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Abstract— The parameter space PID design method based on
the concept of unfalsified control is a data-driven model-free
design method, and some set of PID gains that do not satisfy
the mixed sensitivity performance index can be drawn on the
PI or PD gain plane from the input output data directly. In
this paper, this method is used for a simulation-based controller
design and it is demonstrated by the design of a steering torque
control. This method can be applied to any model, when the
plant response data are available to a hundred of sinusoidal
inputs by simulation.

I. INTRODUCTION

Recently, more experiments have been replaced with sim-
ulation studies. Since the simulation model is usually non-
linear and high-dimensional, model-based controller design
methods cannot be applied to such a complex model and a
simplified model is constructed for controller design. In this
situation, we consider that a controller design method that
can be directly applied to the simulation model is useful.

The set of input output data is considered as a direct
representation of the plant model [1], and if there exists a
design method that is based on the input output data without
any assumptions on the plant, the method will be applied
to any plants. Unfalsified control concept gives a basic idea
to realize such a method [2], and it has been applied to
adaptive control[3], [4], [5] and off-line controller design[6],
[7]. We have proposed a parameter space design method of
PID controllers based on this concept [8].

Our method can be directly applied to the simulation-
based design. However, success of the unfalsification method
depends on the falsification efficiency, which deeply relates
to the input-output data, but the relation was not exam-
ined sufficiently. Therefore, we have studied the relation
by applying our method to a few numerical examples in
[8] and [9], and we found that the PID gains are usually
falsified effectively by our method if the plant responses to
the sinusoidal inputs with many frequencies are used.

Of course, if the plant response is available by simulation,
another method such as genetic algorithm can be applied to
the minimization problem of the performance index. Com-
pared with such a heuristic global optimization method, our
parameter space design method has the following features.
1) The solution is given as a region of unfalsified gains on
the parameter plane. The region gives us global information,
which is useful for tuning. Also, it is useful for determining
the proper search area of the PID gains for other methods
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Fig. 1. Mixed sensitivity problem

such as the genetic algorithm. 2) If all the PID gains are
falsified, it is guaranteed that the problem is infeasible. 3)
The region can be drawn very quickly if the response data
are given. Therefore, most computational time is used for
simulation.

In this paper, first, we will summarize the parameter space
design method with some notes on the selection of input
output data, and next we will apply it to a steering torque
control problem.

II. DESIGN METHOD

A. Mixed sensitivity control problem

Let us consider a single input single output feedback
system:

y = Pe , u = Ky , e = w − u (1)

where y, u, e, w are discrete time signals with the sampling
period ∆T . P is a plant and K is a discrete time PID
controller given by

K(z) = KP + KI∆T
1

z − 1
+ KDhD(z) (2)

where hD(z) is given by discretizing the approximate deriva-
tive element s/(τs + 1) with the sampling period ∆T . For
this system, consider a mixed sensitivity control problem
as shown in Fig. 1. Note that P can be a nonlinear plant.
The discrete time transfer functions V (z) and W (z) are
assumed to be stable, and z1 = V e, z2 = WKy. Then, the
performance index is given by the l2 gain condition:

‖z‖2 < γ‖w‖2, w ∈ l2 (3)

where z = (z1, z2)T and ‖ ‖2 denotes l2 norm. Our problem
is to draw the set of PID gains (KP , KI , KD) that do not
satisfy the l2 gain condition on the PI or PD planes.
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Note that we do not obtain PID gains that satisfy the
performance index but we try to obtain the gains that do
not satisfy it. This guarantees that the unfalsified set does
not become null if the problem has a solution.

B. Falsification condition

First, calculate yI , yD from the output data y following

yI = ∆T
1

z − 1
y , yD = hD(z)y (4)

Then, calculate yW , yWI , yWD which are the responses of
the weighting function W (z) for the input signals y, yI , yD,
respectively.

yW = Wy , yWI = WyI , yWD = WyD (5)

Set the column vectors v1,v2 as follows.

v1(i) = [yW (i), yWI(i), yWD(i)]T (6)

v2(i) = [y(i), yI(i), yD(i), e(i)]T (7)

And also define the following matrices c1 ∈ R, R ∈ R3×3,
Q ∈ R3×3, q ∈ R3×1, c2 ∈ R.

c1(m) : =
m∑

i=1

z2
1(i) (8)

R(m) : =
m∑

i=1

v1(i)v1(i)T (9)

(
Q(m) q(m)
qT(m) c2(m)

)
: =

m∑
i=1

v2(i)v2(i)T (10)

Theorem 1 [8] l2 gain condition (3) is satisfied, only if

pT[Q(m) − 1
γ2

R(m)]p + 2pTq(m) + c2(m)

− 1
γ2

c1(m) > 0, m = 1, 2, . . . , M (11)

is satisfied for all w ∈ l2e where M is the data length and
p = (KP , KI , KD)T .

Remark 1 Suppose that the data e(m) and y(m)
are given for m = 1, 2, . . . , M , then Theorem 1 gives M
falsification conditions. If we check all the conditions, it
will take much computational time. When we use many
sinusoidal responses, it is enough to check the condition (11)
just for m = M from our experience.

Remark 2 The coefficient matrices Q(m), R(m), q(m),
c2(m) are determined by y(i), e(i) for i = 1, 2, . . . , m. The
inequality is quadratic with respect to the parameter vector
p, and the permissible region of (11) can be drawn for each
m on the parameter plane as follows. Namely, first, fix one
of the PID gains, say KD = a, and then rewrite (11) in the
next form.

p̃TQ̃(m)p̃ + 2p̃Tq̃(m) + c̃(m) > 0 (12)

where p̃ is a 2-dimesional vector consisting of the gains,
say p̃ = (KP , KI)T , and the region can be drawn on the
plane by applying the algorithm of [8]. The boundary of the
falsified region is ellipse or hyperbola.

Remark 3 Choice of w(t) The data e(t) and y(t) are
calculated by simulating the feedback system for a reference
input w(t). Sinusoidal functions for about a hundred of
frequencies are recommended for w(t). However, things are
not so simple, and note that the phase shifted sinusoidal
function gives a sharper result than w(t) = sinωt.

We will show this for a continuous time example where

P (s) =
1

s2 + s + 1

V (s) =
1.5s + 1
3s + 0.02

, W (s) = 0

and we will clarify the reason.
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Fig. 2. KP , KI plane , w = sin(ωt)
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Fig. 3. KP , KI plane , w = sin(ωt + π/2)

The unfalsified regions are drawn with the transfer func-
tion of V (z) that is discretized from V (s) using zero-order
holder. The falsified regions, the inside of the ellipses, are
shown in Fig. 2 and Fig. 3. Fig. 2 is the result for w =
sin(ωt) and Fig. 3 for w = sin(ωt+π/2). From these figures,
we know that w = sin(ωt + π/2) gives much better result.
By the way, since P is time-invariant in this problem, exact
feasible region can be obtained by the frequency domain
method of [10], and the unfalsified region of Fig. 3 is almost
the same as the exact region.

Next, consider the reason. We will represent the equations
in the continuous time domain, because we are usually
more accustomed to the continuous time system than the
discrete one. Since the falsification condition with W = 0 is
represented as

‖V e‖2 < γ‖e + KP y + KIyI‖2 (13)
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, the difference is caused by the differences of the signals
e, y, and yI . Fig. 4 shows the response yI for the input
w = sin(ωt), and Fig. 5 for the input w = sin(ωt + π/2).
From these figures, we know that yI has a large bias for
w = sin(ωt), which makes the left-hand side of (13) large
and brings about the failure of falsification. The effect of
the phase shift on decreasing the bias is obvious from the
Laplace transform. Namely, the Laplace transform of the
integral of w = sin ωt is

yI =
1
s

ω

s2 + ω2
=

ω

s(s2 + ω2)

and it has a pole at s = 0, whereas that of w = sin(ωt+π/2)
is

yI =
1
s

s

s2 + ω2
=

1
s2 + ω2

Therefore, we conclude that the integral element of K(z)
generates the bias for the sinusoidal input.

By the way, usually V (s) has a pole close to the imaginary
axis, V e also tends to have a large bias for the same reason.
This adds more unpredictable affect on the falsification
condition.
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Fig. 4. Response yI(t) , w = sin(ωt)
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Fig. 5. Response yI(t) , w = sin(ωt + π/2)

Remark 4 Stability region When the plant model can
be linearized around the equilibrium point, we can easily
draw all the set of PID gains that stabilize the linearized
plant using the frequency response of the plant [10]. The
stability region can be used for choosing proper regions
from the unfalsified regions. For example, there are three
vacant regions on the parameter plane in Fig. 3. Among the
regions, the central region is the only region that satisfies

the stability condition. By drawing the stability set on the
parameter plane, we can choose it appropriately from the
unfalsified regions.

III. APPLICATION TO STEERING TORQUE CONTROL

A. Control problem

A steering torque control system is illustrated in Fig. 6.
The control unit processes the signals from the steering
angular sensor and steering torque sensor to output an
adequate signal to the actuator so that a proper assist torque
can be realized.

When the driver holds the steering wheel tight, the steering
angle being given to the system is the external signal. The
block diagram of the model is illustrated in Fig. 7, and
we call this mode as fixed control mode. When the driver
unlinks hands from the steering wheel or holds it light, the
steering angle is affected by the steering system dynamics.
The block diagram of the model is illustrated in Fig. 8 and
we call this mode free control mode. These models are
given in [12].

S teerin g  w h ee l

S teerin g  A n g u la r 
S en so r

C o n tro l
U n it

F ro n t T ire

A ctu ato rS teerin g  T o rq u e
S en so r

Fig. 6. System overview of steering torque control

In these block diagrams, θ, u, y, r denote the steering
angle, the control input, the steering torque, and the reference
steering torque, respectively. The subsystem named ’target’
is a highly nonlinear element that outputs the appropriate
steering torque corresponding to the steering angle. The
subsystem named ’plant’ represents the dynamics of the
steering system and the car body. The steering system is
modeled as a two mass-damper 4th order system where each
second order system has a friction feedback loop, and the car
body dynamics is modeled as a second order linear time-
invariant model. The subsystem named ’PID’ denotes a PID
controller to be designed.

The model is represented by using SIMULINK/ MAT-
LAB. Therefore, the input output data of the system is easily
obtained by simulation and they will be used for design
directly. Note that detailed description of the plant model
is not used in our design procedure. Our design problem
is to find a PID controller which gives a good tracking
performance for the two systems shown in Fig. 7 and Fig. 8
simultaneously.

B. Design procedure

Let us draw unfalsified regions for the two models of
the fixed and free control modes by using the falsification
condition given in Theorem 1, and choose a PID controller
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from the intersection of the unfalsified regions. We will use
the next PID controller

K̃(z) = KP +
KI(0.001)

z − 1
+

KD(50z − 50)
z − 0.9512

(14)

This is the z transform of the next PID controller with the
sampling period ∆T = 0.001sec using zero-order holder.

K̃(s) = KP +
KI

s
+

sKD

0.02s + 1
(15)

Design procedure
Step 1.In order to obtain the input output data e, y in two

modes, simulate two systems given in Fig. 9 and
Fig. 10 for the next sinusoidal input with many
frequencies

w = A sin(ωt + π/2) (16)

where the PID gain is fixed at some appropriate
value (KP0 , KI0 , KD0). In the fixed control mode,
since the steering angle is set to be zero, namely,
θ = 0, the responses e, y are not affected by the
subsystem ’target’.

Step 2.Choose KD some appropriate value (usually,
KD = 0).

Step 3.By using the measured data e, y, draw a falsified
region on the (KP , KI) plane for each frequency
with KD fixed. Thus the unfalsified region is ob-
tained on the (KP , KI) plane. Choose KI from the
region.

Step 4.Draw the falsified regions on the (KP , KD) plane
for each frequency with KI fixed at the value
obtained in Step 3. Thus, the unfalsified region is
obtained on the (KP , KD) plane. Choose a PID
gain from the unfalsified region.

Step 5.By iterating Step 3 and Step 4 with a severer l2
performance index, we can make the the unfalsified
region smaller. Stop this iteration if the unfalsified
region becomes sufficiently small.
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t
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Fig. 7. Fixed control mode model
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Fig. 8. Free control mode model
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Fig. 9. Fixed control mode model with w(t)
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-
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Fig. 10. Free control mode model with w(t)

Simulation condition is as follows. The simulation interval
is T = 2(sec), and the sampling period is ∆T = 0.001(sec)
for accurate simulation because of stiffness. PID gain is
KP0 = 2.5, KI0 = 0, KD0 = 0. The external signal is
w = 8 sin(ωt + π/2) where the amplitude is determined
so that the magnitude of y(t) may cover the normal output
range. The frequencies are the 200 points logarithmically
equally spaced between 10−1 ∼ 103(rad/sec).

We examine the following class of weighting functions
where these are discretized using zero-order holder with the
sampling period 0.001 in the algorithm.

V (s) =
ps + 4

2(ps) + 0.08

W (s) =
(qs)2 + 4(qs) + 4

0.05(qs)2 + 5(qs) + 50
× 0.1

We select the parameters p and q where the relation between
the control performance and the sensitivity and complemen-
tary sensitivity functions of the linear time-invariant case is
useful (for example, see [11]). As p decreases from 0.18 to
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Fig. 12. (KP , KI , 0) plane for fixed control mode
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Fig. 13. (KP , KI , 0) plane for free control mode

0.06, the magnitude of 1/V moves to the right as shown in
Fig. 11, and similarly, as q decreases from 0.12 to 0.04, the
magnitude of 1/W moves to the right.

We have chosen p and q so that unfalsified region exists.
Especially, W is mainly modified, because 1/|W | is the
multiplicative uncertainty bound that can only be known
by the experiment. After iterating the computation of the
response and the region drawing, we have determined p =
0.06 and q = 0.04. By drawing the region for various
weights, we were able to know how the uncertainty bound
affects the unfalsified region.

First, falsified regions with KD = 0 are drawn on the
(KP , KI) plane for the fixed control mode as shown in Fig.
12. The falsified regions are the inside of the ellipses, and
three vacant regions can be seen in this figure. However,
since the closed-loop system is not stabilized for a few sam-
ple gains of the left and lower vacant regions, we determine,
partly based on our experience about the frequency domain
method, that these regions may be falsified and that the right
vacant region shown by the shaded portion is unfalsified. Of
course, we may obtain the exact stability region following
Remark 4 if necessary.

Falsified regions for the free control mode are drawn in
Fig. 13. By superimposing these two figures, we find that the
common unfalsified region exists in the vicinity of KP =
2.5 ∼ 4.0,KI = 70 ∼ 120. Therefore, we choose KI = 100
in Step 3.

In Step 4, the falsified regions with KI = 100 are drawn
on the (KP , KD) plane in Fig. 14 for the fixed control mode.
Next, the unfalsified region is drawn in Fig. 15 for the free
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Fig. 14. (KP , 100, KD) plane for fixed control mode
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Fig. 15. (KP , 100, KD) plane for free control mode

−5 0 5 10
−0.1

−0.05

0

0.05

0.1

0.15

0.2

K
P

K
D

Unstable

A
B

**

Fig. 16. (KP , 100, KD) plane for both modes

control mode. Superimposing Fig. 14 and Fig. 15 gives Fig.
16. From this figure, the common unfalsified region exists
in the vicinity of KP = 2.8 ∼ 4.0, KD = −0.01 ∼ 0.025,
KI = 100.

C. Evaluation of the result

We choose two controllers as shown by the points A
and B in Fig. 16, and compare them by simulation. The
controller A : (KP , KD, KI) = (9, 100, 0.01) lies in the
falsified region of the free control mode and in the unfalsified
region of the fixed control mode, and the controller B :
(KP , KD, KI) = (3, 100, 0.01) lies in the unfalsified region
of both modes. The results are shown in Fig. 17 - Fig. 20
where the dotted line shows the reference torque and the solid
line shows the torque. In the fixed control mode, the torque
tracks the reference well for both controllers. However, in
the free control mode, the reference torque and the torque
become oscillatory for the controller A. This is consistent
with the previous result.
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Fig. 17. Evaluation of steering torque for controller A (fixed
control mode)
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Fig. 18. Evaluation of steering torque for controller A (free
control mode)
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Fig. 19. Evaluation of steering torque for controller B (fixed
control mode)
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Fig. 20. Evaluation of steering torque for controller B (free
control mode)

IV. CONCLUSION

In this paper, a simulation based controller design is
demonstrated by applying our parameter space PID design
method to the nonlinear dynamical model of a steering
torque control system. The region of permissible PID gains
on the parameter plane is obtained, which gives us useful
information for tuning. Note that the unfalsified set in the 3
dimensional space is obtained by drawing the regions on the
PI-plane for many fixed D gains.

One of the merits of our method is that if all the gains
are falsified, we can conclude that no solution exist. This
is because Theorem 1 is a necessary condition for the
performance index and because no assumptions are made for
the plant model. It shoud be noted that those design methods
that are based on a sufficient condition often fail to find a
solution even when a solution exists.

As a demerit, it is not guaranteed that most of the gains
that should be falsified are falsified. Therefore, when the
plant model can be linearized around the equilibrium point,
it is recommended to apply the frequency domain method
first in order to obtain the exact permissible region for the
linearized model. Then, apply the proposed algorithm for
the non-linear complex plant. By doing so, probably, we can
know how the regions are deteriorated from the linearized
case and we can determine the unfalsified sets more easily.
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