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Abstract—In this paper, we present an explicit solution to
H full-information control for discrete-time systems with
multiple input delays. Our solution is given in terms of one
standard Riccati difference equation of the same order as the
plant under investigation. Thus, it has much computational
advantage over methods such as system augmentation. As
special cases, solutions to the H., control problem for systems
with single input delay and the H., preview control are
obtained.

I. INTRODUCTION

H,, control for continuous-time systems with single
input delay has been analytically solved in [7]. [16] has
addressed the H, control for a broader class of systems
with delays in disturbance and control inputs, containing the
H, control with preview as a special case. Very recently, a
complete solution to the H, control with preview for both
continuous-time and discrete-time systems have been pro-
posed in [8], [9] whereas [6] is concerned with systems with
multiple input/output delays and a nested set of solutions
to the so-called adobe delay problems.

In the discrete-time context, the control problem for
systems with input delays has also received some renewed
interests due to the applications in network congestion
control and networked control systems; see, e.g. [1], [10],
[21]. For discrete-time systems with delays, one might tend
to consider augmenting the system and convert a delay
problem into a delay free problem. While it is certainly
possible to do so, the augmentation approach, however,
generally results in higher state dimension and thus high
computational cost, especially when the system under in-
vestigation involves multiple delays and the delays are large
[9]. Further, in the state feedback case, the augmentation
approach generally leads to a static output feedback control
problem which is non-convex; see the work of [21].

In this paper, the H., full-information control problem
for linear discrete time-varying systems with multiple con-
stant input delays is investigated. We present a simple
solution in terms of the solution of one standard Riccati
difference equation of the same order as the original plant.
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Our approach is based on converting the problem into an
optimization problem in Krein space and showing that the
H, control problem is in fact a dual problem of H
fixed-lag smoothing. As special cases of the full-information
control problem, solutions to the H., control of systems
with single input delay and H, control with preview are
obtained. Note that the H ., control with preview has been
solved in [9] using a different approach.

The rest of the paper is organized as follows. In Section 2,
the system under consideration and the H ., control problem
is formulated. Our solution to the H., full-information
control and the discussions on the special cases of systems
with single input delay and the H, control with preview
are presented in Section 3. Some conclusions are drawn in
Section 4. Due to the page limitation, all proofs shall be
omitted. Their details can be found in [24].

II. PROBLEM STATEMENT

We consider the following discrete linear time-varying
system for the H, control problem.

d
$(t + 1) = CI%a:(t) + Z Bmwi(t — hz)
=0

d
+Zci,tv1i(t_h1i)7 d>1, (1)

i=0
s(t) = L(t), 2

where z(t) € R™ w;(t) € R™iw,v;(t) € R™iv, and
s(t) € R" represent the state, the exogenous input, control
input and the controlled signal, respectively. ®¢, B;¢, C; ¢,
and L; are bounded time-varying matrices. It is assumed
that the input noises are deterministic signals and are from
{5]0, N] where N is the time-horizon of the control problem
under investigation. Without loss of generality, we assume
that the delays are in an increasing order: 0 = hg < hy <

-+ < hg and the control inputs v;, ¢ =0,1,---,d and the
exogenous inputs w;, ¢ = 0,1, -, d respectively have the
same dimension, i.e., Moy = M1y = -+ = Mgy = My

and Mmow = Miw = "= Mdw = May-

The H., full-information control under investigation is
stated as follows: Find a finite-horizon full-information
control strategy
vi(t) = Fi(x(0), (w;(7),v;(7)) lo<j<d.o<r<t), such that

sup J(@(0),w;(t),v;(t)) <~* (3)

{z(0),w; (D)]o<j<a0<t<N—n;
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where
T(@(0), wj (1), v; (1)) =
d N—h; N
O (N4 DPN eV + D+ > v @) BY v () + Y 8" ()Qps(t)
i=0 t=0 t=1
d N—h;
2 O () + Y Y wlORY wi()
i=0 t=0

“)

and Py 1 is a given positive definite matrix which reflects
the uncertainty of the initial state relative to the exogenous
input.

Remark 1: For linear continuous-time systems with sin-
gle input delay, Tadmor [7] has presented a complete
solution to the H, control problem for both the state and
output feedback cases whereas [16] has studied the H ., full-
information control for systems with multiple input delays
and a solution is given in terms of a Riccati equation and
a matrix differential equation. The present study can be
viewed as the discrete-time counterpart of [16]. We present
an explicit solution in terms of a standard Riccati difference
equation of the same order as the original plant (ignoring
the delays).

III. SOLUTION TO H, FULL INFORMATION CONTROL

Consider the performance index (3) and define

IR 2 20 2(0) — 2, )
where
Iy = l'/(N )PN+1£L'(N+1)
d N-—h; N
+y uj(t) Rigui(t) + ) s'()Quis(t), (6)
1=0 t=0 t=1
with
Riy = diag{R},, —~’R}}, (7
w0 =[]

Also, we can rewrite the system (1) as

—f—ZszU,/L t—

x(t+1) = Du(t ,d>1, (9

where

Tiie=[Bix Cit]. (10)

It is clear that an H, controller v;(t) that achieves (3)
exists if and only if there exists

v;(t) = Fit(2(0), (wj (7), Vj (7)) |0§j§d,0§7’<t)7

such that J3 of (5) is positive for all non-zero
{z(0); w;(t),0 <t < N —h;,0<i<d}.

(1)

For any given 7 > 0, denote:

_Uo(t+7' — ho)_
: , h <t < hiqa,
T é L U; t+717— hz) i
u (t) B _UQt+T—hQ)_ (12)
: , t2>hg
ud(t + 7 — hd) _
d
a | Zimia Viprug(t 7 = Ry),
a’(t) = hi <t < hjy1,(13)
0, t> hg
A [FO,tJr‘r Fi,tJrT] 9
r; = hi <t < hiy (14)
[To,ttr Tairr], t2> ha,
A diag{RO,HT—h,o, Tt Ri,t-‘,—ﬂ-—h,,;}v
R = hi <t < hiy1,(15)
diag{Ro,t+r—ho, > Rdt47—ha}, t=> ha.

Using the notations of (12)-(15), for a given 7 > 0, the
system (1)-(2) and the cost (3) can be rewritten respectively
as

Dyprx(t +7) + T7u”(t) + 4 (¢),

l’(t-l—T-l—].) = hiSt<hi+1,
Dy rx(t+7)+T7u(t), t> hg
(16)
and
d 7—1
IN = JKM—ZZ% R ui(t)
=0 t=0
}:5 )Qus(t) (17)
where
N-—T1
Jy = 2/ (N+1)Pypa(N+1)+ Y o’ (t)Rju" (1)
=0
N—T1
+ 8+ T)Qurrs(t + 7). (18)
=1

Define the following stochastic state-space model associ-
ated with (18):

X7(t) = @T’T(t+1)4—LT/7KtL (19)

y'(t) = TIx(t+74+1)+v(t), (20
where &7 = Byor, LT = Lupr, (ur(0),u(t)) = QF and
(v7(t),v7(t)) = R]. It is easy to see that Q] = Q¢4+

Let

um = col{u”(0), -, u" (N — 1)}, 21

yT = COl{yT(O)v"'ayT(N_T)}v (22)

x5 = col{x"(0),x" (1), -, x"(ha)}, (23)

Then, by completing the square for J3;, we have
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Lemma 1:
Iy = P+ (uT —u™) Ryr (W —uTF) ,(24)
where
Ry~ vy,
& = col{x(r),ua”(0),---,a"(hg — 1)}, (25)
PT o= (-G G — %), 26)
u™ = col{u™*(0), -, uT (N — 1)}, 27)

and for t < hyg

t
)= [FE=n)ar(l—1)
=1

—Z [ST()) a™ (1 —1), (28)
I=t+1
and for ¢t > hy,
ha
) =~ [FO) () - S F D a (- 1),
=1
(29)

while S7(+) and F/ (-) are given as

Sf(t) = P [(®7)TH(M)™ = (®],)'GT(H)K]],
5, =0, 0<t<I—1,

F(t) = [I.—PG0)®,K/, I<t<N, (30

and
t

GT(t) =Y (2] ,)T] (M]_ ) ' (T]_)®],, (3D

j=1

while @fn}m =1 and
@;m = <T>T @;L 1, m>j, (32)
7 = q>;+] K7 (T7), (33)
Kl = & Pl T5(M])! (34)
M7 = R]+(T]) P I7. (35)

In the above, the matrix P, obeys the following back-
ward RDE

T _ / T
Pj - (I)T+]Pj+1q)T+j + L7’+]QT+] T+j

—KiMJ(K])', P41 = Pn(36)

with terminal condition Py4; as given in (1).
Remark 2: In view of (12), uI*(¢) is given by

1+ 1 blocks
——

ui*(t) = [0 - 0 L] u™(t + hi). (37)
We further denote
a 2 col{a0),-,a(N)}, (38)

col{ug(t), -+, uq(t)}, 0<t< N —hg,
ﬂ(t) = COZ{Uo(t), ) U’L(t)}a
N — hz+1 <t<N-—h;
(39)

Theorem 1: With the definition (39) and (38), the linear
quadratic form Jy can be rewritten as

v =P’ +

N .
Z {B(T) - 17'”(0) ui(s)=uf(s)( 0<s<T; Ogigd)} M
=0

wi(s)=u; (s)( 0<s<rs og@d)} ;
(40)

(0) is obtained from @(7) with the replacement
(0), and u7*(0) is given by (28)-(29).

where u™*
of u;(r) by ul™*

In addition, for 7 < N — hy, the covariance matrix M,
is given by

M, = diag{T ., Tl .} [p7+1(i’j)](d+1)><(d+1) X
diag{FO,Ta e 7Fd,7'} + dia’g{RO,Ta e )Rd,T}7
(41)
where P, (i,j) = P.(j,i), and for i > j, P.(i,7) is given
by
P(ig) = Pr(®,) [1-GT)Pr], @2)

where <I>; n; and G7(h;) are given respectively in (32)
and (31), and P/ satisfies the Riccati equation (36).

For N — h;+1 <7 < N — hy, the covariance matrix M,
is given by
A

Xdiag{FO,Ta )

diag{]‘_‘6777 M ;,7—} [p7+1(i7j)] (1) x (141)
I} +diag{Ror, -, Ri+}, (43)

where P, (i,7) is calculated by (42).
Lemma 2: Assume that u;(t) = 0 for ¢ < 0. Denote

) 2 [;’}%] , (44)
with
col{vg(t), --,va(t)}, 0<t <N —hg,
o(t) 2 { col{vo(t), -, vi()},
N_hi—i-l <t< N -—h;
(45)
and
col{wo(t), -, wq(t)}, 0<t <N —hg,
w(t) 2 {4 col{wo(t), -, wi(t)},
N_hi—i-l <t§N—hi.
(46)
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Then the linear quadratic form Jy of (18) can be rewritten
as

I =
N
> Jar(r) = (o)

x_[,«m —a7*(0)

where

/
i (s)=u (s)( 0<s<T; ogigd)} M-

ui(s)=uf(s)( 0<s<T; 0§i§d)i| , (47

o ul*(0) is obtained from ., (7) with w;(7) and v;(7T)
replaced by w*(0) 2 [0, I, Ju7*(0) and v]*(0) 2
[Im,,0Jul*(0), respectively, while w]*(0) is given in
(28).

o The matrix M, is calculated by

— Fort < N — hy
My = O, [Pry1(i,5)] (d+1)x (d+1) Ot
+diag{Rg ;- Ry 4; —’yzRf)‘ft o= 'yQRs}’t},
(43)
- FOI’N—hiJr1<t§N—hi
Mt = @rli,t [pt+1 (27])] (i+1)x (i+1) @i,t
+diag{Ry,--- R} ;; —7*RY, - —v*RY,}.
49)

In the above, O =
diag{Bo,; - Bi;Co,---Ci} and Pryq(i, ) is
given by (42).
Introduce the following LDU factorization for the covari-
ance matrix Mt as

N R E
X{A@) 0 H_l I o}

0 Mao(t) | | My, (t)Man(t) I)°

(50)

where

A(t) = My (t) — My o(t) My 5 ()Mo (). (51)

The main result of this section follows

Theorem 2: Consider the system (1)-(2) and the perfor-
mance (3). If P] is the bounded solution to the backward
recursive Riccati equation to (36). Then an H ., controller
that achieves performance (3) exists if and only if

o' —472P > o, (52)

Mas(t) < 0, (53)

where P is the terminal value of P§ of (36), and My 5(t)
is (2, 2)-block of M, which is given by (48) fort < N—hy

or (49) for N —h;y1 <t < N — h;. In this case, a suitable
H controller v} (7) is given by

07 (1) = [Im,, OJu; (7), (54)

where u}(7), ¢ =0,1,---,d, is calculated by

1+ 1 blocks
——
u(r) = —[0--- 01I,]
h;
x {— [Fg (ha)) @(r) = > [F (ha = D) a7 (1 = 1)
=1
ha
- [ST (ha)) @™ (1 — 1)} ;
I=h;+1
(55
while S7(-) and F7(-) are given in (30), and
d
A 22 Djagrwf(t 47— hy),
aT*(t) =2 Jj=i+1 '
h; <t< hi+1, 1=0,1,---,d—1
0, t > hg
(56)
A. Discussion on special cases
1) H, control for single input delay systems : In this

subsection we consider the system (1) with B;; = 0 for
i>0and Cpt =0and C;; =0 fori > 1, ie,

J?(t + 1) = CIJta:(t) + Bo7t’LU0(t) + Cl,t'Ul (t — hl) 67
The cost function of (4) is simplified as
J(x(0), wo (t), vi(t)) =
N—hy N
z/(N +1)P(N 4+ )a(N + 1) + Z ’u'l(t)R"lj’t’ul(t) + Z s'(£)Qy¢s(t)
+=0 +=0

N
/()15 t 2 (0) + Z wl (ORY , wo (+)
t=0
(58)

Associated with the system (57) and cost function (58), we

. . . A
introduce the following notations: R ; = —'yQRE")‘it, Ry =
A

A A A
RY 4, uo(t) = wo(t), ui(t) = vi(t), Loy = Boy, L1
C1t, and
A U;Q(t“‘T), 0<t<h,
uT(t) = uo(t+7) P> h (59)
w1 (t + 7= hl) ’ =M
. A Criprv1(t+7—h1), 0=t <hy,
AN Ty T 0<t<h
I'T = GRR 61
t { [Tottr Tiqr], t2> M 6
RT é RO,t-‘rT; 0 S t < h17
v diag{Ro,t4r, R1,t47—n }, > h1.
(62)

Following a similar discussion as in Theorem 2, we have
Theorem 3: Suppose the following Riccati equation

Pf = Pl Cryy + Ly Qe Lry
= KjMJ(K])', Phorin = P

(63)
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where
T T T \—1
Kj = @ PR T (M),
T _ T T\ DT T
M7 = Rj+(I7)P/,T7,

(64)

(65)

with given boundary condition Py 1, has a bounded solu-

tion for any given 7 > 0. Then there exists a controller that
solves the H, control problem if and only if

ot —~2pY

Mya(t)

> 0,
< 0,

(66)
(67)
where PY = Py is the terminal value of P of (63) for

7 =0, and for t < N — hy, My 1(t) is the (1,1)-block of
matrix M; which is given by

M, = diag{By ;,C1 ;} [pt-y-l(i,j)bxg diag{Bo,, C1,t}
+diag{—~"Rg;, Ry ;} (68)
and for N —h; <t <N,
My (t) = M;= B67tpt+1(07 0)Bo,t — ’YQRZ)U@
(69)
where Py (i, ) is as
P,(0,0) = PJ,
PT(]-a 0) = P_,’_(O, 1) = Piz,—l ((i)g)—,hl),a
P.(1,1) = PJ [I-G (m)P]].
In this situation, a suitable H., controller is given by
vi(r) = =0, I, ] x ([F5 () a(7)
h1
+D [F (= D)) Crrqiavi (T +1— by — 1)) ,
=1
(70)

where F7 (.) is as (30).

2) H, preview control: In this subsection we consider
the system (1)-(2) with By, = B;; = 0 for ¢ > 1 and
B1+#0,Cot#0and C;y =0 fori>1,1ie.,

z(t+1) = Du(t) + Brrwi(t — h1) + Covo(t),

(71)

s(t) = (72)

The H., preview control for system (71)-(72) is described

as: Find a finite-horizon full-information H ., sub-optimal
control strategy vo(t), such that the following is satisfied

sup J(@(0), vo(t), wr(t)) <v*  (73)

{z(0),w1(T)lo<r<N—nq}

Lix(t).

where

T(@(0), vy (1), w (1)) =
N N
@ (N + )Py qo(N +1) + E v (' RY o (b) + E ST (D) Qe s(t)
t=0 t=1
N—hy
/()15 t 2 (0) + E Wi (DRY wy (1)
t=0

(74)

Associated with the system (71) and the cost function
(74), we introduce the following notations, R = Rg,t’
A A A A

Rip = —7*RYy, uolt) = volt), ur(t) = wi(t), Tox =

A
Co,t, 'ty = By, and

A [ wolt+7), 0<t<h
ar(t) 2 w4 o, as)
Ul(f, + 77— hl) ’ -
. A Bigyrwi(t+7—h1), 0<t<h
ar(t) = { 0, t> hy (76)
JAN Totqr 0<t< h
I‘T = 3 ) 77
¢ { [Tojp+r Tipgr], t>h a7
pr 2 Rotqr, 0<t<mh
K diag{Rot4r,R1,t47—n.}, t>Mh ’
(78)

Then, the following result follows.
Theorem 4: Suppose the following Riccati equation

PJT = (I>fr+ijT+1(I>T+j + LfrJerT'i‘jLT'f‘j
~KIMI(KS)s Py rys = Pesn (19
where
T T T T\—1
Kj = O Plali(M))™, (80)
M = B ()PT @D

with given boundary condition condition Ppyyj, has a
bounded solution for any given 7 > 0. Then there exists
a controller that solves the H, control with preview if and
only if

m'—42P) > 0,
Mgg(f/) < 07

(82)
t<N-—h (83)

where PY = Py is the terminal value of Py of (79) for
7 =0, and My 2(t) is the (2,2)-block of matrix M; which,
for t < N — hq, is given by

Mt = diag{C{)’t,Biyt} [Pt+1(i,j)}2x2diag{007t,Bl7t}

+diag{R§,,, =7 RY:}, (84)
where Py (i, ) is as
P,(0,0) = FJ,
PT(L O) = PT’(O, 1) = Pﬁl ((i)g,hl)/a
PT(l,l) — P;L—l [I—GT(hl)P}z—l] .
In this situation, the center controller v (7) is as
w(r) = —([F5 )] z(7)
hi
+ ) IST(0) By pgroawi (7 41— by — 1)) ,
=1
(85)

where FJ(0) = K{, and S; (+) is given as (30).
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IV. CONCLUSION

We have presented a simple solution to the H ., control
of systems with multiple input delays which has not been
studied in existing literature. An explicit controller is given
in terms of the solution of a Riccati difference equation of
the same order as the original plant, which is advantageous
over methods such as system augmentation. Our result
assumes the existence of a bounded solution of Riccati
difference equation (25) whose necessity deserves further
studies.

APPENDIX A PROOF OF LEMMA 2
Substituting (47) into (5) and using (50) yields

J¥ = 2/ (0T 12(0) —y 2y
= 20" — 5 ?Ry)z(0)
N
=72 [o(r) = 07 (0)] " A(r)[o(r) — 7(0)]
7=0
N
=72 [w(r) — @™ (0)]" Maa(t)[w(r) — @™ (0)],
= (A1)
where

| — |
SRS
—~
\]
N—
|
<
-
*
—~~
o
N—
_ 1

_ { I o] [v(r) v7*(0) ](AZ)

T [ My ()Ma(t) I [w(r) —w™(0) [
and 07*(0) is obtained from ©(7) with replacements of
v;(T) by v7*(0) for i = 0,---,d, and w™*(0) is obtained
from w(7) with replacements of w;(7) by w]*(0) for
i =0,---,d. Recall the discussion in [3] (Theorem 9.5.1),
an Ho, control input v(7) that achieves J3¥ > 0 exists if
and only if

ot —~72p > 0,
Myso(t) < 0.

(A.3)
(A4)

In view of (A.1), the suitable controller can be chosen such
that

() —97"(0) = 0. (A5)

Therefore, the controller is v7*(0), which is given by (54)
and (55).
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