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A Notion of Controllability for Uncertain Linear Systems with Structured
Uncertainty

Ian R. Petersen

Abstract— This paper introduces a notion of possible con-
trollability for a class of uncertain linear systems with struc-
tured uncertainty described by averaged integral quadratic
constraints. This notion relates to the question of when a state
is controllable for some possible value of the uncertainty. This
question may arise which considering modeling and realization
theory for uncertain systems. The paper presents an algorithm
for finding the possible controllability function which is related
to the controllability Gramian for linear systems and the
corresponding controllability cone.

I. INTRODUCTION

The notion of controllability is one of the fundamental
properties of a linear system; e.g., see [1]. One reason for
considering the issue of controllability for uncertain systems
might be to determine if a robust state feedback controller
can be constructed for the system; e.g., see [2]. In this case,
one would be interested in the question of whether the system
is “controllable” for all possible values of the uncertainty.

For the case of linear systems, the issue of controlla-
bility is also central to realization theory. For example, it
is known that if a linear system contains uncontrollable
states, a reduced dimension realization of the system’s input-
output behavior can be obtained by considering only the
controllable states. For the case of uncertain systems, a
natural extension of this notion of controllability is to con-
sider possibly controllable states which are “controllable”
for some possible values of the uncertainty. The aim of
this paper is to introduce a notion of possibly controllable
states for uncertain systems which will provide insight into
the structure of uncertain systems as it relates to questions
of realization theory; e.g., see [3]. The notion of possible
controllability introduced in this paper involves extending
the definition of the controllability Gramian to the case of
uncertain systems; see also [4]. The framework considered
is similar to that of [5] where a dual problem of robust
unobservability is considered.

As in the papers [6], [7], the uncertain systems considered
in this paper will use an averaged integral quadratic con-
straint (IQC) uncertainty description. The paper shows that
the notion possible controllability is related to the solution
of a Riccati differential equation and a duality connection
is established between the notion of possible controllability
and the notion of robust unobservability considered in [5].
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II. PROBLEM FORMULATION

We consider the following linear time-varying uncertain
system defined on the finite time interval [T, 0]:

k
B(t) = AW)z(t) + B(t)u(t) + ) Cs(0)E(0);
s=1

W) = Kot +Goult), s=1,2,...k (1)

where z(t) € R" is the state, u(t) € R™ is the
control input, z1(t) € RM, 2(t) € R, ... 2 () €
R are the uncertainty outputs, £(t) € R™, &(t) €

R™,...,&(t) € R™ are the uncertainty inputs, and A(-),
B()’ Cl(')7 02(')7 ceey Ck()’ Kl('); KQ(')J ey Kk(),
G1(+), Ga(+), ..., Gi(-) are bounded piecewise continuous

matrix functions defined on [T, 0].
a) System Uncertainty: The uncertainty in the above
system is described by a set of equations of the form:

&) = ds(t,x()|g) fors=1,2,.. .k (2

Alternatively, the uncertainty inputs and outputs may be
collected together into two vectors. That is, we de-

fine £(t) £ [Ga(t) &) ... &) ) and =(t) =
[21(t)" 22(t)" ... 2zi(t)’ ]'. Then (2) can be re-written in

the more compact form

() = ®(t, 2(-)p)- 3)

We consider finite sequences of uncertainty functions of
the form (3) such that the following constraint is satisfied.

Definition 1: (Averaged Integral Quadratic Constraint)
Let d; > 0,dy > 0,...,d; > 0, be given positive constants
associated with the system (1). We will consider sequences
of uncertainty functions § = {®!(-),®%(-),...®9(-)} of
arbitrary length ¢q. A sequence of uncertainty functions S is
an admissible uncertainty sequence for the system (1) if the
following conditions hold: Given any ®*(-) € S, any control
input u(-) € Ly[-T,0], and any corresponding solution
{z(+),€(-)} to equations (1), (3) defined on [T, 0], then
€i(-) € Lg[-T,0] and

I 9 ,
O [ Gg@rP -l < @
=17

fors =1,2,..., k. Here Ly[—T, 0] denotes the set of square
integrable vector functions defined on the set [—7, 0] and ||- ||
denotes the standard Euclidean norm. The class of all such
admissible uncertainty sequences is denoted =.

Given any uncertainty sequence S =
{®1(:),®2(:),... ®%(-)}, we denote any corresponding
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sequence of control inputs U = {u'(:),u?(:),...u?(-)}
where u'(-) € Lo[-T,0] Vi = 1,2,...,q and we write
U e Li[-T,0].

Definition 2: The possible controllability function for the
uncertain system (1), (4) is defined as

c 0

€. 5)
+fﬂww%]

1Y
sup inf inf
e>18$e UELI[—T,0] qz

where z(0) = z¢ in (1).

This definition modifies the definition of controllability
function given in [4] to the case of linear uncertain systems
and is closely related to the standard definition of the
controllability Gramian for linear systems.

Notation. D 2 {d=[dy do ... di]:d; >0 Vi}.

Definition 3: A non-zero state zog € R"™ is said to be
possibly controllable for the uncertain system (1), (4) if
supgep Le(xo) < oo. The set of all possibly controllable
states for the uncertain system (1), (4) is referred to as the
possibly controllable cone C; i.e.,

c2 {xER”:such(:c) <oo}.

deD
III. THE MAIN RESULT
A. A Family of Unconstrained Optimization Problems.

For the uncertain system (1), (4), we define functions
VE(zo, ), V.S(z0) and Vi (zg) as follows:

|l=(=T)II”

[€()su()]€Le [T A] €

x o ul?
“f
-T

Ve(zo,N) =

k
FXnlal? | a
Xl

©6)
subject to z(\) = zo;
Vi(zo) 2 Vi(wo,0);
Vi(zo) = supVy(xo).
e>0

Here 1 >0, 2 >0, ..., 7, > 0 are given constants.

B. An S-procedure Result.

For the system (1) a corresponding set Q) C Lo[—T, 0] is
defined as follows:
A { AC) = [2() ul) €C)] < [€(),ul-)] € Lo [T, 0], }

{z(-),u(-),&()} satisfy (1) with 2(0) = x,
(N

Also, we consider the following set of functionals mapping
from (2 into R:

Fo(z(),u(-), €()),

Fio(2(), u(-),€())-

Lemma 1: Suppose that for any se-
quence contained in the set Q
{[CU()7 u()7 5()]17 [‘T()7 u()7 5()]27 SRR [‘T()7 u()7 5()](1}
such that

D F(e(),ul). 600 = 0
i=1
> Fellz(),ul),€0)) = 0; ®)
=1
we have .
> Follz(-), ul),6()") = 0. ©)
i=1

Then there exist constants 79 > 0, ... ,7x > 0 such that

Zf:o 7; > 0 and

T()Fo( ( > Z Tle
for all [2(), u(),£()] € O
Proof. We first define a subset of R¥*!

Fo(a(), u(),€()
pa) | A0 u0).€0)

Fie(x(-), u(-),€())

Then condition (8), (9) implies that this set satisfies the
assumptions of Theorem 3.1 of [8]. From this theorem, (10)
follows. O

Observation 1: If there exists an [z(-),u(-),£()] € Q
such that Fy(z(-),u(-),£()) > 0, Fa(z(-),u(-),&()) >
0, ..., Fr(x(-),u(-),&(-)) > 0 and the assumptions of the
above lemma hold, then 79 may be chosen as 7p = 1 in (10);
see Observation 3.1 in [8].

):€())  (10)

(), u(),60)] € Q

C. A Formula for the Possible Controllability Function.

We first introduce the following notation:

Té{T:[Tl Tk >0 ... T >0}

Theorem 1: Consider the uncertain system (1), (4) and
corresponding possible controllability function (5). Then for
any zg € R",

LC(CC()) =

k
sup sup ¢ V=(xg) — Tsdg p 3
e>IO)T€’IY)'{ ( 0) Z }
= su Telsg (11)
‘reg{ Z

Proof. Given any € > 0, any vector T 6 7T, any admissible
uncertainty sequence S € = and any input sequence U €
Li[-T, 0] for the uncertain system (1), (4) such that 2*(0) =

xo for i =1,2,...q, we claim
1 q 2 0 ) k
1 {”z DI / ||uz(t)||2dt] > Vi)=Y md,
q =T s=1
(12)
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To establish this claim, we first note that it follows from
the definition of V() (6) that

k k
(=D , [°
e I LI D DN
- s=1 s=1

> V(o)
for all [z(-),u(-),&(-)] € €. In particular, this inequality

holds for [z°(-),u’(:),&'()] € Q: i = 1,2,...,q corre-
sponding to the given sequence S. Hence,

llz* (=TI
—_ 2 70|12
;; b (IR S )
S mlizl

1 q
> =) V(o)

q i=1
= V(o).

13)

However, S € = implies that (4) is satisfied and hence from
(13), we obtain

1< 24 (=T)|2
a; lu—l-/_ [l (2)|| dt—!—ZTs S]
= V(o)

Thus, (12) holds.
Now for any € > 0, it follows from (12) that

1 & i{(—T)|? o
inf  inf —2{7”“7( )l +/ ||uz||2dt}
SE€EEUeLI[-T,0] q Pl € _T
k
= 7ads
s=1

for all 7 € 7 where the inf on the left hand side of this
inequality is subject to the constraints 2(0) = x¢ :
1,2,...,q in (1).

We now claim there exists a 7 € 7 such that

1 q i -T 2 0 )
inf inf = Z [M +/ ||ul||2dt}
SEEUELI[-T,0] q P € _T
k

S V-,—E(:EO) - ZTsds

s=1

(14)

7;:

5)

where the inf on the left hand side of this inequality is subject
to the constraints 2°(0) = 2o : i =1,2,...,¢ in (1).
To establish this claim, we let

q

A . EZ l=* (=)
SEEUELi[-T,0] q P

< . (16)
+ﬂﬂw@Wﬁ]

c = inf inf

Also, we define the functionals in Lemma 1 as follows:
A =(=T)17, [°
u(-),€()) = + [ uf?dt
€ -7
—c

0
[ el = pal?) dr+

1>

0
Fle(lu(1e0) 2 = [ (Il = lal?) de+ de

Now consider a sequence {[z(-), u(-),£(-)]} C €, such that

=3 i)

=3 Fullel)u)

If we recall Definition 1, it follows that this sequence corre-
sponds to an admissible uncertainty sequence S € =. Then,
it follows from (16) that % L FS([2(),u(-), €))% > 0.
Thus, the conditions of the S-procedure result, Lemma 1 are
satisfied. Also note that since d; > 0, do > 0,...,dx >
0, then Fl([l'(), u(),g()]) > 0, Fg([l‘(), u(),g()]) >
0, Fi([2(-), u(-), £C)]) > 0 for any [a(), u(-),£()] € ©
corresponding to £(-) = 0 and any u(-) € Lo[—T,0]. Thus,
it follows from Lemma 1 and Observation 1 that there exist
constants 71 > 0, ... ,7% > 0 such that

) > ZTS s(z(),u
for all [z(-),u(-),&(+)] € Q. That is
)2 0
H:C( ET)” +/ HuHth_c

in U (lesl® — ||zs|2)dt+ds]

s=1

u(+), &(+)] € Q. Hence,

_ 2
P
[(-),u(-).£()]€Q €

0 k
f (Ml )
k 2
-T \ — 25:1 7| 25 |
k
>ct Y Tods
s=1

Then using (6) and (16), we have

F5 (2 (), ():€())

for all [x(-),

ll=* (=T)|I* ]

1 q
Ve(x > inf inf <
40>——36uaquq§3 PO )t

+ Z Tsds
s=1
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That is (15) is satisfied. Combining (14) and (15) now leads
to

sup{VE (x0) ZTS s}

TeT

o

k
- sup{v:<xo>

TeT

ds}

- l=* (=T)|I
= 1n o .
+ g et (@)]*dt

. 1
m
SEEUELI[-T,0] ¢

uMei

Hence, we obtain

I ; . a = (=D T)H2
o(x = sup in in
(wo) E>lgse Z/{eLq[ 7,0] ¢ ; + 0 THu )| 2dt
k
= supsup (x Ted
e ie0 -3 e
= sup Vi(xg) — Tsds 7 .
e Lo
This completes the proof of the theorem. O
Corollary 1: If we define
= A
Le(wo) = sup Le(zo)
deD
then
Le(xo) = sup sup Vi(zo) = sup Vz (o)

Proof. This result follows directly from the formula (11)
and the definitions of the sets 7 and D. O

Observation 2: From the above corollary, it follows im-
mediately that the possibly controllable cone C can be written
in the form:

C = {xER":supsupV:(x)<oo}

e0 71T

{:v eR":sup V;(z) < oo}.

TeT

IV. RICCATI EQUATION SOLUTION TO THE
UNCONSTRAINED OPTIMIZATION PROBLEMS

In order to calculate V(zp), we first introduce some

notation. Given 7 = |1y T2 ... 7, let
C(t) = [Cy(t) Ca(t) ... Cr()];
G (t) Ki(t)
Ga(t) Ko (t)
G = . 5 - )
Gi(t) Ki(t)
Tllhl O
AT = )
| 0 Tidp,,
i 7'1]7«1 0
A =
L 0 TkITk

Using this notation, it follows that the system (1) can be
re-written as

i(t) = Ae(t) + Bu(t) + COEW); (A7)
Also, we will consider a dual system
B(t) = —A@®) () + K@) '§(1);
y(t) = B x(t) - G)E(1);
z(t) = C@t)x(t) (18)

This dual system will be used in the proof of the main
result of this section. Also, we will show that the property
of possible controllability for the original uncertain system
is related to the property of robust unobservability for this
dual system; see [5].

The function V¢(xg, A) can be re-written as

VE(xg, ) = inf Je([u(-), &(- 19
o= b OO (9)
subject to z(\) = xg in (17) where
. z(=T)|
uenecp = 2EOE
R —2'K'AN Kz
e
+/ 2w KA G dt.
r| ¢ (I -GAG)u
+EA¢
(20)
If 7=1[r 72 ... 7% is such that 7y > 0, ... , 7, > 0,

and the optimization problem (19) has a finite solution for
all initial conditions, then it can be solved in terms of the
following Riccati differential equation:

pPe=
AP+ PA
—(P°B - K'AG)(I - G'A.G) " (B'P° - G'\,K)
—PCA'C'PE — K'N,K;  P(-T)=1I/e (21)

which is solved forwards in time.
Lemma 2: Let 7 = [ T2 ...
71 >0,7%>0,.., 7 >0 and

7] be given such that

I—G'AG>0. (22)

Consider the corresponding system (17) and cost functional
(20) with A € (=T,0]. Then

VE(xo, A) > —o0 Vg € R"

if and only if the Riccati differential equation (21) has a
solution P¢(t) defined on [—T, A]. In this case,

VE(xo, \) = 2y PE(N)xo. (23)
Proof. This lemma follows directly from a standard result on
the linear quadratic regulator problem; e.g., see page 55 of
[9]. O
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In order to calculate V;(zo) using our Riccati equation
approach, we will consider the following Riccati Differential
Equations:

g —
ASE 4 S A
—(B=S°K'A.G) (I — G'AG) " (B — G'A K S9)
—~CA'C — S K'AKS  S(-T)=¢l; (24)
45—
AS 4+ SA’

—(B=SK'A.G)(I - G'AG) " (B = G'A-KS)
—CA'C' = SK'A,KS;  S(-T)=0 (25)
which are solved forward in time.

Theorem 2: Let 7 = [11 T2 ... 7] be given such that
71 >0,7m >0 .,7% >0and I — G'A;G > 0. Also
suppose there exists an eg > 0 such that for all € € (0, g), all
non-zero xo € R™ and all A € (=T, 0], then V*(zg, A) > 0.
Then for any € € (0, €p), the Riccati equations (24) and (25)
have solutions S<(¢) > 0 and S;(t) > 0 defined on [T, 0]
and for any zg # 0

Vi (wo) = ) [S£(0)] " o > 0.
Also, if S7(0) > 0 then
V(o) = 2 [S7(0)] " zo > 0.

Furthermore, if the matrix S;(0) > 0 is singular and z¢ is
not contained within the range space of S;(0), then

Vi (z0) = oc.
Proof. Under the conditions of the theorem, it follows
from Lemma 2 that for all € € (0, ¢g) the differential Riccati
equation (21) has a solution P¢ satisfying

VE(zo, \) = 2y PE(N)zo > 0

for all zp # 0 and for all A € (—T,0]. That is, P5(t) > 0
for t € [-T,0]. Now define

SE(t) =P(t)"t >0

for t € [-T,0]. It follows via straightforward algebraic
manipulations that S¢(t) satisfies (24) on [T, 0]. Thus, (24)
has a solution on [—T, 0] such that

VS (w0, A) = 2 [SE(N)] ™ 20 > 0
for A € (—T,0]. In particular,
V(o) = 2 [S(0)] " 20 > 0,

It follows via some straightforward algebraic manipula-
tions that the Riccati differential equation (24) can be re-
written as

e —
ASC + SA’
—(5°K’ — BG') (A1 = GG') ™' (KS° — GB')
—CA;'C' = BB';  S¢(-T) = I, (26)

Now let TIS(t) = —S<(t) < 0 for ¢t € [T, 0]. It follows that
II¢ satisfies the Riccati differential equation

1€ =
— A€ — 14’
—(I°K’ + BG') (A7' = GG') ™ (KTI° + GB')
—~CA'C' = BB';  TI°(~T) = —el. (27)

This Riccati differential equation corresponds to a linear
quadratic optimal control problem corresponding to the dual
system (18) with cost functional

JEE) = —ella(=T)|?

A
[l - 2R e at
=T

Indeed, if we let

W (0, A) 2

inf Je(E(-
o (€())
subject to (18) and z(\) = o, then it follows from a
standard result on the linear quadratic regulator problem
(e.g., see page 55 of [9]) and the existence of a solution to
the Riccati differential equation (27) that We(xg, \) > —co

for all zp € R™ and all A € (—T,0]. Furthermore,
W:(CC(), )\) = CC(DHE()\)CCO < 0.

Also, note that it follows from the form J€(¢(-)) that for
all zp € R", W¢(zo,0) is monotone increasing as € —
0. Hence, S¢(0) is monotone decreasing (in a semi-definite
sense) as € — 0.

We now re-write the Riccati differential equation (25) with
the substitution II(t) = —S(¢):

M=
— ATl — T1A/
—(IK' 4+ BG') (A7} — GG (KTI+ GB')
—~CA'C' = BB';  TI(-T) =0. (28)

This equation also corresponds to a linear quadratic optimal
control problem for the dual system (18) with cost function

)\ —
J(EC)) = / (IR = AT s AT an

Indeed, we define

A .
WT 9 )\ - f JE .

(:CO ) f(')EIl.:rzl[—T,)\] (5( ))

subject to (18) and z:(\) = z. Comparing the cost functions
J(&()) and J€(£(+)), it follows that

WE (20, \) < Wi (20, \) Voo € R™ & A € (=T, 0].

Hence, we can conclude that W..(z, \) > —oo for all g €
R™ and all A € (—T,0]. Hence, again using the above result
on the linear quadratic regulator problem, it follows that (28)
has a solution on [T, 0] and

Wi (20, \) = zpll(N)zo Voo € R" & A € (=T, 0].
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Hence (25) has a solution on [T, 0] and
W, (20,0) = z( 11, (0)zg = —2(5-(0)z0

Moreover, setting £(-) = 0 in the optimal control problem
defining W (xo, A), it is clear that W, (zg,\) < 0 for all
xo € R™ and all A € [-T,0]. Hence, S-(A) > 0 for all
A € [=T,0] and in particular S-(0) >0

We now consider the case in which S-(0) > 0. In
this case, it follows from the continuity of solutions to the
Riccati differential equation that SE(0) — S;(0) as € — 0
and furthermore, as mentioned above S¢(0) is monotone
decreasing as € — 0. Hence, for a given ¢ € R",

zhPE(0)zo = 24,S5(0) t 2o — 245, (0) 1ag as € — 0.

Furthermore, x(, Pg(0)xo is monotone increasing as € — 0.
Therefore,

V; (z0) = sup x4 PE(0)zo = 24,5, (0) " ao
e>0
as required.

We now consider the case in which the matrix S, (0) is
singular and suppose x is not in the range of S.(0). We
claim that in this case V;(zg) = co. We establish this claim
by contradiction. Indeed, suppose there exists an M > 0
such that

V. (zg) = lim 2685(0) " twg < M.

Now define a sequence {y§}>2, so that y& =
. 1
[STTO (0)} * 2o. Hence,
9013 4

w0 = [$7(0)] " w (29)

for all k. Also, we can conclude
ly 11> < M

for all k = 1,2,.... That is, the sequence {y§}%c, is

contained in a compact set. From this it follows that this
sequence has a convergent subsequence {gjg}g"zl: & — 9.
Now considering equation (29) for the subsequence {37’5}20:1
and taking the limit as £ — oo, it follows that

=

zo = [57(0)]290
and thus zo must be in the range of S;(0) which is the
desired contraction. Thus, we have established the claim.
This completes the proof of the theorem. O

Remark The Riccati equation (25) which is used to
characterize possible controllability in the above theorem
can be used to illustrate the duality between the notion
of possible controllability considered in this paper and the
notion of robust unobservability considered in the paper [5].
Indeed, we consider the uncertain system defined by the dual

system (18) and the averaged integral quadratic constraints

q T
M NG EUIPEAE

q T
%E [ g -lop e <
(30)
where
£t) = a@) L) ... &@)' )
and
() 2 () 2 ... zt) ]

Also, z1(t) € R™, z() € R™,...,2,(t) € R™ and
&) € RM, &) € RM2,... &(t) € R In [5]
it is shown that the robustly unobservable cone for this
system can be determined by solving the Riccati differential
equation:

P=
—AP — PA'
—(PK' + BG') (A, — GG') "' (KP + GB')
~CA.C' - BB';  P(T)=0. (31)

However, making the substitution S(t) = —P(—t) in (25)
and replacing 7 by 7, ! leads to precisely this Riccati
differential equation. This illustrates the duality between the
notion of robust unobervability considered in [5] and the
notion of possible controllability considered in this paper.
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