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Delay-dependent Robust Resilient H.. Control for Uncertain Singular
Time-delay Systems

Shugian Zhu, Zhenbo Li and Zhaolin Cheng

Abstract— In this paper, the delay-dependent robust resilient
H.. control is investigated for singular time-delay systems
with norm-bounded parameter uncertainty. First, a new delay-
dependent bounded real lemma (BRL) for the nominal singular
time-delay system is established. Then the problem of robust
resilient H.. control is solved via a resilient controller with
respect to additive and multiplicative controller gain variations,
which guarantees the closed-loop system to be regular, impulse
free, internally stable and satisfies an H.. norm condition for all
admissible uncertainties. The explicit expression for the desired
robust resilient H.. controller is deigned by using the LMIs and
the cone complementarity linearization iterative algorithm.

Index Terms —uncertain singular time-delay systems, re-
silient H.. control, delay-dependent criteria, linear matrix
inequality(LMI).

I. INTRODUCTION

Robust H.. control is an important method of disturbance
rejection in the field of system control. Many results have
been reported about the robust H., control for time-delay
systems. Recently, robust H., control for singular time-delay
systems has also been considered, see [1]-[2]. However, all
the results obtained are delay-independent, so they are likely
to be conservative.

On the other hand, it is worth noting that in practice, con-
trollers do have a certain degree of errors due to finite word
length in any digital systems, the imprecision inherent in
analog systems and need for additional tuning of parameters
in the final controller implementation. Such controllers are
often termed “fragile”. Hence, it is considered beneficial that
the designed controllers should be capable of tolerating some
level of controller gain variations. Recently, some efforts
have been developed to tackle the non-fragile controller
design problem [3]-[5]. To the best of our knowledge, there
are no previous results on delay-dependent robust resilient
H.. control for singular time-delay systems in the literature,
which has motivated our research.

In this paper, the problem of delay-dependent robust
resilient H., control is discussed for uncertain singular time-
delay systems. The considered time-delay is constant but
unknown. First, a new delay-dependent bounded real lemma
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(BRL) for the nominal singular time-delay system is es-
tablished. Then by using the idea of generalized quadratic
stabilization, the sufficient conditions are proposed for the
existence of the delay-dependent robust resilient H.. con-
trollers respect to additive and multiplicative controller gain
variations. And cone complementarity linearization iterative
algorithms are given to design the resilient H.. controllers
such that the resultant closed-loop systems are regular, im-
pulse free, robust internally stable, and satisfy an H.. norm
condition with a prescribed level.

The notation L,[0,e0) represents the space of square-
integrable vector functions over [0,e), the norm of f(¢) €
L,[0,e0) is defined as || f ||,= (fome(t)f(t)dt)%. For a given
stable continuous-time transfer function matrix G(s), its He
norm is defined as || G(5) [|«= sup Oua(G(j®)). The

0e[0,00)
symbol * will be used in some matrix expressions to induce a

Y] [ X v
z || YT z |
II. PROBLEM STATEMENT AND PRELIMINARIES

Consider the following class of uncertain singular time-
delay system:

. X
symmetric structure, for example, [ .

Ex(t) = (A4+2DA)x(1)+ (ATJrAAT) (t—1)
+Bl”() (B Z)W(t) (1)
A1) = (G+AG)x(1)+Dulr)
x(r) = (), te[-1,0]
where x(r) € R" is the state, u(r) € R? is the control
input, w(r) € R" is the disturbance input that belongs
to L,[0,00),w(0) = 0,z(t) € R® is the controlled output.

E,A,AT,BI,B2,G and D are known real constant matri-
ces with appropriate dimensions, 0 <rankE = p < n. T is
an unknown but constant delay and satisfies 0 < 7 < T,
¢(t) € C, ¢ is a compatible vector valued initial function.
AA,AA,AB,,AG are unknown time-invariant matrices
representing norm-bounded uncertainties which are assumed
to be of the following forms:

AA  NA; AB D
G . *2]:{D;}F[El E; E, | (2a)

FTF<I, FecR™ (2b)

where D, € R"™, D, € R/, E, € R/, E; € R’™" E, €
R7*" are known real constant matrices and F is an uncertain
real constant matrix.

Our aim is to develop a resilient controller:

u(t) = (K + AK)x(t) (3)
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such that the closed-loop system constructed by (1)-(3):
Ex(t) = (A, + DA )x(t) + (A + DA)x(t — 7)

+ (B, + AB,)w(r) @)
Z(t) = (G, + AG)x(1)
x(r)=¢(t), te[-1,0]

for any constant time-delay 7 satisfying 0 < 7 < T,

1) is regular, impulse free and robustly internally stable (i.
e. the closed-loop system is robustly asymptotically stable
when w(t) = 0);

2) || Gow(s) ||«< 7y, where G, (s) is the transfer function
from the disturbance input w(z) to the controlled output z(z),
Y > 0 is a prescribed constant (that is, under zero initial
condition, || z|[,< 7| w ||, for all nonzero w € L,[0,°));
where A, = A+ B K,AA, = AA + B|AK,G, = G +
DK,AG, = AG+DAK.

In this case, the controller (3) is called a robust resilient
H.. controller for the system (1).

Remark 1: About the definition that the singular time-delay
system is regular, impulse free and asymptotically stable, it
can be referred to [6].

About the controller gain variations, two forms will be
considered:

a) Additive controller gain variations:

AK =D;FE;, F{F<I; (5a)
b) Multiplicative controller gain variations:
AK =D,FE,K, F{F,<I (5b)

where D,,i = 3,4, are known real constant matrices and
F;,i = 3,4, are uncertain real constant matrices.

AA,ANA,AB,, AG and AK are said to be admissible if
(2) and (5) are satisfied.

To get the main results of this paper, the following lemmas
are needed.

Lemma 1 [6]: The singular time-delay system

Ex(t) = Ax(t)+Ax(t—1),
x(t) = o), t€[-1,0]
is regular, impulse free and asymptotically stable for any

constant delay 7 satisfying 0 < 7 < 1,,,, if there exist matrices
0>0,X>0,Z>0 and PY satisfying

(6)

PE =ETPT >0,

' PA,—Y+1,ATZA,
T <07
x  —Q+1,ATZA;
X v
[ x ETZE ] 20,

where T=ATPT + PA+Q+ 1, X +Y +YT +1,ATZA.

Lemma 2 [7]: For any matrices D,E,F with appropriate
dimensions and a scalar € > 0, where F satisfies: FTF <1,
the following inequality holds:

DFE+ETFTD" <& 'DD" +¢ETE.

III. ROBUST RESILIENT H., CONTROL
First of all, consider the nominal unforced system of (1):

Ex(t) = Ax(t)+Ax(t—1)+B,w(t)
A1) = Gx(r) (7)
x(t) = ¢(I)a re [—T,O]

For delay-free normal systems, the necessary and sufficient
condition guaranteeing the H.. cost is stated in the well-
known bounded real lemma (BRL). In the following lemma,
we will present a new delay-dependent BRL for singular
time-delay system (7). However, unlike the BRL for delay-
free normal systems, the proposed BRL gives only a suffi-
cient condition.

Lemma 3: For some prescribed value y > 0, if there exist
matrices Q > 0,X > 0,Z >0 and P, Y satisfying

PE=ETPT >0, (8a)
ATPT L PA+ Q4+ 1,X+Y+YT +G'G
ES
*
*
PA.—Y 1,A"Z PB,
-0 1ALz 0
« 1.2 twzB, | =0 (86)
* * —y21
X v
|: * ETZE :| 207 (86)

then the system (7) is regular, impulse free, internally stable
and satisfies || Gy ||< 7y for any 7:0 < 7 < 1.

Proof: By (8) and Lemma 1, it is easy to see that the
system (7) is regular, impulse free and internally stable.
Next to prove || Gy ||«< 7, that is, under the zero initial
condition ¢ (¢) =0, € [—7,0], we have || z ||,< 7| w/|l,, Yw €
L,[0,00),w(0) = 0. Noticing that (E,A) is regular, impulse
free and ¢(¢) = 0, € [—7,0], so there exist nonsingular
matrices M,N such that the system (7) r. s. e. (restricted
system equivalence) to

Ey(t) = Ay(t)+Ary(t—1)+Byw(t),
(1) = Gy(), 9)
y(it) = 0, t€[-1,0]
where

3(6) = N-1x(r) = [ 28 } E = MEN = “)’ gj,
10a)
A=MAN = [ /2)] I,,(i,, ] (10b)
B, = MB, = [ ?2 ] G=GN=[G, G,], (10¢)

y,(t) ER?, B, €RP*I, G, €R"P.

And define matrices P,Q,X,Y,Z as follows:

5. _| 9 @
| a=wron=[ % & |
(11a)

(10d)

Pll P12

P:=N"Pm!= {
21 22



X :NTXN: |: Xll X12 :|7Y::NTYN: |: ))jll §12 ,
* 22 21 1
11b)
Z=MTzM ' = [ Zi Zn ] (11c)
* 22

It is obvious that the inequalities (8) hold if and only if

PE=E"P" >0, (12a)
ATPT 4+ PA+Q+ 1, X +V +YT+GTG
*
*
*
PA,-Y t,A"Z PB,
-0 t,AlZ 0
* —TwZ TuZB, <0, (12)
* * —’1
X Y
[ v ETZE ] 20, (12¢)

Pll P12

22 _
Schur complement argument and (12b) that P is nonsingular

and then P;; > 0. It follows from (10), (11) and (12c) that
Xy X Yy Yy

It is easy to prove that the matrix P satisfying (12a) is of the
form: P = [p

} Furthermore, we can obtain form

Xy Yy Yy >0

* * Z,; 0 =7 (13)
* * * 0
so Y, =0,Y,,=0,1i. e,
= | Y, O
[pgl
Define Lyapunov-Krasovskii functional:
_ 1
V() =y" (t)PEY(t )+ Y "(s)0y(s)ds
+/ / a)ETZEy(a)dodB.  (15)
-7 t+ﬁ

Using y,(t) —y,(t— 1) = [/_,¥,(a)d e, calculating the time-
derivative of V(y,) along with the solution of the system (9)
yields:

)
T[Qn QIZH%

+oyT (VETZEY(1) — [ 31 ()23, (o) dox

T
} [ GIG, Gic2 } {yl(t
* G;G, ¥, (

where
f0=| M o+ 7 s
A i @de
ol e 5 o

From (13) we have

(t) ]T[Pn P12:||:A11:| t
2 T o)do
{yz(t 0 Py Ay Jize3i (@)
a0 1[0 0 e T ne
= Ji—z | 000) * 0.0y || »n) |da
L yl(a) ] [ = 0 yl(a)
- - T -
. i (1) X, X 1L ¥ (2)
< Ji-t }’2(1) Xy I Xz(f) do
| V(@) | * * 2y yi (o)
T
_T{ ¥ (1) ] {Xu Xi» } {yl(t) ]
¥, (1) * Xy ¥p(1)
T
¥ (1) ] { I, }
+2 t)—y, (t—7
] e
+ftl—r5’1T(a>ley1(O‘)dO‘
(17)
where
O, =P A —PpAn, O, =—PpA,,
I, =Y, + 6, I, =Y, +0,.
So
V) |g) +7 (O2(t) = P (0)w(r)
¥ (1) ¥ (1)
y2(t) )’2(0
< | nE=1) | E| yt—1)
Y (t—1) y(t—1)
w(t) w(t) (18)
+ Ty’ (ET ZEy (1)
(1) (1)
=|yt—1) | | y(t—1)
w(t) w(t)
with
En 512 Ei i Zis
_ * 0 Ep PpAn =Yy PpAn, PpBy,
== * * 1 0, 0
* * * -0, 0
* * * * —yzl
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[84]

11 =PA AP+ O+ X
+Y,, + Y +GIG,,

12 =)+ Py + TaXpp + Q1 + G Gy,

13 = PpAg TPpAL 1y,

14 = PrAg +PpA L,

Eis = P By +PpBy,

By = Py +Ph+ 0y + 10Xy, +G1 Gy,

1 [ [ [1]

PA+ATPT + 0+ 1,8 -~ o -
. 47477 +org  PATY PB
o * -0 0
* —7’1
AT AT 17
+1. | AT |Z | AT
Bl B

From (12b) and Schur complement argument, it gets IT < 0.
Then integrating from O to o on both sides of (18) yields:

L0 gy dr+ [ 001

_p / W (1)w(t)dt <0, (19)
0
that is,

Iz I3< P 1wl +V00) o =V = - (20)

Noticing V(y,) |,_o= 0,V (¥) ;== 0, we lead to
Izl vlwlly YweLy0,20), w0, (21)
which implies that || G, ||~< 7 and the proof is completed.
|

Based on Lemma 3, we are now in the position to give
the design method for the robust resilient H. controller (3)
in the light of two forms of controller gain variations.

For the additive controller gain variations, the uncertain
matrix AA, and AG, in the system (4) can be written as

AA =Dy BE, NG, = DyuFE, (22a)
where
Dklz[Dl B, D; ]’ Dkzz[Dz DD; ]v
| E | F 0
ae[g] a-[C 2] o

By Lemma 3 and using a Schur complement argument, it
can be obtained that for some prescribed given y > 0, if
there exist matrices O > 0,X > 0,Z > 0,P,Y satisfying

PE =ETPT >0, (23a)
| P(A+DA) =Y 1u(A +0A)Z
Tn(Ar + A:AT)TZ

*

— Tl
&

*

T
* -0
*
*
*

*

*

P(B,+AB,) (G, +AG)T
0 0
TnZ(B,+ AB,) 0 <0, (23b)
—y21 0
* —1I
X Y
[ . ET7E ] >0, (23¢)

with Y} = (A, + AA)TPT + P(A, + DA + O+ TuX +T +
YT, then for any 7:0 < T < T,,, the closed-loop system (4) is
regular, impulse free, robustly internally stable and satisfies

| Gow [|l< 7.
Define
Y, PA.-Y t.A(Z PB, Gf
* -0 TmAgZ 0 0
Q, = * * —TuZ ‘L’mZB2 0
k ES * —]/21 0
k * * k *I

withY, =A] PT + PA, + O+ 17,X + Y + Y7, then by Lemma
2, we have

Q =Q,
= = T
PD,,  PD, El 0
9 0 F 0 0 Ef
+ | TZDy, TwZD, & F] 0 0
0 0 0 E
?kz _0 0 0 .
PD,,  PD, El 0
9 0 [ F 0 0 Ef
+(| wZD, TWZD, 0ij| o o | )
0 0 L 0 ET
Dy, 0 0 0
= = T1r = T
PD,,  PD, PD,,  PD,
0 0 0
€| ZD, TwZD, TwZD,, TuZD,
0 0 0
D, 0 || Dy , 0
El 0 El 0
0 EI 0 EI
+e '] 0 0 0 0
0 EI 0 EI
0 O 0 O

(24)
Denote DD” := D,DI + D, D!, by Schur complement ar-
gument, if there exist matrices O > 0,X >0,Z > 0,P,Y and
€ > 0 satisfying

(Y, PA.-Y 1,AlZ+¢€t,PDD"Z
* -0 I‘mA;Z
* * ~1,Z+€et2ZDD"Z
* * >k
* * k
k * k

L * * *
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PB, GI'+ePD, DI, Ef 0
0 0 0 ET
©wZB,  €1,ZD, D}, 0 0
-7 0 0 ET | <0, (25
* —I+€eD,Dl, 0 0
* * —el 0
* * * —&l |

then the above Q,X,Z,P,Y are sure to satisfy (23b),
where Y; = Y, + ePDD"P". Pre-multiplying by
diag{P~',P~1,Z7" I.I,1,I} and post-multiplying by
diag{P~T,P~T Z=1.I.1,I,I} on both sides of (25), and
letting

P:=P 1 0:=P 0P T X =P 'XPT,

Y:=P 'YP T 2:=7""W:=KP", (26)
then that the inequality
(Y, APT-Y Y5 B,
* -0 7, PAT 0
* * ~t,Z+etiDDT  1,B,
* * * —721
* * * *
* * * *
L * * * *
PGT +WTDT +eD, DI, PET 0 ]
0 0 PET
etwD,, DI, 0 0
0 0 EI |<0. (27)
—I+¢eDy,Df, 0 0
* —el 0
* * —&l

with

Y, =PAT +APT +BW +WTBT + 0+ 1, X
+Y +YT +eDDT,
Y5 = 1, (PAT + WTBT) + e1,,DDT
has solutions Q > 0,X > 0,Z > 0,PY,W and € > 0 is
equivalent to that (25) has solutions Q > 0,X >0,Z > 0,P,¥
and € >0, where K=WPT.

Analogously, combining with (26), we obtain that (23a)
and (23c) have solutions X > 0,Z > 0,P,Y is equivalent to

EPT =PET >0 (28a)
and
X Y
« epTz-1pgT |20 (285)

have solutions X > 0,Z > 0, P,Y. Thus the following theorem
is obtained as:

Theorem 1: Consider the uncertain singular time-delay
system (1), if there exist matrices O > 0,X >0,Z>0,P,Y,W
and a scalar € > 0 with P nonsingular, satisfying inequalities
(27) and (28), then the controller with respect to the additive
controller gain variations:

u(t) = (WP T +DyFE)x(t) (29)

is a robust resilient H.. controller for the system (1).

For the multiplicative controller gain variations, the uncer-
tain matrices AA, and AG, in the system (4) can be written
as

AAk:DCIFCEC, AGk:DczFCEC, (30a)
where
Dclz[Dl B]D4]’D62:[D2 DD4L
. E, | F 0

Denoting DD” := D, DT + D, D!,, we have:
Theorem 2: Consider the uncertain singular time-delay
system (1), if there exist matrices Q >0,X >0,Z>0,P Y, W

and a scalar € > 0 with P nonsingular satisfying (28) and

[ Y, APT—Y Y, B,
* -0 T, PAL 0
* * —TnZ+ ET,%LDDT TnB,
* * * —7y21
* * * *
* * * *
* * * *
L * * * *
Y PEl WTE] 0 ]
0 0 0  PET
etnD, D, 0 0 0
0 0 o Ef
r+epph, o o o | <% GD
* —el 0 0
* * —el 0
* * * —e&l

with

Y, =PAT +APT + B W +WTB! + 0+ 1,,X
+Y +YT +eDDT,

Y, = 1,,(PAT + WTBT) + e1,,DD"

Yy =PG" +W'D" +eD DL,

then the controller with respect to the multiplicative con-
troller gain variations:

u(t) = (I+D,F,E,)WP " x(t) (32)
is a robust resilient H., controller for the system (1).

It is clear that the nonlinear term EPTZ~'PET in (28b)
makes that (28b) is not conformable to a LMI. However,
by using the cone complementarity linearization iterative
algorithm proposed in [8] by minor modification, we can
convert (28b) to solving a sequence of convex optimization
problems subject to LMIs.

Without loss of generality, it is assumed that E =
[ I, 0

0 0],then

_| P
=N
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where P, € RP*P. Y|, € RP*P P;; >0 and P is nonsingular.
Introducing new variables U > 0,7}, > 0,5,; >0 and V;; >
0, and denote

X:[Xn X ],U: [ Un gu]

34)
* Xy * 2 (

with X, € RP*P U, € RP*P. Then it is easy to see that if
there are solutions P,X >0,Y,Z>0,U>0and V;; >0,5,, >
0,7}, >0 to (33), (34) and

uz=1I, (35)
X X Yy
x X Y, | >0, (36)
* * T11
Un Vi |5 (37)
* S, |
PV =1 1,8, =1, (38)

then (28b) has solutions X,Y,Z and P. Then the problem of
designing the robust resilient H., controller with respect to
the additive controller gain variations can be considered as
a cone complementary problem subject to LMIs:

Minimize {tr((UZ)+te(P,,V,, +T,,5,,)} (39)

subject to
0>0X>0,Z>0,U>0,e>0,
P, >0V, >0,T;, >0,5, >0,

U 1 P, 1 T, I
R N E
and (27), (33), (34), (36), (37).

Notice that the above problem is a non-convex optimiza-
tion problem. To solve the problem, we follow the iterative
linearization method via minor modification proposed in [8]
to solve this problem, and get the algorithm described as
follows.

Algorithm 1:

(1) Make sinTular value decomposition to matrix E:

(40)
B

OEV = | =

0 8 , where U,V are orthogonal matrices and

_1
Y € RP*P is a diagonal matrix. Let M = { 202 (I)}Uand
_1
N=V|Z? Ol pheni=men=| " | Takem,n
0 I 0 0

as the transformation matrices, then system (1) is r. s. e. to:

Edt) = (A+DA)R(0)+ Ao+ DA — 1)
+B,u(t) + (By + AB,)w(t), )

) = (G+AG)R) +Dult),

) = N7'¢@t), te[-1,0]

where, A = MAN, A, = MA;N, B, = MB,, B, = MB,,
G =GN, AMA =D|FE,, ANA; = D|FE;, AB, = D,FE,,
AG = D,FE,, D, = MD,, E, = EN,E; = EN.
Correspondingly, let E; = E;N. For convenience,
we still  denote E,A,A;,B|,B,,G,D,E,E;,E; as
E,A,A,B|,B,,G,D,E|,E;,E;.

(2) For given 1, > 0, find a feasible set Q,X,Z P,
Y W,U,P,;,V,,8, Ty, € satisfying (27), (33), (34), (36),
(37) and (40). If there are none, exit. Otherwise set U(®) =
U,z20=7,PO =p, v =v, , TO =1,,,50 =5, and
verify the condition (28b). If (28b) is satisfied, then the
robust resilient H., controller is designed as

u(t) = (WP™T +DF,E;)N ' x(1). (42)

If (28b) is not satisfied, set the index of the objective function
in the next step as k =0 and go to step (3).

(3) Solve the following convex optimization problem for
the variables 0,X,Z,P,Y,W,U,P,,V,,S,,,T;, and €:

Minimize { tr(UMZ +2z®0)
+r(POV + VP +THS, +5s0T) }
subject to (27), (33), (34), (36), (37) and (40).

Set Ukt — y zk+) — Z,Pl<’l<+1>
V11’T1(1k+1> = Tllvsﬁﬂ) =5

(4) Verify the condition (28b). If condition (28b) is sat-
isfied, then the robust resilient H., controller is designed as
(42). If condition (28b) is not satisfied within a specified
number of steps of iterations, then exit. Otherwise, set the
index k of the objective function in step (3) as k+ 1 and go
to step (3).

Remark 2: The algorithm to design the the robust resilient
H.. controller with respect to the multiplicative controller
gain variations can be obtained by minor modification to
Algorithm 1.

yk+1) —

= Pll7 11
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