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Abstract—1In this paper, an illustrative example is given,
which shows that the number of integrators needed for the
dynamic observer error linearization using integrators can not
be bounded by a function of the dimension of the system
and the number of outputs in contrast to dynamic feedback
linearization results. Some necessary conditions for dynamic
observer error linearization are also provided.

I. INTRODUCTION

Recently, a dynamic observer error linearization approach
which is in some sense dual to dynamic feedback lineariza-
tion [1], [2] was proposed in [3]. Sufficient conditions for
a nonlinear multi-output system to be dynamically observer
error linearizable by adding integrators to the outputs of the
original system were provided. Although the results expand
the class of nonlinear systems to which the observer error
linearization approach is applicable, there still remains the
problem of determining the bound of the number of the in-
tegrators needed for the dynamic observer error linearization.
To solve the problem, we investigate the number of integra-
tors needed for the dynamic observer error linearization via
integrators in this paper.

An upper bound on the number of integrators needed
for dynamic feedback linearization using integrators was
provided in [4] and [5]. This bound can be determined by the
dimension of the system and the number of inputs. In contrast
to dynamic feedback linearization results, it will be shown by
means of an example that the number of integrators needed
for the dynamic observer error linearization using integrators
can not be bounded by a function of the number of states
and outputs. Under the assumption of the equal observability
indices, some necessary conditions are provided for a system
to be dynamic observer error linearizable.

The paper is organized as follows. Some preliminary
results and notations are given in Section II. Necessary
conditions for dynamic observer error linearization are given
in Section III. An illustrative example is given in Section IV,
which shows that the number of integrators needed for the
dynamic observer error linearization using integrators can not
be bounded. Finally, some conclusions follow in Section V.

II. PRELIMINARIES

Throughout the paper, O,, denotes a 1 x n matrix of which
all elements are zeros. O denotes a matrix of a suitable
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dimension of which all elements are zeros. I,, denotes an
n X n identity matrix. Some basic notations of the differential
geometry used in this paper can be found in [6] and [7].

A. Observer Error linearization

Consider a multi-output nonlinear system described by

£=f(&), ¢eRY,
T S
y=h(&) = [m(&), - hs())] ,yeR
where ¢ = [£1,---,&,]T is a state with an initial condition
6(0) = 50? Yy = [yla e 7yS]T is an output, h’l(')7 T 7h8(')
are smooth functions on R™ and f(-) is a smooth vector field
on R™. The system (2.1) is said to be (locally) observer error
linearizable if there exist a neighborhood Uy C R"™ of the
initial state &, and a state coordinate change z = T'(£) that

transforms it into the nonlinear observer canonical form in
R™:

2.1

’é = AO’Z +7(y)7
y € R®

z € R, 22)
y = COZ7 '
with

AO = dia’g(Ala o 7AS)7CO = diag(Cl, e acs)a

where
O Iy,
A= [O 0 } » Gi= [l Okl iy,
ki X k:i
fori =1, ,s. Necessary and sufficient conditions for the

system (2.1) to be locally observer error linearizable were
obtained in [8] and [9].
Theorem 1 ( [9]): There exist a local diffeomorphism

z2=T(), z€eR"

and Uy, a neighborhood of the initial state &y, transform-
ing the system (2.1) into the nonlinear observer canonical
form (2.2) if and only if there exists s-tuple of integers
(k1,ka, -+ k) satisfying ky > ko > -+ > kg > 0 and
>7_, ki = n such that we have the followings:

1) If we denote (with a possible reordering of the h;’s)

Q) ={dLy T hi(§) ri=1,- ,sj =1, ki}
then
dimspan@(&) =n

for each & in Uj.
2) If we denote

Q;(&) = {dLy'h; (&) : 1 <k < k; — 1}
U{dLy  hi(€) s 1<i<s, i #5;1 <k < k;}
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and
B;(§) = Q;(§) NQE)
for j =1,---,s then
span@;(§) = spanB;(§)
for j =1,---,s for each & in Uj.
3) There exist s vector fields g1, - - - , gs satisfying

Lo L hy = 65 0 s 1<14,5 <s,

2.3

with §; ; = 0 for 7 # j, J;; = 1, such that

lad’gi,adfg;] =0, 1<i,j<s0<k<k —1,

0<<kj—1.
Under the assumption 1 of Theorem 1, (k1, ko, - ,ks) are
called the observability indices of the system (2.1) at &.

B. Dynamic Observer Error Linearization

The concept of the dynamic observer error linearization
was firstly introduced in [3].

Definition 2: Consider the system described by (2.1). If
there exist an auxiliary dynamic system

w € R,
ye € R?

w = a(w,y),

2.4)
Ye = H(w,y), (

and an extended state space transformation

z=T(w), ze€R"™

defined in Vj, a neighborhood of an extended initial state
(&0,0) € R4 with T'(&,0) = 0 which transforms the
extended system

(-0t (lf)
Ve = H(x) = H(w, h(€))

into the nonlinear observer canonical form in R® T4, then the
system (2.1) is said to be (locally) dynamically observer
error linearizable via the auxiliary dynamic system (2.4).
We will restrict the auxiliary dynamic system to a chain
of integrators. If we add g; integrators w;; = h; and w;; =

Wi(j—1)»J = 2, , q; to the ith output channel of the system
(2.1) fort =1,--- ,s, the extended system is given by
€= 1),
bi1 = hi(§),
v =l @5)
Wij = Wi(j-1),] =2,
Yei = Hi(x)
fori=1,---,s and H,;(z) is given by
hi(§), ifq=0 :
; = < <
Hi(z) { Wig;, ifq>1"7 lsiss,

If we rewrite (2.5) using vector field notations, the ex-
tended system can be described by

b= Fle) = @)+ 3 hi(©)
qii:le z
S qi 8
+>. Wilm=1) g
qii:212 e

ye = H(z) = [Hy,-- H)]"

where x = (& w])T, wl = (wig . wig; 1<i<s, ¢ >1)
and f represents the vector field f(£) on the extended state
space, i.e.

B n a S qi a
J@) =2 50z + 22 3 05—
i=1 ? m

i=1 m=1
q:>1

In this case, it is said that we extend the system on the
ith channel via q; integrators. If the system (2.1) which is
extended on the ith channel via ¢; integrators is dynamically
observer error linearizable, it is said that the system (2.1) is
dynamically observer error linearizable via integrators with
the extension indices (g1, -+ ,¢s).

We have by simple calculations the following relations
which will be used in the next section:

dw;(g. — if1<k<g
k—=1gr7r\ _ i(qi—k+1)> = > 4G
d(L: HZ)—{ d(Ll;—qi—lhi)7 gt l<k (2.6)

III. NECESSARY CONDITIONS FOR DYNAMIC OBSERVER
ERROR LINEARIZATION

In this section, some necessary conditions for dynamic
observer error linearization are presented. For the system
(2.1) satisfying the condition 1 and 2 of Theorem 1, let

Di £ {gia o aad?ilgi}'

Recall that D; is said to commute if for any o and
€ D;, [a, 5] = 0. The following necessary condition of
dynamically observer error linearizability for the system with
all equal observability indices is obtained.

Lemma 3: Suppose that the system (2.1) satisfies the
condition 1 of Theorem 1 with k1 = ko = --- = ki,
and is dynamically observer error linearizable via integrators
with extension indices (g1, - ,qs) satisfying ¢,, > 0 and
¢; = 0,7 #% m. Then, D,, commutes.

Proof: Let kg £k, = = k. Since the observability
indices are all equal, the condition 2 of Theorem 1 is satisfied
and the solution of (2.3) is uniquely determined. Hence, D,
is well defined. Without loss of generality, we can exchange
the mth output h,, (&) with the first output hi(&). Suppose
that D; does not commute. Then there exist integers ¢ and
p € {1, -+ ,ko} such that

[adfﬁlgh adzflgl] # 0.
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If we extend the system (2.1) on the first channel via g;
integrators with ¢; > 0, the extended system is given by

b= F(z) = f(é)a% (o)L

owiy
0
"33
T
ye:H(l'):[Hif"vHs] 5
where z = [¢,w]T, w = [wyy, - - ?w1q1]T and
Hi(x) —{ wig,, ifi=1

It can be easily seen that the system (3.7) satisfies the
condition 1 and 2 of Theorem 1 with the observability
indices (ko +q1, ko, -+ , ko) at zg = [€o, Oy, ] . Using (2.6),
the solution {g1,---,gs} of (2.3) for (3.7) can be easily
computed as

0
23

, 5. We claim that

gi (f) = gz(g)

foreachi=1,---

+ Gr(§) 5~ 0

o (3.8)

0
adgi (z) = adfgl(f) e

for any nonnegative integer k, where

0 & 9
G — = Gri(&§)=—
k()5 ; 4 g
is a smooth vector field we do not care about.

Proof of Claim) The claim is true for k¥ = 0. As an
induction hypothesis, suppose that the claim is true for some
nonnegative integer m. Then, we can compute ad’]w1Jr1 g1 as
follows:

adp™ g, = [F, ad}’,}gl]
o Gul€) 0
— ad i (€) g + 102
ohy, o q1—1 o
—ad? =2 Gmi(Q) 55—
79°9¢ dwiy ; j(g)awl(jﬂ)
If we define G,,+1(€) by
KN € (3 N e o) S
Gm+1(§)aw = f(8) o6 Ow 10E dwn,
q1—1 9
— Gm =
X Gosl€) g —

we can see that (3.8) is true for k = m + 1.
End of Proof of Claim.

Since [adffl a1, aalfc_1 g1] # 0 implies that

1 1o _ _ 0
lady: " g1, adl ' g1] = [ad g1, adh lgl]a—§ +Go —#0,
where G is a vector field we do not care about, the extended
system is not observer error linearizable. |

Corollary 1: Suppose that the system (2.1) satisfies the
condition 1 of Theorem 1 with k; = ko = --- = ks and
D; does not commute for each ¢ = 1,---,s. Then, the
system (2.1) is not dynamically observer error linearizable
via integrators.

Proof: Without loss of generality, we may assume that
we extend the system (2.1) via integrators with extension
indices {q1,- - ,qs} satisfying ¢1 > ¢ > -+ > ¢5 by
output reordering. The solution {g1,--- ,gs} of (2.3) for the
extended system is uniquely determined and given by

0

gi(§) = 9i(§) o€
for each ¢ = 1,--- ,s. Since the remaining part of the proof
is similar to the proof of Lemma 3, it is omitted. [ |

Corollary 2: Suppose that the system (2.1) is a single-
output system, ie. s = 1. Then, the system (2.1) is not
observer error linearizable if and only if it is not dynamically
observer error linearizable via integrators.

Proof:  Since the proof is a trivial application of
Corollary 1, it is omitted. [ |

Remark 4: Corollary 2 is dual to Theorem 2.2 in [1].

IV. ILLUSTRATIVE EXAMPLE
Consider the following system described by

. 0 0 0
§=f(6) = 51285 4-5228f +§223€2 +§21§22 T
y1 = h1(§) = &1, 92 = ha(§) = &au,

“4.9)

where & = [£11, &19, &1, E20]7 is a state and m is an integer
satisfying m > 2. The initial condition of (4.9) is assumed
to be the origin. The system (4.9) satisfies the condition 1
and 2 of Theorem 1 with the observability indices k1 = 2
and ko = 2. The solution of (2.3) for (4.9) is given by

0 0
"= 06 T 0t
We can compute adsgs as
ads9s = _mgg_la?u B 85621 B 5213?22
Since
m—2 0
[92,adpg2] = —m(m — 1)&35 8£ # 0,

the system (4.9) does not satisfy the condition 3 of Theorem
1. Since Dy = {g2,adsg2} does not commute, the system
(4.9) is not dynamically observer error linearizable via inte-
grators with extension indices (0, g2), g2 > 0.

Let g be a nonnegative integer. If we relabel the states
of (4.9) as wy(411) = &11,T1(g12) = 12,21 = &21 and
T2z = &22 and add q integrators &1; = Z1(;41), 1 =1, ,q
on the first channel, the extended system is given by

q+1 9
le(./‘f'l) 8 81’1 (a+2)
D) (4.10)
+ l’228 . + 1‘211322@

Ye1r = Hi(x) = 211, Ye2 = Ha(x) = 221,
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where x = [z11, Z12, - ~x1(q+2),x21,x22]T is the state and
Ye1 and yeo are new outputs. The system (4.10) satisfies
the condition 1 and 2 of Theorem 1 with the observability
indices k1 = ¢+ 2 and ko = 2. Since the system (4.10) is in
observable form, we may use Proposition 3.3 in [8]: x5} is a
polynomial with degree m, the system (4.10) is not observer
error linearizable if ¢ + 2 < m.

Since dLY.Hy = dzi(k41), k=0,--- ,q+1,dHy = droy
and dLpHy = dxos, a solution of (2.3) for (4.10) is of the
form

d d d d
g1 = g2 = +Zo¢j(:c)7

91 (q+2) 022 071 (j+2)

where a;(+) : R?™ — R is a smooth function we can choose
for each j = 1,--- ,q. To check the condition 3 of Theorem
1, we compute

0

D1 (g+2—k)

(-*

adygy =

for k = 0,---,9g+ 1. We need to check the commutativ-
ity of {g1,adrgy, adygu,-- -, ad}" g1, g>, adpgs}. For the
following to hold:

q
0

adig1, g2 =0

ladig1. 32 ga%(qw k) 0%1(j+2)
for k=0,---,q+ 1, we have

Savs
Q; —0
01 (g+2-k)

forj=1,---,¢;k=0,---,q+ 1. Therefore, o;(z) should

be chosen as a function of w91 and za9 only, ie. aj(z) =
a;(x91,x22) for each j =1,--- ,¢. Using this fact, we can
compute adpg, as follows

0
adpgo = —a 89612
= day 0
' =1 { Oxa2 aj+1}3371(j+2)
+{CE %_’_‘r T %_mwmfl}i
22 Do 22721 Dy 22 OT1(g12)
0 0
- 8721 - 35218722-

Since adpg, is a vector field that depends on o
and x99 only, we have [gl,adpgg] = [adpgl,adpgg] =
[ad%gl,adpgg] = ... = [ad%j_lghad]rgg] = 0. Next, we

compute
[92, adFga]
-1
da; 0 % da; da; 9%
= — 2 19 J J
65022 8I12 + _]Z { 81‘21 +2%21 65622 + T2 (91’2262521
0a;  Oajp 9]
Tz i oq; }
222 31‘32 83:22 8x1(j+2)
O Oa 8%«
2 q 2 q q
+{ 021 * 218 €22 +x228$2259€21
D?ay 0
+ X910 —5 —m(m — 1)z }7 =0.
21722 890%2 (m )5 3x1(q+2)
“4.11)
Since —gf;z = 0, oy is a function of x9; only, i.e. oy =
041(21321)

We should solve the following set of partial differential
equations:

Oajiq oo, Oa; 0a; 0a;

=975 Lon J
8$22 3I21 + 21 8 +$2 8%223:1721 +JJ21$22 856%

(4.19)

for j = 1,---,q where we set a,y1 = maly ' Let

PM(x45) be the set of the polynomials in x5 with co-
efficients that are C'°° functions of x51, where M is the
degree with respect to z2. We claim that a; € P71 (292)
forj=1,---,q

Proof of the claim) The claim is true for j = 1. If the
claim is true for j = ¢, 1 < ¢ < ¢, right-hand side of (4.12)
belongs to P*~1(x45). Since 880‘;“ € P'"!(z92), we have
Qpyq € Pe(xgg).

End of the proof of the claim.

Since agy1 = mayy ! should be in Pi(x99), the equation
(4.12) does not have a solution if ¢ < m — 1. Moreover, if
q = m — 1, it can be shown that there exists a solution
of (4.12) using the following power series method. Set ¢ =

m — 1. Since a; € P (xgg) fori=1,---,m —1, let o
be in the form
j—1
aj =Y byk(wan)ah,
k=0
for some smooth functions b for j =1,--- ,m — 1;k =

0,---,7 — 1. For simplicity, we set b;, = 0 if £ < 0 or
k>j—1forj=1,--- ,m—1. The equation (4.12) becomes

7 j—1
db; _
Z kb i+1, k1'22 Z le‘J 116 152 + Z 2]6!1;21[7]"]6;3]262 1
=0 k=0

7j—1 db J— 1
+ dl‘Q 22 + Z k - 1)-7;21[7] kl‘22
k=0 k=0
(4.13)
for j = 0,---,m — 1. If we equate the coefficient of x5, in
(4.13), we have
db; k.
k+1)b; k+2
(k+1)bjr1 k41 = (k+ )d:c21 4.14)

+ Q(k + l)xglbj,k,_;,_l + (k + 1)k$21bj7k+1
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for j = 0,---,m—-1;k = 0,---,7 —1 with by, =
b1 = = bp,m—2 = 0 and by, ;-1 = m. Given
bm.0s b1y ybmom—2 and by, 1, we solve (4.14) to

obtain by, —1,0,bm-1,1,""* ,bm—1,m—3 and by, 1 ;m—2:

(m—1)bm,m-1 =m(m—1) = mdbnzl—wiz;n—z
j=m—-—Lk=m-—2
dbr 1,k
0= (k+2)(k+ 1)xo1bpm—1 k1 (w21) + (K + 2)721’,
j=m—-Lk=m-3,m—4,--- 0.
(4.15)

Therefore, we can compute b,,_; ’s recursively (we set all
integration constants to 0):

bm,Lm,Q = (m — 1)3721
dbrm—1.1
dza;
k=m-3m—4---,0.

= —(k+ Da21bpm—1,x41(w21), (4.16)

Similarly, if m > 2, given bjo,---,b;j—1, we can
compute bj_1 9, ,bj_1 -2 for j=m—-1,m—2---,2
by solving

j— 1
bj—l,j—z = jT/bj,j—l(Im)dIZl
dbj_1 1
dl‘gl
k=j—3,j—4,--,0.

k+1

+ mbj,kﬂ(ﬂﬂzl%

= —(k+ 1)w21bj 1 k+1(z21)

4.17)

For example, if m = 2, the equation (4.16) has a solution of
the form b; o = x2;. Hence o is given by

a1 (@21, Ta2) = T21.

For m = 3, if we solve (4.16) and (4.17), we have

1 2
a1 (21, T22) = 53551, az(T21, T22) = —gx‘;’l + 2x21222.
We can obtain the state transformation by solving the fol-
lowing partial differential equation [9]:

oT _ B L L
o = [ad® g1, ad® pg1, ad_rgi, §1, ad_pga, Go] ™"

Hence, the following diffeomorphism

T11
1..3
T12 — T
2 7.4
T13 — 5%51%22 + 55T

z=T(r) = 2 275 2.3
T14 — T21T39 — 75T21 T 5T51 %22
T21
1..2
T22 — 522

transforms (4.10) (¢ = 2 and m = 3) into

01 00|00 Lys,
001 0[00 — Lyl
. 000 1|00 245
_ 15 Je2
=l oo0o0o0loo [*T] 0 |
00 00|01 1y2,
00 00|00 0
10 0 0 0
T __
[yel’y82]<00001 0>Z'

We conclude that the system (4.9) is not dynamically ob-
server error linearizable via less than m — 1 integrators but is
dynamically observer error linearizable via m — 1 integrators
added on the first output channel. The example shows that
the number of integrators needed for the dynamic observer
error linearization via integrators can not be bounded by a
function of the system dimension and the number of outputs.
In contrast to our result, there exist bounds of the number
of the integrators that depend on the number of states and
inputs in the dynamic feedback linearization results of [4]
and [5].

V. CONCLUSION

One may think that there may be an upper bound of the
number of integrators needed for the dynamic observer error
linearization using integrators since there exists an upper
bound for dynamic feedback linearization using integrators.
To show this conjecture is not true, we have provided an
example which shows that the number of integrators needed
for the dynamic observer error linearization using integrators
can not be bounded by a function of the dimension of the sys-
tem and the number of outputs. In addition, some necessary
condition was presented for a system to be dynamic observer
error linearizable under the assumption of equal observability
indices. Constructive algorithms for the dynamic observer
error linearization do not exist until now and this issue may
be studied in the future.
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