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Optimal Filtering for HMM Governed by Special Jump Processes

Andrey V. Borisov and Alexey I. Stefanovich

Abstract— The paper presents a solution of optimal filtering prob-
lem for stochastic differential systems of random structure with
switches generated by a special class of Markov jump processes. The
equations for both the conditional expectation of some signal process
given a noisy observation, and conditional probability density function
(pdf) are obtained. Numerical methods for solution of corresponding
Fokker-Plank and Zakai equation analogues are given and illustrated
by an example.

I. INTRODUCTION

The optimal estimation problems in systems with random struc-
ture, which can be treated as the Hidden Markov Models (HMM),
on the basis of indirect noisy observations has been researched
extensively over the last twenty years. The interest in the subject
can be easily explained by presence of many practical application
areas for possible investigation results: financial mathematics [7],
[10], [18], [19] and [22], navigation and target tracking [1] and [2],
telecommunications [16], fault detection [21], signal processing
[12], automatic control [14], etc.

Meaningful number of papers related to estimation in HMMs
was devoted to development of the finite-dimensional filters and
extraction of hidden Markov observation systems, for which the
optimal filters would be finite-dimensional ones [4], [9], [16] and
[17]. Another research direction evolved identification methods
for the HMM parameters [9] and [10]. However analysis of
HMMs, involving infinite-dimensional objects, such as probability
distributions or pdfs, was paid less attention [3].

Generally HMM is itself a dynamic system with random
structure, whose transitions are generated by an unobservable
Markov process. Usually this process has finite state space, that
makes HMM too artificial for description of real phenomena. For
example, in the asset price model with jump volatility, obtrusion
for the volatility to have only a finite set of possible values
looks as evident idealization. The same arguments can be used
as critical ones towards mathematical model for description of
round-trip time fluctuation in TCP/IP links. Apparently, utilization
of general Markov jump processes in the HMMs gives a possibility
to achieve higher level in the model adequacy. On the other hand,
engagement of these processes implies multiple complication of
the framework and weakening of possible results. Hence, the
purpose is to propose a wider class of Markov jump processes
still convenient for inferences.

In [5] it was suggested a class of special jump processes, wider
than one of the finite-state Markov processes. Paper [6] introduced
a class of HMMs, driven by jump processes of presented class.
A system of corresponding integro-differential Fokker-Plank type
equations for the transition probability was also derived.

The aim of this paper is to obtain equations of optimal filtering
estimate for the signal process in HMM governed by this special
type of Markov jump processes.
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The structure of the paper is as follows. Section II sets basic
notation and definitions. Section III contains detailed description
of hidden Markov observation system, and formulation of optimal
filtering problem. The main theoretical results are presented in
Section IV. Equations for optimal filtering estimate of some
functional of HMM state (signal process) is derived as well as
one describing evolution of conditional pdf. Analogues of Zakai
equations for corresponding unnormalized expectation and pdf is
also obtained in this section.

Section V is directed to numerical aspects of considered nonlin-
ear filtering problem. A numerical scheme for solution of Fokker-
Plank equation analogue, stated for considered HMMs, is given as
well as one for numerical solution of the Zakai equation analogue
derived in the previous section.

Implementation of the numerical methods is presented in Sec-
tion VI, which contains solution of the optimal filtering problem
for the state of bilinear HMM given noisy observation of cubic
Sensor.

II. PRELIMINARIES

The following notation is used in this paper:

(Q,7,P{%#}), t €[0,T] is a probability triplet with right
continuous filtration;

0 = {6 };c0,7) is a Markov process taking values in a finite
state space S, = {ey,...,e,} with an initial distribution py and
transition intensity matrix A(7) = [|4;;(z)||} ;,_; having continuous
components,

A(t) = (M1(1),..., Agn(2))* is the vector collected from the
diagonal elements of A(¢) (A* is the transpose of any vector or
matrix A); A(t) = A(t) —diagA(¢) is an auxiliary matrix,

N; is the counting process corresponding to transitions of 6,

t
Fi(sst) = P{N, Ny = 0| 6, — ¢/} = exp {/ /'Lii(u)du} ,

and 7 (s,t) = (91 (s,1),..., T,(s,1))* is the distribution vector for
occupation time of each state of 6;;

D={2,...,%,} is a collection of disjoined Borel subsets of
R;
E=UL,%; and & = %(E) are state space and minimal o-
algebra, containing all Borel subsets of &;, i=1,...,n;

14 (x) is the indicator function of the set Z;

®=0(x): E — S, is the special indicator function: ®(x) =
(I, (5)s- . g, ()",

{m(A)}_, is a collection of probability distributions with
supports Z;, i=1,...,n:

m(Z) =1 Vi=1,...,n; n(B)=(m(B),...,m(B))",
Ex (/) = [, F@m(d2),
E{f} = En {fO}, - Ex {fMD",

Ej = diag(Ex {/()}),
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Z ={Z} k>0 is a sequence of ii.d. random vectors Z =

! ..., ¢M* with independent components ¢ having distributions
k k p p k g
71','(~).

Definition 1: The process

Yt :Q‘ﬁr@, (D

is called the special Markov jump one generated by the process 6
and random sequence Z.

Interconnection of initial probability triplet with filtration de-
fined above, and natural filtrations generated by 6 and 2 can be
found in [5].

III. PROBLEM STATEMENT

Let us consider the following observation system defined on
(Q,7,PA{%#}), t€[0,T):

t
Xr = X0+

t
A alxs— g, )ds + / b(xs— s s)dws,
530+ [ [ () + EROIR ()] @00 )ds 01
U = /Ads+/BdWS,
0 0

t ot
fi = folxo,o) + /0 tydls + /0 Bydws + /0 BdM,

(@)

where x; € R is an unobservable “switched” diffusion process,
¥ € E C R is corresponding unobservable special Markov jump
process defined by its martingale representation [5]; U; € R™ is an
observation process, and f; € R is a signal process which should
be estimated.

We assume the following conditions for the state z; = (x;,y;)*
equations in (2) to be hold:
1) Borel functions a = a(x,y,t) and b = b(x,y,t) : R X E X

[0,T] — R are Lipschitz with respect to the pair (x,y):

JK, 0<K<oo: Vtel[0,T], V(x1,y1), (x2,y2) ERXE
la(xy,y1,1) —a(x2,y2,0)[* < K(lx — x>+ [y1 —y2[?),
|b(x1,y1,8) = b(x2,y2,0)[* < K(lx1 —x2|* + 1 —y2[%),

2) functions a(x,y,t), da.(x,y,1), b(x,y1), b.(x,y,t) and
bll.(x,y,t) are continuous and bounded with respect to (x,y,?) €
R x E x [0,T], and Holder continuous with coefficient x (0 < k¥ <
1) with respect to x uniformly by (y,?):

3C, 0<C<oo: YV (x1,y1,01), (x2,¥2,02) ERXE x [0,T]
1a® (x1,y1,1) —a (x2,92,0)] < Clv — x|, k=0, 1;
6 (x1,31.11) = b (x2,32.12)| < Cley =¥, 1=10,1,2,
and, additionally,
[b(x1,y1,11) = b(x2,y2,12)| < C([x1 — x| ¥ + [ty = 12| */?),

3) there exist constants 0 < A < A < oo such that for any
(x,9,1) € R X E x [0,T] the equality A < |b(x,y,7)| <A holds,

4) the distributions m;, i = 1,...,n have pdfs d”‘( ) = ¢i(y),
()= (01(3),-..,0n(y))*, and there exists a constant 0<y<eo
such that ||[Ez{|y|**"}|| < oo,

5) F-measurable initial condition yy has the pdf p,(y,0) =
P9 (y), where py is a distribution of initial value 6y of the finite-
state Markov process 6;; ¢y(x) is the pdf of the .%(-measurable
initial condition x;

6) initial conditions xy and yo, and .%;-adapted Wiener process
wy are mutually independent.

Pu,v,s(A»BJ)

Conditions 1)-6) guarantee the unique strong solution for two
first equations in (2), and the following form for transition prob-
ability function of the state z;.

Theorem 1: Let HMM (2) satisfy conditions 1)-6). Then the
transition probability function is of the form

=P{x, €A,y € Blxs =u,y; =v} =

DO(W)Ix(v) /A Qs (5,1) i+ /A y &

=g (s ru,vﬁs(xJ’vt)dXd%

where the pair of functions (qy vs(X,1),7uvs(x,y,7)) is a solution
of the system

(Gus)1(x,1) = L quy,s(%,1),
(ru,m);(x,y,t) = %*ru,m(x’)’»t) FA(O)O) ru,s (6, 3,1)+
0" ()R (1) [diag (O()) 7 (s.1) s (x.1)+

4
+ [ @@ (vand] . @
0<s<t<T,

Gu,v,s (x,8) = 8u(x),

ru7v7s(x7)’75) = 07
and an operator .Z}" is as follows

Ly (@) = —(aleh,t) f(2) 5 (B (e D f0)) e ()
Proof of Theorem 1 is presented in [6] under more restrictive
conditions than 1)-6).
Under conditions 1)-6) a pdf y(x,y,t) of the state z; also exists
and satisfies the system

V(1) = 2 W)+ (00 () +

;«s*(y)A*(r) Je@wtxznd: ©
<t<T,

¥(%,5,0) = pp@ (v)6o(x)-

Note, conditions 1)-6) are sufficient for pdf y(x,y,r) to satisfy
(6), i.e. under conditions others than 1)-6) correctness of (6) must
be proved for each specific case.

We introduce additional assumptions concerning the observation
U; and estimated signal process f;:

7) A, oy, By and §; are .%;-predictable square integrable ran-
dom processes, and it being known that A; is some measurable
functional of system state of the form: A; = h(x;,y;,1);

8) B; is a nonrandom process, and there exists a constant 0 <
WU < oo such that B;B; > ul,, where I, is the m X m unit matrix;

9) initial condition f(xp,yo) of the estimated process is a square
integrable random variable: E{f%(xg,y0)} < oo;

10) initial conditions xo and yg, and .%#-adapted Wiener
processes w; € R and W; € R™ are mutually independent.

Conditions 7)-10) guarantee for U; and f; to be processes with
finite moments of the second order, and the noise nondegeneracy
in observation U;.

We denote a filtration of o-subalgebras generated by observa-
tion process U; as % = 6{us, 0 < s<t}, and gy =E{g|%} is the
optimal in the mean square sense filtering estimate of an arbitrary
random process g; (E{g } < o) given observations %;.

The problem is to find equations describing evolution of optimal
filtering estimate f; for the signal f; in (2).
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IV. OPTIMAL FILTERING EQUATIONS

Theorem 2: Let conditions 1)-10) hold for observation system
(2), then
1) the process V;

. ] R
v = /0 (B,B:) "} (dU, — Ayds) )

is a standard %;-adapted Wiener process;
2) the optimal filtering estimate f; for the signal f; is a solution
of the equation

T _ 7 . o T a* 5\ — L
Gi= Rt [ s+ [ (74 - RAY) B8 Fave, ®)

where fo = E{fo(x0,y0)}-
Proof of Theorem 2 is quite similar to ones for optimal filtering

estimates brought in [8] and [20]. _
Let us introduce Girsanov transformant P on the measurable

space (Q,.%) by the following Radon-Nikodym derivative
dP
=M
a "
where

t
M, = 1+/ AL (BsBY) ™2 dWj.
0

~ (dP ~
The process @, = E { 5 ‘%} (notation E{-} means here expec-

tation with respect to measure P) is an Z-adapted martingale in
the probability space (Q,.7,P) [8], which can be written as

t t
C[Dt:exp{/o A;‘(BSB;‘)—‘dUs—%/O A;‘(BSB;‘)_IASds}
and also
~ ~ (N (PN ~
<1>,:E{q>,|02/,}:exp{OA_’;(BSB;‘)—ldUr% OA;‘(BSBj;)—‘Asds}.

Further, it is easy to verify that unnormalized conditional expec-

tation f; = E{®, f,|%} can be represented as a solution of the
equation
- r r B
fi=fo+ [ @ds+ [ fA ) aUs, ©
and ~
/i
==. (10)
i o,

By Girsanov theorem, the process V; = [§(ByB)~'/2dUy is
F-adapted standard Wiener process in the probability space
(Q,.#,P). The measure Uy induced by V; as a Wiener process, and
the one My induced by f;, are equivalent [13]: py ~ M. Finally,
from the fact P ~ P, it follows that under conditions 1)-10) the
state vector z; of system (2) has a conditional pdf corresponding
to the initial probability measure P.

Theorem 3: Let conditions 1)-10) hold for observation system
(2), then

1) normalized conditional pdf W(x,y,r) ((x,y,r) € R x E x

[O,T]) of state z; given observations %; is a solution of the
stochastic equation

t V(x,3,1) = po¢ (v) 6o (x)+
+/ f*lf/xy, )+2' (s)@(y)l[?(x,y7s)+

/ ez dz)ds—i— (I
+/ lllx7y7s
0

h(x,y,s) 72&) (BSB;F)i%th

where

A= [ by ilenndady, (12)
JRXE

2) unnormalized conditional pdf W(x,y,?) is a solution of the
stochastic equation

(xyt)

/

Po® (v)o(x)+
$)+ A" (5)O() W (x,y,8)+

/ O(2)y(x,z,s dz)der (13)
+/ ‘I’x)% x}% )( R s) ldUh
and i )
N it
Pley) = 0 . (14)
Y (u,v,t)dudv
R
Proof: let & =& (x,y) = f()?)g(y) be an arbitrary function

such that f = f(x) € Ci(R) has a compact support, and function
g=2g(y): E — R satisfies the conditions |[Ex {g*(y)} || < e and
Jr 18(y)|dy < eo. Using the It6 rule, martingale representation for
special Markov jump processes, and the fact [w,M*], =0 P-a.s.,
we have for all 0 <7 < T that

, r =& (x,y) = E(xo,y0)+
. / F53) [05)A" (5) + Ex {800 (5)] @0 )5
+/g )’v fx(xY ) (xY s Ys— 7s)+fu( >b2(xv s Ys—» )]ds+
/0 f (o= )dM§ +/s Fe(xs—)g(rs=)b(xs—, y5—,5)dws.

Note, the last two terms in the latter equality are .%#-adapted
martingales. From Theorem 2 and the fact, the number of y;
jumps occurring in the interval [0,7] is finite a.s., the normalized
conditional expectation El takes the form

, & = E{&(0,50)}+
+ [ O B0 @R+l + 4] dst s,
' "5 = = w1
+ /0 [;SAS —_SAS] (ByBY) "2 dvy,

(]

where
' =E{OM)E (i, )| %}, 17 =E{®(y)f(x)|%},
= E{a(xtvyht)é)é(xhyl) ‘%}7
= E{b? (xt,y1,1) &0, (0, 30) | % }-
On the other hand, for an arbitrary process p; = p(x;,yr,7) such
that E{|p;|} < oo, its conditional expectation is defined as

E{pi|%} = B{p (v} = [ b

Applying Fubini theorem and integration by parts in (15-17), we
obtain

(16)

x,y,0) Y (x,y,t)dxdy.  (17)

/]RxE V(x,,1)& (x,y)dxdy =
= [ AL [ 12 mem bty +

RxE
0" IR () [ O)W(x,z.9)dz]ds & (x.y)dady+

+/R><E{/Ot V(x,y,s) (h(x,y,s) —Xs)*(BsBﬁ)’%dvs}é(x,y)dxdy,

The set of functions & (x,y) stated above in the proof, is dense in
Z (RxE), hence the last equality is true iff the function Y¥(x,y,?)
is a solution of (11) P-a.s.
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Equation (13) can be proved similarly, using the fact E =
E{‘I’zutW/z} BE,.

V. NUMERICAL METHODS FOR SOLUTION OF
OPTIMAL FILTERING EQUATIONS

This section contains some numerical schemes for solution of
both nonrandom equation (6) and stochastic equation (13).
Note that equation (6) can be rewritten in the form

W (1) = Q(x,y, ) We(x, v, 1) + R(x,y, ) i (x, 3, 1)+

S0 +9°0R () [ vz 1Y
where
O(x,y,1) = —alx,y,1) +2b(x,y,1)b}.(x,3,1),

R(x,y,1) = 36*(x,y,1),
S(x,y,1) = —dl(x,y,8) + (B (x,3,1)) > + Bl (x, 3,1) + A7 (1)O(y).

To define a numerical scheme properly the following assump-
tions are made:

1) all the support sets &; are intervals [a;,b;], i=1,...,n
2) domain in variable x is bounded by interval [x,X];
n

3) on the whole domain [x,X] x | J[ai,b;] x [0,T] an analytical

i=1
grid G is defined with increments &y, &, and &;

4) the value of numerical solution for (18) at the grld point
(xi,yi ) is denoted by l;/lj, QU, i U, ¢,, A and 0;
denote corresponding functions values at the grid points.

The following splitting numerical scheme is used to solve (18):
k+1/3 k
Vii = Vi k+1/3
i Yo (awlj / + ﬁwlkj

t
k+2/3 . k+1/3

Vi =¥ _ k+2/3

Loy,

&
k+2/3
"’z{(jﬂ Vi / k+1
B (ozu/”

k+1/3)

+BY, (19)

ﬁ‘l’,’j+2/3)7

where o, B > 0 are parameters: o+ 8 = 1, and
k

o
Lka 25 (V/Hrlj Wz’kflj)7

R
Ly = y(‘l’iﬂj -2y + i),
X

—k z:
L3‘l/,kj:S£{thkj+¢;(A )*6\’ ®mw5"
m

of operators Q(x,y,t)%(.)’
"(1) J ©(2)(-)dz respec-

are difference approximations

R(x,y,0) 25 () and S(x,y,0)() + ¢*(y)A
tively.

It is easy to see the local discretization error of numerical
scheme (19) is of order O(&; + 62 + dy).

Let us consider equation (13) rewritten in the form

W, (x,y,0)dt = Q(x,y,1) Yy (x, y,1)di+
R, 1) Wy (x,3,1) + S(x, 3, 1) Y (x, v, 1)) dr+
+¢*(y)x*(t)/E@(z)l[7(x,z,t)dzdt+
+(x,y, ) (x,y,5) (BB}~ 2av;,

v (x,5,0) = ppo (y)go(x),

where the functions O, R and S are stated above, and V; is a stan-
dard Wiener process defined on the probability space (Q,.7,P).

(20)

The following splitting numerical scheme is used to solve this
equation:

‘T’kﬂﬂ 7 et 1/4
e = Loy B,
v 2 ~'k'+1/4 k42/4 k+1 /4

! 3 ! (0“1’/,] B ) 1)
ft3/4 ~k+2/4
Vi Vi k43 ~k42/4
S 1yl B,

St ~J+3/4
i = Ly

where difference approximations Ly, Ly and L3 are defined above,

and
o,
Lyy; = V/”exp{h ) (BiBy) ! —Uk— z’th.

Using definition of approximation accuracy for SDE [11] it can
be shown than local discretization error of numerical scheme (21)
is of order O(Stl/2 +82+6)).

Both of schemes (19) and (21) are used in the next section with
parameters a = f§ = 1/2.

VI. COMPUTATIONAL EXAMPLE

This section demonstrates applicability of proposed numerical
methods for solution both of deterministic and stochastic partial
integro-differential equations (6) and (13). As an example of
system (2) we consider the following observation system on the
interval [0,100]:

Uk+1

! !
X =x0+ /0 (ysfxsf +c(yS,))ds+ /0 b(ys—)dws,
b(y) = (bilg, (v) + b3, (v))y + b7, () + b9 (3),

c(y) = (C{It% (y)+ Mg (3)y+ g (v) + S (),
Yt = Yo+ /O (33 A(5) 4 B VA" (5)] Oy s + M,

Ut:/
0

(22)

xf,ds—l— ew,

where bl = —0.5, bl =1, B9 =0, B9 =0, ¢l =2, o} =

I, &) =-10, § =10, 2 = [-7,-5], %2 = [-2,-1], A=
~0.01  0.01 _[05] L o4
002 —002 |"P°7 | o5 "¢ "

System (22) contains bilinear equation for state component x;,
and its noised cubic observation U;. Note that conditions 1)-6) are
not valid for this system, nevertheless assertions of Theorems 1 and
2 are true, and equations (6) and (13) are correct for description
of pdfs y(x,y,z) and Y(x,y,t). This fact can be proved, basing on
the known solution of Fokker-Plank equation for linear stochastic
differential systems, and the formula of total probability related to
the process y; jumps.

The problem is to obtain an optimal filtering estimate both of
the state z; and generating process 6; = ©(y;).

Calculation was implemented with the following coordinates
and time increments &, = 0.1, 6, =0.05, § =0.1.

Fig. 1 contains 3D-plot illustrating time evolution of marginal
pdf w*(x,1) = [z w(x,y,t)dy based on the solution y(x,y,t) of
(6), and Fig. 2 contains corresponding conditional marginal pdf
Y*(x,t) based on the solution ¥(x,y,?) of (13), ¢ € [0,10]. Fig. 3
contains conditional marginal pdf ¥”(y,¢). Fig. 4 presents both
the results of component x; optimal filtering, and its conditional
accuracy characteristic 67 = \/E{||x; —%;||2|%}, t € [0, 100]. Cor-
responding plots related to filtering of component y, is drawn
at Fig. 5, meanwhile the conditional probability 0, =P{y €
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DU} =P{O(y;)"ey = 1|%} in comparison with its true value

6/ ey is demonstrated at Fig. 6. Conditional probability 6
P{y: € D%} =P{O(y:)*er = 1\%} can be easily calculated
al

using normalization condition: 9 =1-6,.

__As can be seen at Figs. 4 and 6, the quality of estimates X and
th is high by contrast with one of y, which is rather mediocre
(see Fig. 5). Apparently the reason for this feature is related in

some way with identifiability of the state z;.

Fig. 1.

UXx0)

Fig. 3.

VII. CONCLUSIONS

The main results of this paper are equations (11) and (13)
for the conditional pdf of HMM state governed by the special
Markov jump process. Numerical schemes for the solution of
both the deterministic equation (6) and stochastic ones (11) and
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Fig. 4. Filtering diffusion state estimate X; vs its exact value x;, filtering
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Fig. 6. Filtering generating process estimate 6, vs its exact value 6;"e;,

filtering error A’ and conditional MS deviation o;
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(13) is also presented. Nevertheless, there are several interesting
problems that deserve further investigation. First, one can see the
assumptions 1)-6) needed to make equations (6), (11) and (13)
meaningful are substantionally stronger than those that ensure the
existence both the state process z; and its conditional expectation.
Obviously, relaxation of these conditions, e.g. in the same way as
in [15] would be highly appreciable. Second, as was mentioned
in the previous section, mathematical framework for preliminary
identifiability analysis in system (2) state might be very useful.
Third, utilization of rather simple fractional step method for
solution of (6), (11) and (13) is intended to demonstration of the
ability to solve them in principle. At the same time, development
of corresponding numerical schemes based on particle method or
differential geometry approach looks more prospective and effec-
tive. All these problems can be objects of subsequent research.
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