in modern power steering systems, the level of assistance is
varied with the vehicular velocity. This means that for low
velocities much assistance should be provided to allow for
low steering effort (e.g. during parking maneuvers), while
the steering torque should be higher to ensure save driving
for higher velocities. Finally, the power steering system must
not cause unusual steering behaviors (like, e.g., opposing the
driver’s request) and the stability of the system has to be
guaranteed in all driving conditions.

In our work we will tackle the steering torque controller
design by means of a mechanical impedance matching task.
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This approach has the advantage that the solution of pro-
viding an appropriate steering feeling can be found almost
independently from the stability problem. For this purpose let
us first formulate the transformed equations for the steering
rack in the new coordinates Ay = Ysw — PSR, PSR = IS

Ay = Aw

Aw = (20)

. ;2
Ysw — mZSR (Tservo + TSC — 7-load) 5

with the servo torque Tservo = fservo/? and the load torque
Tioad = (ffric + frack) /% including both the rack force
frack and the friction force ff.;.. The basic idea is that
(20) is controlled by the control input 74¢,y, in such a way
that in response to a load torque 7;,44 the controlled closed-
loop system acts in the same way as a desired mechanical
impedance system. In a first view it seems somehow odd
that we address the steering feeling issue by an impedance
system taking the load force 7;,,4 and not the steering torque
Tsc as input. But we will show later on how this is linked
to the control of the steering torque. The desired impedance
system can then be written as

Ay = Aw
Av =

msRr

(AC (AQO) + Ad (AUJ) - 7-load) s

2L
where A, (Ag) can be viewed as the desired (nonlinear)
spring characteristics and Ay (Aw) as the desired (nonlin-
ear) damping characteristics. Comparing (20) and (21) the
matching condition reads as

MsRr ..

= Z.72SDSW —Tsc + A (Ap) + Ag (Aw) . (22)

TSET’UO
It can be seen that in (21) the steering torque 7sc no longer
appears explicitly. The driver’s control reenters the system
via the difference angle Ay which can be written as Ay =
Tsc/csc provided that the damping torque 74 s¢ is assumed
to be zero, cf. (2).

Let us now analyze the simplest case of only applying
a linear spring of stiffness x, i.e. A.(Ap) = kKAp and
Ag4 (Aw) = 0. Under the assumption that the acceleration of
the steering wheel can be neglected, i.e. ¢y = 0, the servo
torque is given by Tservo = —Tsc+£Tsc/csc. Inserting this
expression in (20), we get in the quasi-stationary case Tsc =
(¢csc/K) Tioad- From this we can see that for high steering
assistance, i.e. Ts¢ < Tjoad, large values of x are mandatory.
If we now keep in mind a finite dynamics of the inner control
loop, it can be shown that this control loop as a matter of
principle tends to be unstable for high steering assistance, see
also [6] for similar observations. To overcome this stability
problem let us for the time being assume that we can measure
the load torque 7j,4q. The introduction of a disturbance
feedforward of the form Tservo = Tservo + I (Tioad) With
IT (Ti0ad)| < |Tioad| in (20) can be used to systematically
compensate a part of the load force. It can be easily seen that
with the transformed load input 7004 = Tjoad — I (Tioad) We
obtain the similar impedance matching problem as before.
For the case of a linear spring of stiffness < we then
get Tservo = —Tsc + KTsc/csc. Again this yields the

following relation 7s¢ = (csc /&) (Tioad — I (Tioad)) in the
quasi-stationary case. For the sake of simplicity let us take
T (Tioad) = YTioad Where 0 < v < 1. Since we want the
transformed system to behave equally to the original system
the relation (csc/k) Tioaa = (csc/R) (1 — ) Tioaq has to
be fulfilled. Obviously, a suitable choice of ~ brings about
that & = (1 —7v)Kx < Kk and thus the stability problems
occurring for high steering assistance as mentioned above
can be circumvented. However, this is due to the fact that
the main part of the load torque 7,44 is compensated by a
disturbance feedforward 7,44 and the impedance matching
controller only has to cope with the small difference 7,0 =
(1 =) Tioad- Of course this methodology is not limited to
the simple case of a linear spring characteristics as discussed
so far. Indeed we can apply an almost arbitrary (nonlinear)
assistant characteristics which can also be a function of other
variables, like e.g. the vehicular velocity. The price we have
to pay is that we additionally need the information of the
load torque. Clearly, in general neither the load force nor
the load torque is measurable. For this reason we use an
observer which determines an estimation 7;,4q Of Tjpqaq. At
the moment a rigorous stability proof for the closed-loop
system consisting of the inner pressure control loop and the
outer impedance controller together with the load estimator
and the disturbance feedforward is not available and has to be
further examined. Nevertheless, simulation and measurement
results prove the feasibility and also the robustness of the
proposed concept.

Remark 3: The design of the desired impedance system
in the difference angle Ay = psw — pggr is crucial. If
we would try to enforce an impedance system in pgpg it
can be immediately seen that the driver’s demand would be
completely cancelled out. If on the other hand we would try
to design an impedance system in the steering wheel angle
psw, all load forces and therefore all informations from the
road are cancelled out which is undesirable as well.

IV. EXPERIMENTAL RESULTS

For testing the proposed control strategy a hardware in
the loop (HIL) test stand and a test car have been set up at
BMW AG MUNICH. The control concept is implemented in
a DSPACE realtime hardware at a sample time of 1 ms. On
the HIL test stand the dynamics of the car is simulated by a
force-controlled hydraulic piston actuator which introduces
rack forces determined by a single-track model. While the
HIL test stand makes it easily possible to optimize the
controller parameters under controlled laboratory conditions
with a large number of additional measurements, the opti-
mization of the driver’s feeling issues is done in the test car.

Due to space limitation we can only show a typical
measurement result (Fig. 3) of the HIL test stand. In this
measurement the driver tries to impose a sinusoidal steering
wheel angle with increasing frequency and angle. This test
scenario is used to evaluate the behavior of the power
steering system in the case of fast steering wheel velocities.
In this scenario the expectations of an ideal power steering
system would be an almost constant steering torque. The
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measurements show that the steering torque 7sc slowly
increases with increasing frequency and steering angle. Fur-
thermore, the difference pressure Ap shows a good tracking
behavior. The overshoot occuring for high frequencies is
mainly due to the influence of the jet forces inside the
steering valves. Summarizing, we can say that the proposed
control strategy shows a good behavior in most of the driving
situations. Nonetheless, there a still critical maneuvers where
the response of the system is not satisfactory, as it is e.g.
the case for the higher frequencies in the sinusoidal steering
scenario. This issue is currently being addressed in our
research activities.

V. CONCLUSIONS AND OUTLOOK

In this contribution we presented a systematic mathe-
matical modeling and a nonlinear controller design for an
electrohydraulic closed-center power-steering system. The
nonlinear controller design is based on a cascaded structure,
with a flatness-based controller for the chamber pressures in
the inner loop and a mechanical impedance controller for the
steering torque in the outer loop. Measurement results on a
HIL test stand and in a test car at BM'W AG MUNICH prove
the usefulness and the robustness of the proposed control
approach. Future research activities include an optimization
of the overall system by taking advantage of enhanced
steering valves. Furthermore, an application of the proposed
control concept to other EHPS systems is under investigation.
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