
Abstract—In this paper, a strategy named Bit Importance 
Strategy (BIS) is introduced to improve the performance of 
Bidirectional Associative Memory (BAM) in cases in which 
differences in importance among bits must be considered. The 
main advantage of this new strategy lies in the improvement of 
the recall success ratio. Simulation results are given, with an 
application to a simplified version of a military battlefield 
operation, based on a theoretical analysis. 

I. INTRODUCTION

CCORDING to Kosko [1-3], Bidirectional Associative 
Memory (BAM) is a class of 2-level nonlinear artificial 

neural networks. In general, BAM uses a matrix to store 
input/output pairs, Kosko [1-3], Cruz and Stubberud [4], and 
then identifies the closest possible output according to the 
input, which might be noisy. The advantage of BAM is that it 
can filter noise in the recall procedure and much effort have 
been devoted to improving its encoding strategies, storage 
capacity, retrieval success ratio, and other indicators of 
performance. 

Leung [5] used projections on convex sets to refine the 
strategy of BAM. Araujo and Haga [6] proposed unlearning 
and delta rule to improve the performance of BAM. Haines 
and Hecht-Nielsen [7] proposed an approach to increase the 
storage capacity of BAM. Wang and Don[8] showed that 
exponential non-linearity in the evolution equations can 
improve the storage capacity of BAM. Kawabata, Daido and 
Hattori [9] investigated the capacity of second-order BAM in 
the presence of noise bits. Leung [10] investigated optimum 
learning for BAM capacity. Tai [11] proposed a higher-order 
BAM so that the capacity and error-correcting capability can 
be improved. Wang, Cruz, and Mulligan [12] proposed and 
investigated multiple training in BAM. Leung, Wang, and 
Lee [13-14] studied the influences of dummy elements in 
BAM. Cao [15] investigated Exponential stability of delayed 
BAM. Liao and Wong [16] analyzed robust stability of 
interval BAM with delays. Lopez-Aligue and 
Acevedo-Sotoca [17] implemented a handwritten pattern 
recognition system via BAM and attained very high retrieval 
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success ratio.
For the basic procedure of BAM retrieval, refer to the 

appendix. More details are found in Wang, Cruz, and 
Mulligan [18]. The retrieval procedure with conventional 
binary encoding is indicated in Fig. 1.1. 

Figure 1.1 Retrieval process with  
conventional binary encoding 

BAM strategy treats all bits in the information streams 
identically and it is most suitable for recalling uniform bit 
importance training pairs such as digital pictures. Here 
uniform bit importance means that in the information stream 
that constructs the training pairs, all the information bits have 
the same information importance.  

However, there are many problems in which differences in 
importance of the bits need to be considered. For example, for 
a decimal number 128, the left-most bit 1 is more important 
than the right-most bit 8.  

In these situations, BAM might show similar performance 
for different amplitudes of noises. For an original decimal 
number 128, a decimal noise 100 might cause the same recall 
error rate as a much smaller decimal noise 10, for both of 
them will cause the original number 128 to change just one bit. 
Since pure conventional BAM calculation is actually for 
uniform-importance, the two kinds of bit changes are 
considered at the same information level, although from the 
perspective of a human the smaller noise should be 
considered “weaker“ and easier to filter.  

In other words, conventional BAM strategy does not 
consider the information importance differences among the 
bits in the input/output information streams. To get better 
recall performance, we propose a new encoding/decoding 
algorithm which can reflect the differences in information 
importance.  

II. BIT IMPORTANCE STRATEGY AND NONLINEAR
RECOVERY STRATEGY FOR BAM

Bit Importance Strategy (BIS) can be stated as follows.
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Definition 2.1 If there is a set of bits arranged in an order 
such as 1 1 2 1( , , , , , , , )n n i ia a a a a a  in the BAM 

input/output training pair, and among the elements there are 
differences in importance such as: 

1( ) ( )i iweight a weight a                 (2.1) 

Then assign 2 1i  identical bits to represent the original 
bit ia . This strategy is called Bit Importance Strategy (BIS).

 For example, if we have a binary number 0010 , after 
applying this bit importance strategy, we get 
0000000000001110 . The first 7 zeroes stand for the first 
0 in the original number 0010, and the next 5 zeroes stand for 
the next 0 in the original number, and the next three 1’s 
represent the 1 in the original number 0010, etc. 

We use Nonlinear Recovery Strategy (NRS),
corresponding to Bit Importance Strategy, to decode a 
number after BAM filtering.  

Definition 2.2 When the BAM calculation ends (we get an 
equilibrium) and we need to decode the corresponding 
output, we  check what value (1 or 0) occupies the majority in 
this bit section, and choose this corresponding bit to be the 
recovered output bit. This strategy is called Nonlinear 
Recovery Strategy (NRS). 

Here is an example for NRS. Suppose we get a recalled 
stream  

001010000 1110011 01000 101 0 
and it should be recovered into a binary number 5 4 3 2 1a a a a a .

By applying NRS we will have 
001010000 0 is the majority recover as 0 
1110011 1 is the majority recover as 1 
01000 0 is the majority recover as 0 
101 1 is the majority recover as 1 
0 0 is the majority recover as 0 

thus get 0 1 0 1 0, where 5 0a , 4 1a , 3 0a , 2 1a ,

1 0a .
After applying BIS and NRS to a conventional BAM, the 

new retrieval/recall procedure is indicated in Figure 2.1.  

Figure 2.1 Retrieval process with BIS/NRS 
For example, suppose we have a training pair (5,4).  5 is the 

input, and 4 is the corresponding output. We want to retrieve 
the output from the input. When there is no noise, a successful 
retrieval might be  

BitImportance

NonlinearRecover

input 0101 0000000111110001
0000000111110000 0100 outputBAM

If the input is noisy, say the amplitude of noise is 2, a 
successful retrieval might be 

BitImportance

NonlinearRecover

input 0111 0000000111111111
0000000111010100 0100 outputBAM

III. THEORETICAL ANALYSIS OF BIT IMPORTANCE
STRATEGY

The idea for this strategy is from two basic assumptions. In 
the next section, experiments will show that conclusions 
based on these two assumptions are correct. 

Assumption 1: The higher the percentage of error bits in 
the input stream, the higher the probability of recalling 
wrong outputs. In other words, if there are more errors in the 
inputs, it is more likely to get wrong outputs. 

Assumption 2: For a BAM system, each bit of the recalled 
result (after BAM recalling rotation ends, also before 
applying the nonlinear recovery strategy), has the same 
bit-error probability to be a wrong bit. This bit-error 
probability increases when input error percentage increases.  
This assumption relates the input error percentage to the 
output bit-error probability. 

To analyze BIS and NRS theoretically, we start from the 
case in which there is only one wrong bit in the original 
binary stream. If a noise affects more than one bit, the wrong 
bits can be considered one by one by exactly the same 
procedure.
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Theorem 3.1: If assumptions 1 and 2 hold and there are 
weight differences among the bits in the input stream, there 

exists 0r  such that if the bit-error probability 

r satisfies 0 r r , the Bit-Importance strategy improves 
the retrieval success ratio for the same bit-error probability 
r .

Proof:  Suppose we have a recalled bit importance mode 
number such as  

,2 1 ,2 2 ,1 ,2 1 ,1 1,1m m m m m n n nb b b b b b
and it corresponds to a common binary mode number after 
nonlinear recovering strategy 

' ' ' '
1 1m n nb b b b

That is, ,2 1 ,2 2 ,1k k k k kb b b corresponds to '
kb .

If we directly apply conventional BAM strategy to get this 
recalled binary mode number without using the Bit 
Importance Strategy and Nonlinear Recovery Strategy, we 
see that for the conventional binary encoding approach, to get 
a correct recall for a number (all bits in this number should be 
correct), the probability will be 

conventional_correct conventional_1biterror
1

(1 ) (1 )
m

m

n

P P r

                          (3.1) 
If we use the BIS, we need to use NRS to get this binary 

mode number. After applying the nonlinear recovery strategy, 
the total probability that we will get a wrong bit value for the 
bit '

nb  via the bit-error probability r  will be 
0 2 1 1 2 2 1
2 1 2 1 2 1( ) n n n n

e n n nP n C r C r C r      (3.2) 

Here the first term 0 2 1
2 1

n
nC r  is equal to 2 1 2 1

2 1
n n
nC r , which 

corresponds to all the bits being wrong. Similarly, 1
2 1
n n
nC r

stands for the case that n  bits in all (2 1)n  bits are wrong.  
We can rewrite it as 

0 1 1 2 1 0
2 1 2 1 2 1( ) ( )n n n n

e n n nP n r C r C r C r
(3.3)

We see that 
0 1 1 2 1 0
2 1 2 1 2 1

0 2 1 1 2 2 1
2 1 2 1 2 1
0 1 1 2 1 0
2 1 2 1 2 1

2 1 ( )

( )

(1 ) ( ) ( )

n n n
e n n n

n n n n
n n n

n n n
n n n

n n
e e

P n C r C r C r

C r C r C r

C r C r C r

r P n r P n
(3.4)

Thus the desired final error probability resulting from 
calculation noise for the n -th bit in the recovered binary 
mode stream is 

2 1( ) (1 ) /(1 )n n n
eP n r r r                  (3.5) 

For the Bit-Importance Strategy, to get a correct recall, all 
the bits in the recovered binary mode stream should be correct. 
The probability will be 

BitImportance_correct
1

(1 ( ))
m

e
n

P P n             (3.6) 

From (3.5), we can get (1)eP = r , which is same as 

conventional_1biterrorP  in (3.1). For 1n , we can see 
1 2 1 1

2 1

( 1) (1 ) /(1 )

( ) ( (1 ) (1 ) /(1 ))

n n n
e

n n
e

P n r r r

P n r r r r
      (3.7) 

Since r  is the bit error probability, thus 0 1r . This 
means 

2 0( 1) ( ) (1 ) (1 ) /(1 )e eP n P n r r r r     (3.8) 

If we can find a 0 1r  such that when 0 r r
and 1n

2 (1 ) 1r r                          (3.9) 

We will get ( 1) ( )e eP n P n . This implies that if r r ,

( )eP n  is a decreasing function, thus ( )eP n r  for all 

1n . Thus we can see that for any 1m , that is, there is an 
importance difference in the BAM stream, we will have 

BitImportance_correct

conventional_correct
1

(1 ( )) (1 )
m

m
e

n

P

P n r P
 (3.10) 

which means that the Bit-Importance strategy improves the 
retrieval success ratio.  

r  is very easy to find and can be selected as the positive 
root of equation 2 (1 ) 1r r . Since derivative of 

2 (1 )r r  in the interval *[0, ]r  is always positive, (3.9) 

will always hold for 0 r r . End.

Theorem 3.2: If the index of the highest importance bit in one 
number is m , the complexity of calculation for the Bit 

Importance Strategy is 2m  times more than that for the 
conventional binary strategy.  

Proof:  Since for BAM the main calculations are matrix 
calculations, we know that the complexity of BAM 
calculation changes according to the square of the length of 
the stream. Now, suppose the index for the highest 
importance bit in one number in the conventional binary 
stream is m , and the length of the conventional binary 
stream is L , then the length of the new bit importance 
strategy will become mL , the complexity of the calculation 

will be of 2 2m L  order, that is, 2m  times bigger than the 
conventional binary stream. End.
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IV. SIMULATIONS

The goal for this experiment is to test the success rate of 
BAM with BIS/NRS and compare it with the success rate of 
BAM with conventional binary strategy.  

There are two forces, Blue and Red, confronting each 
other. The Blue Unmanned Aerial Vehicles (UAVs) would 
like to fly to the Red Area to attack Red troops. Between the 
blue airbases and the Red Area there are some Red objects 
threatening Blue UAVs. Since the coordinates of Red objects 
found by Blue UAVs are often noisy, Blue UAVs will use 
BAM to retrieve an offline-calculated optimal path so that the 
Blue UAVs can avoid directly crossing over or attack the Red 
objects. In training pairs, coordinates of Red objects construct 

iA ’s and coordinates of waypoints in the stored optimal path 

construct iB ’s (see the Appendix).
A sample scenario of the battlefield is shown in Figure 3.1. 

Figure 3.1 Sample scenario of the battlefield 

We randomly assign the positions of the red objects and the 
waypoints and apply the same proportion of dummy elements. 
For comparison we apply the same mode of normal noise for 
BAM with BIS/NRS and BAM with conventional binary 
strategy. If the recalled output (after NRS if BIS is used) is 
exactly the same as the output in the training pair, it is 
regarded as a successful recall; if not it is counted as a failure.   

The simulation results are shown in Figure 3.2. In the 
figure, the X axis is the percentage of the wrong bits in the 
input stream when it is still in binary mode. For Bit 
Importance encoding simulations, this is the percentage 
before applying the Bit Importance strategy. It is seen that the 
success ratio using BIS is higher than the success ratio with 
conventional coding, as a function of the percentage of wrong 
bits in the input stream. 

Figure 3.2 Success ratio comparison 

V. CONCLUSIONS

In this paper we analyzed Bidirectional Associative 
Memory (BAM) strategies and discussed the influence of 
importance differences among the bits in the input stream. Bit 
Importance Strategy (BIS) and Nonlinear Recovery Strategy 
(NRS) are introduced to overcome the influence and improve 
the success ratio for BAM. Experiments support the 
effectiveness of the new approach. 

APPENDIX

This appendix is a simplified description of the BAM 
retrieval procedure and is adapted from Wang, Cruz, and 
Mulligan [18]. 

Suppose there are N  training pairs  

1 1 2 2, , , ,..., , ,..., ,i i N NA B A B A B A B
where

1 2, ,...,i i i inA a a a

1 2, ,...,i i i ipB b b b

here ,ij ija b  are in binary mode or bipolar mode: 

Binary mode:  
1( )

,
0( )ij ij

on
a b

off

Bipolar mode: 
1( )

,
1( )ij ij

on
a b

off

The correlation matrix (or weight matrix) M  is 

1

N
T
i i

i

M X Y                              (6.1) 

where ( )i iX Y  is the bipolar mode of ( )i iA B , respectively. 
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Given a test pair ( , ) , to retrieve the nearest ,i iA B
training pair from all the training pairs, the strategy is: 
starting with the ( , ) , determine a finite 

sequence ' '( , ) , '' ''( , ) , ( ) ( )( , )i i ….., until a final 

equilibrium point ( , )F F  is reached, where 
' ( )M                           (6.2) 
' '( )TM                        (6.3) 

1 2( ) ( , ,..., )nF G g g g               (6.4) 
where

1 2( , ,..., )nF f f f                         (6.5) 

1ig , if 0if ;                          (6.6) 

ig previous ig , if 0if                 (6.7) 

0 ( ), 0
1 ( ), 0

i
i

i

binary if f
g

bipolar if f
        (6.8) 

Also, we define the energy function 
( ) ( )Ti iE M                          (6.9) 

Kosko [3] once showed that each cycle of decoding will 
decrease the energy E. Furthermore, the number of 
pairs ' '( , )  in the ' '( , )  sequence remains finite. 
Thus, there should be a finite number of cycles of decoding 
after which the pair ( , )F F  will become the final result, 
and the following will be a local minimum: 

T
F FE M                          (6.10) 

That is to say, the points, which are one Hamming distance 
from ( , )F F , will not yield a lower energy E .
   One must notice that there is an important consequence of 
this behavior with regard to recalling a trained pair ,i iA B .

If the energy E  calculated using the coordinates of the 
original pair ,i iA B , that is, 

T
i iE A MB                           (6.11) 

does not produce a local minimum, then the point can not be 
recovered even if one directly starts with iA (no noise). 
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