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Abstract— An extension of backstepping design method to
stabilization of nonlinear systems with respect to a set is
presented. Robust version of controller providing the system
with input-to-output stability (IOS) is proposed. The
performance of obtained solution is demonstrated by the
pendulum with actuator example.

1. INTRODUCTION

URING last two decades the problem of stabilizing

control design for nonlinear dynamical systems was
intensively studied see, e.g. survey [10]. As a result the
number of approaches were developed. Method of Control
Lyapunov function (CLF) [4], [5], [22] gives necessary and
sufficient conditions for affine in control nonlinear systems
stabilizable by continuous control. Feedback linearization
approach [8] provides elegant geometric design tool for a
class of nonlinear systems transforming them to linear ones
and allowing to apply a wide spectrum of solutions available
for linear systems. The control design problem for cascades
systems plays an important role among fundamental control
design problems. There are several methods like
backstepping, nested saturation design or forwarding [10],
[12], [11], [16], [29] which allow to design a stabilizing
control for a class of nonlinear dynamical systems fitting
some structural conditions (e.g. well defined relative degree,
minimum phase property, low-triangular model of the plant).
Passification design method is focused on stabilization of a
class of nonlinear systems possessing weak minimum phase
property [17], [7]. There exist robust versions of the above
approaches mainly based on input-to-state stability (ISS)
theory [23], [25], [26].

Another promising topic deals with the problem of
nonlinear systems stabilization with respect to set [7], [15],
[18]-[21], [30] (part of variables or output). Such problem
arises in oscillation or synchronization control, energy level
stabilization in mechanical systems, maneuvering problem
or in robotic applications. Robust analogues of stability with
respect to set or output were formulated in [13] and [9],
[27], [28] in IOS framework (as extension of ISS property
for systems with output).

Although set stabilization algorithms are demanded in
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practical applications, the corresponding part of theory
dealing with control design is developed only for CLF
approach [6], feedback linearization [7], [30] and
passification [19], [20]. Paper [l4] analyzes robust
properties of energy level stabilization control for a
pendulum. To our best knowledge, no results in set
stabilization by backstepping are available.

In this paper we attempt to provide such result. Also we
investigate robust properties of proposed control laws basing
on IOS theory. In Section 2 preliminary results and
definitions are summarized. Section 3 contains problem
statement and control design results for stabilization with
respect to set. In the second part of Section 3 robust
properties of proposed controls are also analyzed. The
problem of robust energy level stabilization for a pendulum
is considered in Section 4.

II. PRELIMINARIES
Let us consider a nonlinear dynamical system
x=f(x,u), y=h(x), (N
where xeR" is state vector; ueR™ 1is input vector;
yeR? is output vector; f and h are locally Lipschitz
h(0)=0, £(0,0)=0.

Euclidean norm will be denoted as |X|, and ||u||[t t]
0,

continuous vector functions,

denotes the L norm of the input (u(#) is measurable and

locally essentially bounded function w:R, —R™,
R, ={teR:t>0}):
||u||[t0’T]=esssup{|u(t) S te[to,T] },

if T=+oo then the notation |u| will be used. We will
denote as M. the set of all such Lebesgue measurable

inputs u with property ||u||< +o00 and Mp will be the set

of inputs u such that u(#) e Q< R™ for almost all >0,
where Q is a compact set. For initial state x; and input
uc ﬂ\/lRm let x(t,xp,u) be the unique maximal solution
of (1) (we will use notation x(¢) if all other arguments of

solution are clear from the context;

y(t,xo,u):h(x(t,xo,u))), which is defined on some
finite interval [O,T ); if T =+ for every initial state x

and ue My, , then system is called forward complete.
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System (1) has unboundedness observability (UO) property,
if for each state x, and input ue M, such that T <+

necessarily
lim sup|y(t,x0,u)| =400,
t—>T
Boundedness of UO output means forward completeness.
The necessary and sufficient conditions for forward
completeness and UO properties were investigated in [1].
Distance in R” from given point x to set A is denoted as

|x|ﬂ:dist(x,ﬂl):ni£1;|x—n| and |x|0:|x| is standard

Euclidean norm.

As usual, continuous function ¢: R, — R, belongs to
class K if it is strictly increasing and G( 0) =0; it belongs
to class K, if it is additionally radially unbounded; and
continuous function B:R, xR, — R, is from class KL, if

it is from class K for the first argument for any fixed
second, and it is strictly decreasing to zero by the second
argument for any fixed first one.

It is said that system (1) has bounded-input-bounded-state
(BIBS) property, if inequality

[ x(t,xg.w) [<max{8(|xo | L8| u )}, 120
holds for some function 3 € K and for all x, € R" and
ue My .
stability modulo output (GSMO) property:
|x(t,xo,u)|2v(|y(t,x0,u)|), te [O,f) =

[x(toxg.w) < max{ (| xo b [ulfy 7))} v [0.)

ue Myn,

Another one characterization of (1) is global

where functions veK,, pneK and xyeR",

T<T.1If ueMg, then the term ”(”u"[of)) can be

dropped in the last inequality. It is worth to note, that
GSMO property and boundedness of the output ensure
BIBS. Additionally, if set Z = {x: h(x) =O} is compact,
then system possesses GSMO property. Symbol
DV(x)F(-) will be used for directional derivative of
function J with respect to vector field F if function V' is
differentiable and for Dini derivative if function V is
Lipschitz continuous.

Definition 1 [9], [27]. 4 UO system (1) is IOS, if
there exist p e KL and vy € K such, that

|y(t,x0,u)|SB(|x0 |,t)+y(||u||), t>0
holds for all x, € R" and we M, . o
Definition 2 [9]. For system (1), a smooth function

V and a function .:R" — R, are called respectively an

10S-Lyapunov function and auxiliary modulus if there exist
0,0, € Ky, such that inequalities

a1(|h(x)|)SV(x)S0L2(|x|) 2)
hold; there exist y € K and o3 € KL such, that
V(x)>x(|u|):> DV(x)f(x,u)S—og(V(x),X(x)) 3)
for all xy €R" and all ue Mg,
8 e K such that for any T >0

V(x(t,xo,u))>x(|u(t)|), te[O,T):>

X(x(l,xo,u))SmaX{SUXO|),8(||u||)}. o
In [28] IOS-Lyapunov functions was introduced for BIBS

and there exists some

system (1), in this case one can use |x| as auxiliary

modulus A.

Theorem 1 [9]. Suppose that system (1) is UO. The
following are equivalent for the system:

—itis 10S;

— it admits an 10S-Lyapunov function. o

If input u takes values in compact set Q< R”, then
there is another characterization of output stability.

Definition 3 [9], [27]. 4 forward complete system

(1) with inputs from Mg is UOS, or uniformly output

stable, if there exists p e KL such, that

|y(t,x0,u)|£B(|x0 ,t), t>0
forall xy e R" and ue Mg . o
Definition 4 [9], [28]. For system (1), a smooth

function V are called
respectively an UOS-Lyapunov function and auxiliary

modulus if there exist ay,0, € K, so that (2) holds and

and a function A:R" >R,

there exists a3 € KL such that

DV( x) f( x,u)S—oc3(V( x),%( x)) “)
is satisfied for all xqgeR" and all we Mg, and M\ is
locally  Lipschitz on the set {x:V(x)>0} and
X(x(t,xo,u))ﬁk(xo). O

Theorem 2 [9], [28]. Suppose that system (1) is
Sforward complete and weMq. The following are

equivalent for the system.
—itis UOS;
— it admits an UOS-Lyapunov function. i
In work [6] the corresponding CLF formulations are
given for the tasks of IOS and UOS stabilization.
Lemma 1. Let system (1) with inputs we Mg be UO

and there exist a continuously differentiable function
V:R" - R,, which admits (2) and with oy eK for all

xeR" and ue Mg
oV /ox f(x,u)<—agy(y]).
If function n(x,u)=0h/0x f(x,u) is bounded for boun-
ded values of V(x) and uwe Mg, then system is UOS. m
Proofs of the lemma and all theorems are excluded due to
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space limitation. It is said that system (1) is ¥ -detectable

[19] with respect to continuous function ¥ :R" — R, on

set X < R", if for all x; € R" and u=0 the following
property holds:

X(,x0,0)e X , V20 = lim V(x(2,x(,0))=0.

t—>+o©
Sufficient conditions for system (1) to be V' -detectable are
presented in work [19].

III. MAIN RESULTS
Let us consider the model of the plant
x=f(x,z,d;), y=h(x), 6)
z=u+d,, (6)
where xeR" is state vector of system (5). The system
should be stabilized with respect to set Z = {x th(x)= 0}

defined by zero level of output vector ye R”; zeR" is

state vector of system (6); ueR™ is control vector;

d; e R, d, e R% are vectors of external disturbances,

d=(d;,d,)eR?, g=gq;+q,. Functions h:R" — R?
and f:R""*% 5 R" are locally Lipschitz continuous,
£(0,0,0)=0. As usual [12] we assume that there exists
some continuously differentiable feedback control law
k:R" — R™ such, that system

x=f(x,k(x)+e,d;) (7)
possesses UOS or 10S properties with respect to output y
and input d; for e=0, where variable e corresponds to
e=z—-k(x). More
precise definition of control k properties will be described

later. Taking into account control k it is necessary to design
control u=U(x,z), which provides UOS or IOS property

“virtual” control realization error

with respect output y and input d for overall system (5),
(6). It is the standard backstepping control problem
reformulated with respect to the output.

Assume that relations 11(| X|Z )S h(x) < 12(| X|Z ) are
satisfied for 1,1, € K, . Therefore, stability with respect to
set Z in the sense of [13] and UOS with respect to output
y (see definition 3) will be equivalent. The above relations

mean that convergence to zero and boundedness of output
function imply the corresponding convergence to zero and
boundedness of the distance to set Z and vice versa. Here
we assume that both state vectors x and z are available for
measurements.

A. UOS stabilization
Let d(¢)=0, ¢>0. The

formulate requirements to “virtual” control k in this case.
Assumption 1. There exist continuously

following assumptions

differentiable functions V:R" - R, and k:R" — R"
such, that
o (h()N <V (x)<ar(x), apoz €Ky (8)
and one of the following properties holds for all xe R",
yeR?, and ecR":
1. System (7) is UO and
oV /ox f(x,k(x),0)<-a3(V(x)), azekK;
2. System (7) is UO and
oV ]ox f(x,k(x),0)<—ay4(|y|),as €K and
oh/ox f(x,k(x)+e0)<p (V) +us(le]), p,up €K; (9)
3. System (7) is GSMO or BIBS and
oV /ox f(x,k(x),0)<—as(|w(x)]), aseK

and system (7) is V -detectable into set X =
= {x cy(x)=0 }, y:R" > R isa continuous function. O
Assumption 2. There exist continuously

differentiable functions V:R" - R, and k:R" — R"
such, that (8) is satisfied and one the following properties
holds for all xe R" and e R™ :
1. System (7) is UO and for aq € K, and 61 €K
oV/ox f(x,k(x)+e0)<—ag(V(x))+oci(le]);
2. System (7) is GSMO or BIBS and
ov/ox f(x,k(x)+e0)<—a;(|y(x)))+oy(le])
and system (7) is V -detectable into set X, o7 € K, and

cr,eK,y:R" > Rlisa continuous function. ]

In the first assumption the control k provides only UOS
property or its analogues for system (7), while the second
assumption establishes 10S-like property for system (7).

Note that opposite to classical works [12] right hand side
of equation (5) depends on z in a nonlinear fashion.

Assumption 3. There exists continuous function

r:R"™"™ > R" s, tforall xeR", 2,2’ eR™, d; e R"

aVaxf(x,z,dl )—a%xf(x,z’,dl )< r(x,z’)T (z-2'). o

The last assumption is satisfied for standard case when
f(x,z,dy)="fy(x,d;)+G(x)z, where f; and G are
locally Lipschitz continuous vector and matrix functions of
appropriate dimensions. In this case r(x)=0V/0x G(x).
Also the last assumption is valid for example if
f(x,z,d;)=1fy(x,d;)+g(x,z), where g is a continuously
differentiable vector function dependent on variable z in
concave fashion, then r(x,z) =0V /0x dg/dz.

Theorem 3. Let assumptions 1 and 3 hold. Then
system (5), (6) with control
u=0k/ox f(x,z,0)-r(xk(x))-¢o(z-k(x)) (10)

possesses UOS property, ¢:R™ — R™ is a continuous

function, 27 ¢(z) > «(|z|) forall ze R™, kK. n
Remark 1. Note, that the third part of assumption 1
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covers the second one under weakening supposition, that for
some pi,pu, € K andall xe R", ee R™ estimate

dw/ox f(x.k(x)+e0)<p (V)+p;(le])
holds instead of GSMO or BIBS properties. o
Theorem 4. Let assumption 2 hold. Then system (3),
(6) with control

u=0k/ox f(x,2,0)—(z-Kk(x)) (11)

possesses UOS property, where ¢:R™ - R"™ is a

continuous  function, ZT(p(Z)ZK(|Z|) for all zeR™,
ke K and x(s)> E(s)-i—max{cl(s),cz(s)}, KeK. m

Let us compare results of theorems 3 and 4 or control
laws (10) and (11). Theorem 3 needs additional assumption
3, but it starts from UOS control k. Theorem 4 assumes
IOS properties for control k and it does not require any
structural properties of function f stated in assumption 3,
but in (11) additional restriction on growth of ¢ is needed.
Using terminology from paper [3] one may say that control
(10) realizes so-called “cancellation backstepping”, while
control (11) corresponds to so-called ” L,V -backstepping”.

Also control (11) is close to algorithms proposed in book
[11] and it is a part of control (10).

B. 10S stabilization

In this section we will consider problem of IOS
stabilization of system (5), (6) and some other variants of
robustification of controls (10) and (11), when closed loop
system possesses integral variants of IOS property. This new
property introduced in the appendix and is called integral
ISS (iISS) with respect to set by analogy with [2], [24]. The
main result of the appendix is formulated in theorem Al.
The result of theorem Al can be used to prove robustness
with respect to integrally bounded disturbances of
passification based controls [7], [17], [18]-[20] (as it will be
done in the next section for the example).

Assumption 4. There  exist
differentiable functions V:R" - R, and k:R" — R"
such, that (8) is satisfied and one the following properties
holds for all xe R", ee R™ and d; e R":

1. System (7) is UO and for ag € K, and 63 e K

oV /ox f(x,k(x),d;)<-ag(V(x))+o3(|d;]);

2. System (7) is UO and for o.q € K, and 64 €K

ov/ox f(x.k(x)+ed;) <—ag(V(x))+o4(le])+o4(ld;]);

3. Set Z is compact and

ov/ox f(x.k(x)+ed;) <-ajo(|w(x))+o5(le))+os5(]d; )

and system (7) is V -detectable into set X , oo € K,, and

continuously

cs5eK, y:R" > Rl isa continuous function. O

This assumption incorporates assumptions 1 and 2 for
control (10) (the first part) and control (11) (the last two
parts).

Assumption 5. There exists a continuous function
b:R™™ — R, such, that for all xe R" and d,,d] € R
with Le K

ok ok , /
|08 Fud) =8 fxadi)[<b(x2)h(dy i ). o
If disturbance d is present, then we should handle

nonlinear dependence of function f in (5) on vector d; .

Theorem 5. Let the first part of assumption 4 and
assumptions 3,5 hold. Then system (5), (6) with control

u=0k/ox f(x,2,0)-r(xk(x))-o(z—k(x))—
(12)
—0.5(1+b(x,z)2 )(z—k(x))

is 10S provided that ¢ :R™ — R™ is a continuous function,
2l o(z)>x(|z|) forall ze R™, xeK,,.

Let the second part of assumption 4 and assumption 5
hold. Then system (5), (6) with control

u=0k/0x f(x,2z,0)-p(z—k(x))-
(13)
—0.5(1+b(x,z)2 )(z—k(x))

possesses  10S  property, where ¢@:R™ - R"™ is a

continuous function, ZT(p(Z)ZK(|Z|) for all zeR™,
KeKy, K(s)2K(s)+04(s), Ke K.
Let the third part of assumption 4 and assumption 5 hold,
and additionally for all x € R", aj,0, € K,
ap(Ih(x)) <7 (x )< as (Ih(x))).
Then system (5), (6) with control (13) is ilSS with respect
toset A={x,z:xeZ,z=k(x)} with 9:R™ - R™ bea

continuous function, ZT(p(z) >x(|z|) for all zeR™,
keK and k(s)2x(s)+05(s), KeK. [
Controls (12) and (13) are robust modifications of
controls (10) and (11) respectively. The difference between
them consists in presence of additional feedback with
respect to error e=z-—Kk(x) with functional gain
1+b(x,z)2. In fact one can hide this gain under sign of
function ¢ . Therefore the price of robustification of

controls (10) and (11) is more stronger requirement the
growth rate for function ¢ .

IV. CONTROL OF A PENDULUM WITH ACTUATOR
Let us consider the following example of system (5), (6):
(14)
(15)
where subsystem (14) corresponds to the forced pendulum
(x; €R is the angle and x, € R is the velocity); 0 is

).Cl =X, ).62 Z—GXZ—O)zsil'l(xl)-f-Z-f-dl;

2:u+d2,

friction coefficient and ® is pendulum frequency; system
(15) models some actuator presence in the input of the

pendulum; d=col(d,d,)e R? is external disturbances
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vector. It is well known that in the absence of friction (i.c.
0=0) the function H(xy,x,)=0.5x5 + > (1-cos(x;))
describes the full energy of the pendulum. The problem is to
stabilize the desired level H * of energy function H . In
this case we can introduce the output function for system
(14) as y = H(x;,x, )—H *, which points out to a compact
set Z. To UOS stabilization of system (14) it is possible to
use well known control law [7], [19]:
K(x),x)=—kxp y+6x,,

Fig. 1. Trajectories of system (14) — (16)

which for positive definite, radially unbounded with respect

to set Z and differentiable Lyapunov function V' =0.5 y2

provides the estimate for its time derivative
V<—(k-05)x3y>+di +e, k>0.5.

First of all note, that according to result of theorem Al
system (14) with control k (e =0) has iISS property with
respect to set Z, that is a new result too. Therefore, all
conditions of the third part of assumption 4 are satisfied with

W(x,X) =%y, oyo(s)= (k—().S)s2 and o5(s) :sz; set
X ={x,x;:xp=0Uy=0} and in paper [19] it was
established V' -detectability property of the system on this
set. Time derivative of control k has form

K(xp,xp) =—kxy y—kxy y+03 =(0—ky)(—0x; —
—o?sin(x;)+z+d))—kxy (—0x5 +xy 2+ Xy dy)
and assumption 5 holds in this case for b(xy,x,,z)=0-

-ky-k x% . Thus, according to theorem 5 control

u=—(K+O.5+O.5b(x1,x2,z)2)(z—k(xl,xz))+ (16)
+kx3 (z=0xy)—(ky—0)|z—0x, — 0 sin(x;) ),

here o(z) =Kz, K >0 provides for system (14), (15) iISS

with respect to set £ property. The trajectories of system

(14)—~(16) for 6=w=1, K=1, k=2, H*=1,

di(t)=d,(t)=0.1sin(2¢)+0.1 are shown in Fig. 1 in

coordinates (xy,x5,e), e=z—K(x],x,). As it possible to

conclude from Fig. 1 all trajectories of the system converge

to small neighborhood of set Z in plane (x,x,) while e

converges to vicinity of zero, the size of neighborhood is
proportional to amplitude of disturbance d .

V. CONCLUSION

The paper presents the extension of backstepping
technique for problem of stabilization with respect to set or
UOS stabilization. Robust version of this result for I0S
stabilization is also proposed. Introduced in the appendix
new 1iISS property with respect to set helps to establish
robust properties of passification controls in tasks of energy
level stabilization.

APPENDIX
Here we will consider a dynamical nonlinear system
x=f(x,u), (A1)

where xe R" is state space vector, ue R" is control or
disturbing input, Lebesgue measurable and essentially
bounded function of time, that is we My, ; f is locally
Lipschitz continuous vector field in R"”, £(0,0)=0. Then

x(#,Xg,u) denotes the system solution with initial value

xg € R" and given ue M defined at the least locally. It

is assumed, that system (A.l) has an uniformly globally
asymptotically stable (GAS) set A for u=0 in the sense
of definitions from [14]. Then according to that work the
system possesses corresponding smooth Lyapunov function

V:R" — Ry with respect to the set A :

oyl x| 4 )70 <[] ). a%xf(x,O)S—oc3(|x| AA2)
where o, a,, o3 are from class K,; function V is
positive definite and radially unbounded with respect to set
A. A positive definite function ¥ : R" — Ry is called
semi-proper [2], if there exist radially unbounded positive
definite function 7 :R" — R, and function me K , such,
that I7(X) =7ol(x). The following result is a slight

extension of Proposition 2.5 proposed in [2].
Lemma A1l. System (A.1) is GAS with respect to
compact set A with zero input u if and only if there exist

smooth semi-proper function V:R" — Ry, a function

oceK and continuous positive definite  function
p: Ry = Ryq, such, that
ov
%xf(x,u)s—p(bit,Zl )+6(|ll|), (A3)
forall xe R" and ue R™ . n

Proofs are omitted due to space limitation. In work [2]
several characterizations of integral input-to-state stability
(iISS) property [21] were introduced. Here we present a
simple development of that results for case of compact sets.
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Definition A1l. Forward complete system (A.1) is
called iISS with respect to closed invariant set A if there
exist functions o€ Ky, yeK and BeKL, such, that for

any xog€R" and all ue Mpn , the solution x(t,xg,u) is
defined for all t >0 and inequality holds:

(x(|x(t,x0,u)|ﬂ )S B(|x0 |A,t)+:{y(|u(r)|)dr, t>20.0

Definition A?2. Continuously differentiable function
W:R" - Ry is called an ilISS Lyapunov function with

respect to closed invariant set A for system (A.1) if there
exist functions a,,0a, € K, o €K and continuous positive

definite function o s., t. forall xe R", ue R™ :

0(1(|X|A )S W(X)SOLZUXL,4 ),

aV%xf(x,u)s—oc3(|x|ﬂ )+G(|ll|). o

If in above definition impose o3 €K, , then one can

recover W as ISS or IOS Lyapunov function with respect to
set A from papers [25], [28]. The following theorem
presents only sufficient conditions for system (A.1) to be
iISS with respect to compact set, while the main result in [2]
provides complete equivalent characterizations for ilSS
property with respect to the origin.

Theorem A1. System (A.1) is iISS with respect to
compact set A if one of the conditions is fulfilled:

1. The system has iISS Lyapunov function with respect to
set A.

2. Set A is GAS for the system with zero input u and for
system (A.1) there exists continuously differentiable, positive
definite and radially unbounded with respect to ‘A function

U:R" > R,y andforall xeR", ueR"
oU
Axf(x,u)£v(|u|),ve7(. [
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