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Abstract— This paper deals with the state estimation prob-
lem for a stochastic nonlinear differential system driven by a
standard Wiener process. The solution here proposed is a lin-
ear filtering algorithm and is achieved by means of the Carle-
man approximation scheme applied to both the state and the
measurement nonlinear equations. Such a procedure allows
to define an approximate representation by means of a suit-
able bilinear system for which a filtering algorithm is available
from literature. Numerical simulations support the theoretical
results and show a rather interesting improvement in terms
of sampled error covariance of the proposed approach with
respect to the classical Kalman-Bucy filter applied to the lin-
earized differential system.

Index Terms—Nonlinear filtering, Extended Kalman Filter,
Carleman approximation, Stochastic Systems.

I. INTRODUCTION

Given the probability triple (2, F,P), in this paper it
will be considered the filtering problem for the following
nonlinear stochastic differential system described by the
Ito equations:

dIt = d)(It)dt + FdWS (t),
dy: = h(zy)dt + GAW°(t),

Ll—og = T0, (1)
Yjomo = 0,

where z; is the state vector in IR", y; is the measured
output in IR? and W*(t) € IRP, W°(t) € IR? are inde-
pendent standard Wiener processes with respect to some
increasing family of o-algebras, namely {.7-}., t > O}.
¢:IR"— IR" and h : IR™ — IR? are smooth nonlinear
maps.

It is well known that the minimum variance state es-
timate requires the knowledge of the conditional prob-
ability density, whose computation, in the general case,
is a difficult infinite-dimensional problem [4, 20, 21, 22,
29]. Only in few cases the optimal filter has a finite di-
mension [27]. For this reason a great deal of work has
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been made to devise suboptimal implementable filtering
algorithms [9, 10, 12, 15].

Another approach consists in considering the time
discretization of the original system and then to ap-
ply suboptimal filtering procedures like the Extended
Kalman Filter (EKF), the most widely used algorithm
in nonlinear filtering problems (see, e.g., [1, 8, 11, 17]),
particle filters [23], Gaussian sum approximations [16]
and more. Because of its local nature, the EKF per-
forms well if the initial estimation error and the dis-
turbing noises are small enough. An effective modifica-
tion of the EKF is the Unscented Kalman Filter (UKF)
[18], that uses the so-called unscented transform for the
state and output prediction steps in the EKF scheme.
More recently, in [13] has been proposed a polynomial
extension of the EKF (denoted PEKF) which is based
on the application of the optimal polynomial filter of
[5, 6] to the Carleman approximation of the nonlinear
system (see [19, 24]).

The aim of this paper is to overcome the drawbacks
of the time discretization errors by means of the use of
the Carleman approximation on the original stochastic
differential system. The Carleman approximation of or-
der v of a nonlinear system is achieved by suitably defin-
ing an extended state made of the Kronecker powers of
the original state up to a given order v. The result is
a bilinear system (linear drift and multiplicative noise)
with respect to the extended state.

The tool of Carleman bilinearization has found some
applications in problems of systems approximation [25,
26, 28], since there are many reasons for finding a bi-
linear approximation of a nonlinear system (see [3]). In
recent times such method has been successfully used in
the problem of reduction of large scale systems [2].

Once the approximation is obtained, the recursive
equations of the optimal linear filter for bilinear stochas-
tic differential systems are available and can be ap-
plied with no further approximations [7]. When v =1
the proposed filtering algorithm reduces to the classi-
cal Kalman-Bucy filter applied to the linearized differ-
ential system. With respect to this classical approach
the method here proposed performs a better behavior
by increasing the approximation degree of the nonlinear
system.

The paper is organized as follows: the next section



presents the Carleman approximation of stochastic non-
linear differential systems of the type (1); in section
three the linear minimum variance filter for the Car-
leman approximation is derived; section four displays
some numerical results where the performances of the
proposed algorithm are compared with those of the clas-
sical approach (the case of v =1).

II. CARLEMAN APPROXIMATION

Let (2, F,P) be a probability space, {.7-}} with t €
[0, T] be a family of nondecreasing o-algebras of F and
(W=(t),F), (We(t), F:) be standard Wiener processes
taking values in IRP and IR? respectively. Consider the
stochastic nonlinear differential system described by (1),
where x; is the state vector in IR™, y; is the measured
output in IR? and ¢ : R" — R", h : R" — IRY
are smooth nonlinear maps. By defining the standard
Wiener process W = [WST WOT]T taking values in
IR®, b = p + q, system (1) may be rewritten as:

b
dry = ¢ () dt + Y FdWi(t),
" (2)
dye = h(ze)dt + Y GidWi(t),

i=1

Ll—g = L0,

Yoo = 0,

with F;, G;, i =1,...,bcolumns of matrices F' = [F O],
G=1[0 G].

The initial state xg is an Fo-measurable random vari-
able, independent of W, with finite and available mo-
ments up to degree 2v, namely:

G=El)], Gl <+, i=1,...
with the square brackets denoting the Kronecker powers
(see [6] for a quick survey on the Kronecker product and
its main properties).

Under standard analyticity hypotheses, both the
state and the output equations can be written by using
the Taylor polynomial expansion around a given state .
According to the Kronecker formalism, the differential
system in (2) becomes:

0o ) b
dey = (&) (e — 3)dt + Y Fdwy(t),
=0 =1
) ’ b (4)
dye = 3" Hy(@) (w — 2) "t + 3 Graw;(e),
i=0 j=1

with:

®,(x) = % (Vies). Hix)= Zl| (Vien). ©)
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The operator Vg]@) applied to a function ¢ = ¥(z) :
IR™ — IRP is defined as follows

VOgyp=y, Vitlgy=v,e(Viley), i>1,

(6)
with V, = [0/0x1 -+ 9/0x,]. Note that V, ® 1 is the
standard Jacobian of the vector function 1.

The idea of the paper is to use the v-degree Car-
leman approximation applied to system (2). Such an
approach allows to obtain a bilinear differential system,
which is then filtered according to corresponding opti-
mal linear filter [7]. For the reader’s convenience, below
are reported some useful propositions, concerning the
Kronecker product properties and the differential op-
erator (6). Recall that the Kronecker product is not
commutative: given a pair of integers (a,b), the sym-
bol C, denotes a commutation matriz, that is a ma-
trix in {0,1}%*% such that, given any two matrices
A€ IR™*% and B € IR™*

B A=Cl  (A®B)C,, ., (7)

where Cy., 1, , Ce, ¢, are defined so that, denoted [Cly o ]n.1
their (h,l) entries:

L= (2] 1),

0, otherwise.

[Cu,v]h,l =

(8)
In the following the symbol I,, will denote the identity
matrix of order n.

Proposition 1: [7, Lem. 5.1] For any integer h > 1
and x € IR™, it results that:

V., @zl = Uﬁ([n ® x[h_l])7 (9)
and, for any h > 1:
v[ﬁ] ® I[h] = O,Z(Inz X x[h_Q])’ (10)
where:
h—1
U’r}lL = Z C},’{’nhfl—r ® Inﬂ"
7=0
h—1h—2
OZ - Z Z <Cle:nh’l’T ® I”T) (I” ® Cg:nhf2fs ® In)
7=0 s=0
(11)
Lemma 2: Consider system (2) with the nonlinear

maps ¢, h analytical, so that the power expansion around
a generic point T in (4) may be used to describe the sys-
tem. Then, for k > 2, the differential of the k-th order
Kronecker power of the state x4 is given by:

o b
(@) =3 A (@) (2 —3) Mae+ S Byl Nawy (1)
r=0 j=1

(12)



anm= Y

UF(®,(2) ® Ix1)

i=(r—k+1)V0 (13)
. (Inz ®]v[k 1)([ R T ~[k‘ r+i— 1])
and
Bji = UF(F; @ Ix1). (14)

Proof. Define Fy = Zl;

E[ ] According to the vector
Ito formula [7, Thm. 5.2):

d(xgk]) = (VI(X)IU“]) B dxy
A g (19)
+5 (Vi @ alt) . (aae)®,
with A(t) the following martingale
.t b
0= [ S Rave (16)
Jo i

Then, thanks to Proposition 1:

d(z]M) =UF (1, @ wgkfl])dwﬂr%O,’i (I> @ 2l Fydt
b
=U (I @ 2 ) [ o(a)dt + > Fidw; (1)
j=1
+ %Oﬁ (I> @ 2l ) Fydt

—Uk (I, @ 2 p(ay)dt + %O,’i (I> @ 2l Fydt

+ Z Uk (I, @ 2~ ) Fyaw; (1),
(17)

see also the proof of Theorem 6.1, reference [7] for more

details. By using the following property of the Kro-
necker product:
(A-B)®@(C-D)=(A®C) - (B® D), (18)

which holds for any four matrices A, B, C, D suitably
dimensioned according to the standard matricial prod-
uct, the bilinear noise corresponding to the last term in
(17) can be written as:

b
Y Uk
j=1

o' Y (Fy @ 1)dw; (t)

—ZU’“ (F; @ 2 aw; (1)

=1

b
= Y UR((E) 1) © (Lyes -2~ ) dw (1)
j=1
b
= Z Bjk{ELkil]de (t)
j=1
(19)

with Bj, as in (14). Then, taking into account the
power expansion of the nonlinear map ¢ and applying
(18), the first term in (17) becomes:

ZU’“ (I, ® "), () (2, — &)t
_ZUk((
,Z(jk

_ZUk
. ((xt — ) (@ —2)+

xt—x)H> ®x[k 1]>dt
) & Lk 1)((17,5757)[1‘}@17,[&]6_1])(1,15

®Ik 1)

7) ['“*”)dt.

(20)
Recall that the Kronecker power of a binomial allows
the following expansion:

k
(a+0)F =>" M (all @ pl1),
=0

Ya,b e R", (21)

with M} suitably defined matricial coefficients in IR"*",
[6]. By applying (21) to the (k — 1)-th Kronecker power
in (20):

ZU]C ®I k- 1)
k-1
((xt — ) lil o ZMzkfl((xt _ )0 ®j[k—1—l])>dt
1=0
oo k—1
=3 D UM ®i(&) @ L) (I © MFTT)
i=0 [=0
<(It )[l+l] [kflfl])dt
oo k—1
=3 D UM ®i(&) @ Lyx-r) (I @ MFT)
=0 =0

(L @ EF170) (2 — ) g,

—~

(22)
According to the change of index r = i 4+ [, the sums in
(22) become:

oo i+k—1
SN US@i(E) ® L)
i=0 r=i
(L ® MF)Y (1 @ 3l +71) (3, — ),
(23)
so that (12) with (13) is achieved by changing the order
of the sums in (23). O



By neglecting in (4) and (12) the higher order terms,
greater than a chosen degree v, the above mentioned dif-

ferentials d(xyc]), k=1,2,...,
as follows:

M) =y AR @) (a
r=0

and dy; are approximated
#)at
b
+ 37 (B 4 Fyp) dwy (b),
j=1

] b
V(e —2)dt + 3" 6yawy (),
j=1

dyt Z H

(24)
with
A7) = ®,(3), Vr=0,...,v,
B, =0, Vj=1,...,b,
FjliFj, ij:(), Vjil/,b, Vk>1,
(25)

The v-degree Carleman bilinearization of the stochas-
tic differential system (2) consists in:

i) exploiting the powers of the binomial (z; — Z) in the
sums of (24);

ii) substituting in (24) the powers of the state xyc] with
a vector X 7 (t) of the same dimension (recall that

[k] e R ) and considering them up to k = v;

iii) substituting in (24) the output y; with a vector

Y (t) € R%;

iv) consider the stochastic Ito equations in (24) after
items i-iii) as the bilinear generation model for the
extended vector:

Xf(tg
Xy(t LA
XV (t) = 2,( e IR™, n,,:an.
: i=1
Xy(1)

The first step is achieved according to the Kronecker
binomial formula (21):
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with
AE) =3 AEM (L © (<)), (28)
r=j
Analogously, it comes that:
SN H (@) (o - 3) Nt =Y Cp@allar,  (29)
i=0 §=0
with
Z Hy(&)MH(I,; & (—-2)71). (30)

Then, according to the items previously mentioned,
the generation model for the pair (X”,Y") is given
by:
dXV(t) = AY(2) X" (t)dt + N¥(&)dt

b
+ 3 (BYXY (1) + FY)dW(1), X" (0) = X,

b
dY"(t) = C¥(#) X" (t)dt + D" (Z)dt + Y GYdW;(t),
Jj=1
(31)
vT\T k (k]
w1thX0—(0 xo) y x5 =xy ,k=1,...,v,and:
Al Al Al
AV = D, NV = . (32
AY AV Ay
C"=[C C.l, Co, (33)
le Fjl
BY=| 1 |, Fi=| 1], G] =Gj. (34)
B;, Fj,

III. THE FILTERING ALGORITHM

In the following it will be assumed that D¥ = 0. It is
not a loss of generality, in that it can always be defined
an auxiliary output Y such that:

dY"(t) = dY"(t) — DY (Z)dt. (35)
The state z; is estimated as a linear transformation of
the extended state estimate X"(t) described by (31),
that is:

& =L Opxny—m] X" (1)

As is well known, the optimal choice for X (t) would be
the conditional expectation w.r.t. all the Borel trans-
formations of the measurements:

V() F ],

(36)

X¥(t) = E[X (37)



whose computation in general can not be obtained
through algorithms of finite dimension. Nevertheless,
from an applicative point of view, it is useful to look
for finite-dimensional approximations of the optimal fil-
ter, that is estimates described by stochastic differential
equations of the form:

dér = a&)dt + B(&)dY™ (1),
XV (t) = (&),

where {ft, t > to} is a process taking its values on a
finite-dimensional space. The finite-dimensional system
(38) is an optimal linear filter for the random process
X"(t) if:

(38)

XY (t) = T[X"(1)|L(Y)], (39)

where IT[-|L(Y;”)] denotes the projection onto the space
L(YY) linearly spanned by the family of random vari-
ables {Y"(7), to <7 < t}.

Theorem 3: Let m%(t) = E[X"(t)] and V% (t) =
Cov(X¥(t)) be the mean value and the covariance matriz
of XV (t) respectively, whose evolutions are given by the
following equations:

m(0) = (¢ - ¢,
(40)

m = AYm% (t) + NY(2),

b
V(1) = AY(@) U5 (1) + UK AT (@) + ) BT ()BY”
i=1

b
+ ) (B (1) + Fi)(BYm (1) + Fi)T,
i=1
(41)
with ¥%(0) = Cov(X{§). Assume that rank(G) = gq.
Then, the optimal linear estimate of the state process
XY (t), namely X" (t), is given by:
R N b
dX"(t) = AY(2) X" (t)dt + (Z(Bgmg((t) +F;)GT

+ P(t)C”T(:i:)> R™Y(dY"(t) — C¥(2) X" (t))dt

(42)
with R = 2?21 G;GT and P(t) the error covariance
matrix:

v Al/ v Al/ T
P(t) = B (X*(t) - £*0) (x*() - X*®)"]  (43)
evolving according to the following equation

P(t) = A"(#)P(t) + P(t)A"T (i) + R

- <zp:(3?m”x(t) +F)G] + P(t)C”T(i))

i=1

P T
R (Z(Bz”m}(t) +Fi)G + P(t)C”T(f??))

i=1

with P(0) = W% (0).

Proof. The proof is a straightforward consequence of
[7, Thm. 4.4]. O

IV. SIMULATION RESULTS

Some simulation results are here reported in order to
show the effectiveness of the proposed algorithm. Con-
sider the following nonlinear system:
daq(t) = (= 21 (t) + 21 (t)22(t)) dt + adWy,
d.’L‘Q(t) = ( — 2$Q(t) — 21‘1(t)$2(t))dt + det,
dy(t) = (z1(t) — z1(t)xa(k))dt + vdWy,

(45)

with @ = 4, b = 1, v = 2. The initial state x¢ is a
Gaussian random variable, with zero mean and unitary
variance. o has been chosen equal to [0.1 0.2]7. Nu-
merical simulations are obtained through the construc-
tion of an exact stochastic realization of system (45) at
discrete times tp, = kA, with A = 0.1 on the interval
[0,T] with T = 100, according to the Euler-Maruyama
method [14].

In the following plots, the estimates obtained with
the proposed filtering algorithm with v = 2 are
compared to those obtained by applying the classical
Kalman-Bucy filter to the linearized differential system

(v=1).

— True state
-6 — — Classical estimate: v=1
- Proposed estimate: v=2

88 90 92 94 96 98 100

Fig. 4.1 — True and estimated state: x;.

— True state
-6 — — Classical estimate: v=1
- Proposed estimate: v =2
Al

88 90 92 94 96 98 100

Fig. 4.2 — True and estimated state: xs.



The improvements obtained by increasing the index v
can be recognized by comparing the sampling variances
of the estimation errors:

o (v =1) = 4.5592, a3 (

2 2) = 2.5684,
o3(v=1)=3.2081, o0}

(v =2) = 2.4942. (46)

V. CONCLUSIONS

The problem of state estimation for a nonlinear differ-
ential system driven by a standard Wiener process has
been investigated in this paper. The filtering algorithm
here proposed is based on two steps: first the nonlinear
system is approximated by using the Carleman bilin-
earization approach, taking into account all the powers
of the series expansion up to a fixed degree v; next,
the optimal linear filter of the approximating system is
achieved. This step is based on a well known literature
concerning suboptimal estimates for bilinear state space
representations [5, 6]. When the index v = 1, the pro-
posed algorithm gives back the classical Kalman-Bucy
filter applied to the linearized differential system.
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