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An Algorithm for Dynamic Linearization by Generalized Output Injection

Kyung Tak Yu, Juhoon Back and Jin H. Seo

Abstract— In this paper, a constructive algorithm is proposed
for solving a generalized characteristic equation for a single-
output nonlinear system. By a reasonable restriction of systems,
the proposed method is feasible in the sense that we can
obtain the functions satisfying the generalized characteristic
equation step by step instead of getting them simultaneously.
The proposed algorithm can be used for a dynamic observer
error linearization by generalized output injection for a single-
output nonlinear system.

I. INTRODUCTION

The observer error linearization problem posed by [1],
[2] has gained much interest and a number of extensions
are available in the literature (see [3]-[10] and references
therein). One of the main issues of this problem is to develop
a constructive algorithm to obtain the transformation. We
note that some of the aforementioned results provide fully
constructive algorithms, especially for a single-output case.
In this respect, the approaches in [7], [8], [10] contain
open problems on constructive algorithms, although they
considerably enlarged the class of observer error linearizable
systems. The main reason is that their characterization is
represented by a differential equation (ordinary or partial
one) with multiple unknowns.

In this paper, we focus on the result in [10] which covers
the works of [7], [8] as well as the conventional observer
error linearization problem, and provide a constructive al-
gorithm to check the transformability. More specifically, we
consider a special case of systems treated in [10]; the system
is in observable form and the nth time derivative of the output
is a polynomial in unobservable states. As will be seen later,
this restriction is reasonable and makes the problem feasible.

The paper is organized as follows. The problem formula-
tion and notations are given in Section II. Section III contains
the main results. An illustrative example is given in Section
IV and some conclusions follow in Section V.

II. PROBLEM FORMULATION AND NOTATIONS
Consider a nonlinear system described by

§=f€), €eR
y = h(&)
with an initial condition {(0) = &, where h(-) is a smooth

function on R and f(-) is a smooth vector field on R™. We
will assume n > 2 throughout the paper.
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In this section, we recall the problem of the dynamic
observer error linearization by generalized output injection
and introduce some notations which will be used throughout
the paper.

Definition 1: ( [10]) If there exist an auxiliary dynamic
system

w:a(w’y)7 weRq)
2.2)
Ye =H(w,y), ye€R
and an extended state space transformation
=T(w,§), zeR"?

defined in V{;, a neighborhood of an extended initial state
(0,&) € R™? with T'(0,&) = 0 which transforms the
extended system

s () -rioe

Ye = H(SC) £ H(w7h(£))

into the generalized nonlinear observer canonical form
(GNOCF) in R"*+4

(wvh(f))>
& )

= Aoz +a(w,y), zeR"
Ye = COZ, Ye € R

with

>

Ao [ n+q 1:| ,
0 (n+q) X (n+q)

An+g— 1(w,y)
a(w,y) £ {

(ntq)x1
A

Co = [1 0 }1><(n+q)
then the system (2.1) is said to be (locally) dynamically
observer error linearizable by generalized output injection
(DOELGOI) via the auxiliary dynamic system (2.2). O
It is easy to construct an observer with exponentially stable
linear error dynamics for the system which is dynamically
observer error linearizable by generalized output injection
via some auxiliary dynamic systems.

We will assume that the system (2.1) is locally observable
at & in the sense that

dimspan{dh(&o), dL rh(&o), - ,dL}l_lh(fO)} =n

throughout the paper. Under the observability assumption,
there exists Uy, a neighborhood of &, such that the system
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(2.1) can be transformed into the following observable form:

Vi =1, i=1,--- ,n—1
Yo = fultr, -, n) 2.3)
y=11

by the state transformation [¢1,--- ,,|T = To(€), Tp :

Uy — Ty(Up) defined by
=L h(E), i=1,--- .

Let ¢ be a given nonnegative integer. If we relabel the states
of (2.3) by wgy; = ¢4, ¢ = 1,--- ,n and add ¢ integrators
Z; = Ti41, ¢ = 1,- -+, q, the extended system is of the form

i=F(z) :F(xla"' s Tntq)
n+qg—1
Z T g Fal@ge g g 24
Ln+4q
Ye = h(l’l, T 7$q+1)7
where x1,---,x, are the states of the auxiliary dynamic

system and Zg41,---, %44 are the states of the original
system. The initial state of (2.4) is given by z¢ £ z(0) =
[0, To(¢)]"

The class of the systems that are dynamically observer
error linearizable by generalized output injection via integra-
tors was characterized in [10]. Now, the following problem
is under consideration:

Dynamic Observer Error Linearization Problem by
Generalized Output Injection via Integrators:

Given the system (2.4), find functions ag,---,ap4+q Of
the available states xq,---,x441 satisfying the following
generalized characteristic equation

n+q

)£ Lia; =0
§=0

such that the transformation defined by

D(ag, -, aniq|F (2.5)

T
T(z) = [Ti(z),- -, Thsq()]
=Y L anigr1ji=1,-- ,n+q
j=1

is a diffeomorphism defined on a neighborhood of an ex-
tended initial state x. O
The notations used in the paper are defined as follows.

o =: defined as.

o No: the set of nonnegative integers.

o Xo & (21, ,m441): available states.

o Xua = (T2, ,Tqin): unavailable states.

]
E -—X
J+1
3z]

where ¢(+) is a smooth function of X,,.
e P(X,|Xuq): the ring of polynomials in X,, with
coefficients that are C'*° functions of X,.

o The weighted degree of 7 in P(X,|X,,): Wdeg(z;) £
0 ifj<qg+1
j—q—1 ifj>qg+1
o The weighted degree of the monomial z; ---x; in
P(Xa|Xua) :
Wdeg(zj, - x;,) 2 Wdeg(ay,) +- -+ Wdeg(x,).
o The weighted degree of the polynomlal f =

Sty di(Xa)agtymgty - oy
in P(X,|Xy4) is the maximum of the weighted degree
of the monomials d;zsiyahiz; - - msi’; Y with d; # 0
fori=1,-- .
. P’“(Xa|Xua): the set of the polynomials in P(X|X )
of which weighted degree is less than or equal to k.

Unfortunately, the generalized characteristic equation (2.5)
is a partial differential equation with n + ¢ + 1 unknowns
and quite complicated to solve. However, solving (2.5) may
become a feasible problem, if (2.5) has a special structure
defined as follows.

Definition 2: Consider the generalized characteristic
equation (2.5) for (2.4). If there exist sets of operators
D; ={D;;lj =1,---,0;},i=0,---,n+ g for positive
integers o, i = 0,--- ,n + ¢ and functions F; ;(-) on R**!
such that

D; ;(®)
for i = 0,--- ,n4+qj = 1,---,q, then it is said that
the generalized characteristic equation (2.5) has a block
triangular structure with D;, ¢ = 0,--- ,n+q. f o = 1
for each 7 = 0,--- ,n+q, then it is said that the generalized

characteristic equation (2.5) has a triangular structure with
D; = {Diyl}’izof" ;n+g.

III. MAIN RESULT

Consider the system described by (2.4). We define the
following set of exponents with weighted degree k € A by

=F; (an-&-qv An4g—1;""" 7an+q—i)

n—1
I = {(e1, - yen—1) |Zi€i =k,e; € Np}.

i=1

Let u[k] £ card I;,. We will denote members of I}, by e[k, j],

1 <7 < ulk]. e[k, j] can be denoted by

e[k7j] = (e[kaj7 1]7 o ae[kajan - 1])
Let e[k,i] = (e[k,4,1],--- ,elk,i,n—1]) € I} and e[k, j] =
(e[k7j7 1}7 s ae[k>j7n - 1]) € Ik We say that 6[]@,2] >lew

elk, 7] if in the vector difference e[k, i| — e[k, j], the left-most
non-zero entry is positive. We say that e[k, ] =, e[k, j] if
elk,i,0) = e[k, j,0] foreach £ =1,--- ,n — 1. We will give
the following lexicographic ordering to Ij: if ¢ > j then
elk,t] >1eq €[k, j]. For example, let n = 4 and k = 3. Then,
we have I3 = {(3,0,0),(1,1,0),(0,0,1)} and u[3] = 3.
Since (3,0,0) >e (1,1,0) >0 (0,0,1), we have ¢[3,1] =
(0,0,1), €[3,2] = (1,1,0) and e[3,3] = (3,0,0). It can be
easily seen that ' >]_ is a well-defined ordering.
We denote

n—1

X 2 [«

i=1

elk,j,i]
atitl:
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It can be easily shown that e[k, j,i] = 0 for ¢ > k. Hence it

follows that
k
velk,j] P[kv K
XuEz il = q+1,i—1

i=1

(3.6)

for k < n — 1. To present the main result, the following
preliminary results are needed.

Lemma 3: Consider the system described by (2.4). For
any smooth function a(X,) on RI*!,

LYa € PH(X,| Xua)

for k=0,---,n—1.
Proof: The statement is true for £k = 0. As an induction
hypothesis, assume that the statement is true for k = m for

a nonnegative integer m < n — 1. Then, there exist smooth
functions of X, on Rt bim:e,51(Xa)’s, such that

m plf]

L?a—zzbmf,]] Xsalj]7

=0 j=1

where e[(,j] € I,. From it, we can compute L'7"'a as
follows:

m lié]
Lytla=LpLpa=Y "> {{D mit,j))
=0 j=1
ab[m va] }Xe[f,]] + b[ 0, ]LFXE[ 7]]}
Since  D*(bynee,j)) € PY(X4|Xua)  and
ag[me]] S Xl e[¢,s] c p£+1(X | Xua), we have
Tq+1
m ab m:l,j vell.j
{ b[m K,j a[l, j]xQ-‘r?}XdEf’j]}
é 07=1 o+l
€ PN X, | X ua)-

From (3.6), we can compute L FXiEf J ]. Then, we have

Lr )_(E[M]
¢ ¢
> { Il xza‘izﬁ}ewr]wi[ﬁfﬂ*mz%frﬂ“
sl it

Since the weighted degree is increased by one from
the contribution of xz[f’ﬂ_ﬂ*l Z[fff; U it follows  that
LpXolbil ¢ P (X,|Xya). Therefore, we can conclude
that

Litta € P (X, | Xua)-

Hence, the statement is true for k = m + 1. [ |

In the remaining part of the paper, we will assume that
fn € PM(X,|Xya) for M € N, ie. there exist smooth
functions, By j (2g+1)’s, such that

M plf]

ZZﬁ[Z; -Tq+1 Xe ’J]

£=0 j=1

3.7

where e[¢,j] € I, for each ¢/ = 0,--- ,M. If an n-
dimensional nonlinear system in the observable form (2.3)
is transformed into the n-dimensional nonlinear observer
canonical form, f, € P"(x1|xa, - ,x,) (see Proposition
3.3 in [3]). Hence, the assumption (3.7) is not too restric-
tive. Of course, there exist systems which are dynamically
observer error linearizable by generalized output injection
but do not satisfy (3.7).

Lemma 4: Consider the integrator-extended system (2.4).
Suppose that f, € PM(X,|X,,) for M € Nj. Then,

there exist ¢+ 1 positive integers {o(1),0(2),--- ,0(qg+1)}
satisfying o(1) < 0(2) < -+ < o(¢+ 1) such that for
any smooth function a(X,), L™ ta € P7")(X,|X,.)
fork=1,---,q+ 1.

Proof:

Define the integers o(1),--- ,0(qg+ 1) by
U(k):{nJrkl,Mgn 3.8)
M+ (M-n+1)(k—1),M>n

for k=1,---,q+1. Since the rest of the proof is somewhat
tedious, it is omitted. The whole proof is available in the
homepage: myhome.naver.com/yktak90/goisingle.pdf.
|
In order to simplify notations, the following differential
operator is introduced:

el ) teltjn—1]

Agej) = K - axq+’§ 1] 8x2[f’§’2] ‘ ~8:z:f1[f;{’”_1]
where K is given by
N 1
(e[t 5,100 (el 5,211 -+ (e[t j,n = 1]Y)

for each e[(, j] € .
The main result of the paper is given as follows.
Theorem 5: Consider the integrator-extended system
(2.4). Suppose that f, € PM(X,|X,,) for some integer
M > 0. Then, the generalized characteristic equation (2.5)

has a block triangular structure with D;, ¢ = 0,--- ., n + g,
which are given by

(1) it M <n:D, £ {Ae[n+q—i,j]|j =1 vﬂ[n +4q- 7’]}
fort=0,---,n+gq,

(2)if M >n:D; £ {Agniqigtli =1, ,uln+q—1i}
fori=q+1,---,n+gq,

D; £ upl {Ae[o(qfi)+f,j] lj =1, pulo(qg—17)+ €}
fori=0,---,q,

(3.9

where o(i)’s are given by (3.8) and we set 0(0) =n — 1.
Proof:
(I)Case 1: M <n
From Lemma 3 and Lemma 4, it follows that L%a; €
Pk(X4|Xya) for k = 0,--- ,n + g. Hence we can easily
deduce that

Aij(LEar) =0 (3.10)
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for i > k. If we operate A,[;, 44 ) on (2.5), we have

n+q
k
Ac[n+q—i,j](q)) = Ae[n+q—i,j](z LFak) (3.11)
k=0 ’
= F; j(antq: Gngg—1s" " > Ongq—i) =0

fori=0,---,n+qj=1,--,pun+q—i.
(2) Case 2: M >n
From Lemma 3, it follows that L¥.ax € P*(X,|X,,) for
k =0,---,n— 1. If we operate A, 44— ; on (2.5), we
have
n+q

_ k
Ae[n—i—q—i,j](q)) - Ae[n+q—i,j](kZ:0LFak) (312)

=F; (an+q7 Antq—1,""" 7an+q—i) =0

fori =q+1,---,n+¢qj=1,---,uln+ q—i]. Recall
that o(k) =M+ (M —n+1)(k—1) fork=1,--- ,g+1
and 0(0) = n — 1. Hence, it can be easily verified that
o(i+1)—o(i)=M—n+1foreachi=0,---,q. From
Lemma 4, it follows that L¥.a; € P7*="+1(X,|X,,,) for

k=mn, - ,n+q. If we operate A,[,(q—i)+¢,5) On (2.5), we
have
n—+q
Aﬁ[”(‘l—i)—i—l,j](q)) = Ae[a(q—i)+£7j](z L%ak)
=0 (3.13)

= Fi,j,f(an-&-qv An4q—1;""" aan+q—i) =0

forl:oa 7q,£: 17 7M—’I'L-i:1,]: 17 7M[U(q_
i) + ¢]. Renumbering the functions, F; ; ; by

Fj2F 1, j=1-,plo(g—1i)+1]
Fjiulo(q—i+1) = Fijo, §=1,---,pulo(qg—1i)+2]

Fij plota—i)+1)tulo(q—i+2) = Fij3,

a =
Fi,j+sz”:;" wlo(g—i)+k] — FijM—n+1,
j: 17 ,M[U(Q*Z)%»M*?’Lﬁ*l]

for : =0,---,q completes the proof. |
Proposition 1: Consider the integrator-extended system
(2.4). Suppose that f,, € PM(X,|Xya), M € Ny and M <
n (M > n). Then, the generalized characteristic equation
(2.5) has a solution {ag(X,), -, ant+q(Xe)} if and only if
it is a solution to (3.11)((3.12) and (3.13) respectively).
Proof: What we have presented until now is nothing
but arranging terms of L¥.ay, as polynomials in X,,, for k =
0,---,n + ¢q. Then, we equate all the coefficients of the
monomials in X, of Y4~ L%ay, to zero. A,y ;(-) is used
to pick up the coefficient of the jth monomial with weighted
degree ¢. Since all the coefficients of the polynomial are zero
if and only if the polynomial is zero in the neighborhood of
the initial state of X, the proposition follows. |
Using Theorem 5 and Proposition 1, we can solve the
generalized characteristic equation (2.5) for (2.4) as follows.
Obtain a4 satisfying Fy j(antq) = 0 for all possible j

G=1,---,pu[n+q|if M <n). Given a,4, obtain a,q—1
by solving F' ;(@n+4q; @ntq—1) = 0 for all possible j and so
on. If there does not exist a solution in F; ; for any (i, ),
the system is not DOELGOI via integrators. This step by
step approach is more feasible than direct calculations of
the generalized characteristic equation (the number of terms
in L%a increases proportional to (k + 1)! for ¢ = 1). We
propose the following algorithm solving Dynamic Observer
Error Linearization Problem by Generalized Output Injection
via Integrators for the restricted class of the system (2.4)
satisfying (3.7).

DOELGOI-Algorithm - the Dynamic Observer Error
Linearization by Generalized Output Injection Algorithm
Consider the integrator-extended system (2.4) satisfying
(3.7).

Step 0: Given integers n,q and M, construct sets of
operators as (3.9) and block triangular equations
F; ;s as (3.11) if M < n or (3.12) and (3.13) if
M > n. Obtain a,, satisfying Fy j(antq) =0
for all possible j.

Step é: (¢ = 1,--- ,n + q) Given functions
Antqy Qntq—1," " 5 Antq—it1s Gt Anyq—; satisfy-
il’lg Fi7j(an+q,an+q_1, s ,an+q_i) = 0 for all
possible j. If {dT1,--- ,dT;} is linearly indepen-
dent at xo, where T}, = — Z?:l L];f]anﬂﬂ,j
for k = 1,---,4, go to Step ¢ + 1 until i =
n + g. If there does not exist a solution making
{dTy,--- ,dT;} linearly independent at xq, stop.

Proposition 2: Consider the system (2.4). Suppose that
fn € PM(X,|Xua), M € Ny. Then, the dynamic observer
error linearization problem by generalized output injection
via integrators is solvable if and only if DOELGOI-A termi-
nates at Step n + q.

IV. ILLUSTRATIVE EXAMPLE

We consider the case n = 3,¢q = 1 and M = 2 with
2(0) = 0. Note that X, = (r1,22) and X, = (v3,24). We
assume that a4(x1,x2) = —x; and f3 is given by

I3 = Bjo,1)(x2) + B1)(z2)23 + Bio ) (x2)r4 + Bi2,2] (xz)x§

Since the generalized characteristic equation is given by

® = bjo.0,1] : L%ao
+ b1:0,1) + b1:1,1123 : Lpay
+bp2:0,1] + b2:1,11%3 + bp2:2 )74 + 5[2:2,2]$§ : Lyap
+ bi3:0,1] + b3:1,11%3 + b2, 114 + bjz.,2123

+ bi3.3,11%324 + b3.3,2125 : Lyas
+ b4:0,1] + Oj4:1,1)%3 + ba:2,1) 4 + b[4:2,2]$§

+ bla3 12324 + baz 275

+ 5[4:4,1]%% + b[4;472]$§$4 + b[4;473]93§: : Lpay
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where
Oda
bo:0,1) (71, 22) = ao(x1,w2), b.o)(T1,22) = T2y !
171
da ,0%a
b[1:1,1]($1,$2) = 671";’ b[2:0,1]($1»$2) 2 922 22,
82a2 0@2
bra. = Qp0g—0 L =
(2:1,1](Z1, T2) T2 972071 + BT
da 0%a
b[2:2,1] (w1, 22) = 87562’ b[2:2,2] (r1,22) = 87%2’
83a3 8a3
5[3:0,1] (951,552) = Wxg’ 5[0 1]
83 6 as 8a3
5[311](951,552)—3%‘2a 107 2+3 2a 5 + 5[11]7
82113 aag 6&3
bys. =3ro———
[3:2,1] (71, 22) T2 97201 8961 ﬂ[2 1]
63(13 32(13 8a3
bys. =3 3
3:2,2) (71, T2) T2 0220, + D190 8 25[2 2]
5‘2a
b[3:3,1](I1,172) 8 23,
33a3
bys. =
[3:3,2] (w1, 22) 835% )
ba:0,1) (71, 72) = —Bo,1]
b[4:1,1] (r1,22) = —5[1,1],
b2,y (21, 72) = —B2.1]
b[4:2 2] (w1, 22) = —5[2 2]
bia:3,1] = ba:3,2] = baea,1) = baca2) = baea 3 =0
we have
Ag3,1)(®) = Fi1(as, a3) = buag 1) + bz
82a3
=bz3:3,1] = 3@ =0
2 (4.14)
Aci3,2/(®) = Fi2(as,a3) = bz 2] + biais 2]
83a3
= b[3:3,2] = ng = 0.
Therefore, az(x1,x2) is of the form
as(x1,x2) = c3,1(x1)x2 + c3,0(21), (4.15)

where ¢z 1(-) and c30(-) are smooth functions on R. Since
dT7 = dxq and d15 = da3 dl‘l + (1 — c3, 1)d.’1’52 should be
linearly independent at the orlgln we have ¢z 1(0) # 1. Next,
we need to solve the following equations:

A2 ) (®) = Fo1(as, a3, a2) = baia1y + b3i2,1) + b1
82a3 6@3 8&3 8@2
ﬁ[ll] + o dro0x 89c1 + Ox 26[2’1] + Oxo
Acfo,2)(®) = Fa2(aa, a3, a2) = bz 9] + b3:2,2] + b2:2,2]
83(13 82(13 8(13 82
=— 3
Bl 4302 g e ¥ 3 0ma0my 0 2 T 5
(4.16)

=0. €3 = 663 + £36 + 5E1&3 € P2(£61/62, &)

Substituting (4.15) into (4.16) yields

de de dao
dgy—2t 4 220 4 (31 —1)B++—=0
dzry dxq O0x2
4.17)
dC3,1+(C 18 8@2_0
Aoy 3,1 — 1)02,2) + 022

If we differentiate the first equation of (4.17) with respect
to x5 and subtract the second equation of (4.17) from it, we
have
des q
2 — =0.
day 5[2,2] (1”2))

The d1fferent1al equation (4.18) for ¢ 1(x1) has a solution if

d
+ (e (1) — 1)(%21]

(4.18)

and only if [2 1 — fBl2,9)(x2) is a constant function. Thus
we have the followmg structural condition:
A2,
— - =K 4.19
ity Bi2,2)(w2) 15 (4.19)

where K is a constant. Solving (4.18) under the condition
(4.19), we have

cg1(x1) =14+ Kyexp(—Kyz1), (4.20)
where K is a constant. Hence, as(x1, z2) is of the form
(14 Kyexp(—Kiz1))ze + c30(z1). (4.21)

Substituting (4.20) into the first equation of (4.17) and
integrating by o yield

az(x1,x2) =

ng}O
dl‘l

— Ko GXP(—KlfUl)/ﬁ[z,l] (z2)dxa + c20(21),

ag(xhxg) = 2(E§K2K1 exp(—lel) — T2

(4.22)

where ¢z () is a smooth function of x;. It can be easily
verified that d7,dT5 and dT13 are linearly independent at
the origin. We can solve (4.23) for a;(x1,z2)

Acp11)(®@) = F31(aq,a3,az2,a1)

= big:1,1] + bp3:1,1) + b21,1) + by
63 82(13 8a3

—Bpaj +3x§a 2007 + 3z o2 +Tﬁ[1’1l (4.23)
2 0%ay x % % -0
0x2011 2 ox 0x4 B

by substituting (4.21) and (4.22) into (4.23) and integrating
by xs. Finally, ag(z1,z2) can be obtained by solving

Aco,1)(®) = Fy1(as,as,az,a1,a0)
= ba:0,1] + b[3:0,1] + b2:0,1] + b1:0,1) + bpo:0,1)

8(12

:*/301]+63 3 3 8a3

a 3T
oa
+ zgaixi + [10(:131,332) =0.

For a numerical example, consider the following system
described by

§1=&, & =6
(4.25)
y="h() =&



with £(0) = 0. The system (4.25) is not observer error
linearizable via output diffeomorphism since the generalized
characteristic equation

3
®(ag, -+ ,a3|F) =Y Lya (&) =0 (4.26)
=0

for (4.25) does not have any solutions. A simple calculation
of (4.26) yields

CE = (a4 + 6a})€2 + (3&sal + £2al + a))&a
+ 5&1&3a4 + E3ah + ap = 0.

It is easy to verify that there do not exist functions
aop(&1),- - ,as(&) satisfying % =0fori=1,2,3.
Moreover, the system (4.25) can not be transformed into the
observer form via the output-dependent time-scaling trans-
formation since f3 is not in the form to which the output-
dependent time-scaling transformation method is applicable
according to Proposition 1 in [6].

We add a state which is an integral of the output and
redefine the system (4.25) as

X1 =Ty, To = T3, T3 =Ty

T4 = 6%3 + $§$3 + Sxoxy € PiQJ (1'3) 4.27)

Ye = h(x) = a1

with an initial state 2:(0) = 0, where z; = fg &i(r)dr, xo =
&1,23 = & and x4 = &3. If we choose ag = x2 — ey and
solve the equations for as,a; and ag using DOELGOI-A,
we have ay = Je™ a3, a; = —3le™ a3 and ag = 3e™1 3.
The diffeomorphism

Z1
ety
—%ezlm% +e"lag
5 3
§e“1x2 — 6elxoxy + ePlay

transforms the system (4.27) into the following generalized
nonlinear observer canonical form in R*

z= AOZ +(Z(l’171‘2)7 z € R47
Ye =Coz =21, yYe€R
with
0 1 0 0 ag(a:l,xg)
A]l0 0 10 s |a2(z1,22)
A=y 0 0 1| ET) =G )
0 0 0 O (l()((El,.’EQ)
C’oé[l 0 0 0}.

Hence, a nonlinear observer for (4.27)
é = A’4072 + a(xlaxZ) + K(ye - Cog)a
&=T71(%)

with exponentially stable error dynamics can be easily con-
structed.

V. CONCLUSION

Recently, it has been found that there exists a class of
nonlinear systems which is not dynamically observer error
linearizable up to an output injection but is dynamically
observer error linearizable by generalized output injection
[10]. However, solving the problem of the dynamic observer
error linearization by generalized output injection is equiv-
alent to solving a generalized characteristic equation with
some constraints. Unfortunately, the generalized characteris-
tic equation is a partial differential equation with n 4+ g + 1
unknown functions (n is the number of the states of the
original system and ¢ is the number of the states of the
auxiliary dynamic system) and it is quite complicated to
solve.

In this paper, a constructive algorithm for dynamic ob-
server error linearization problem by generalized output
injection has been developed. It is done by imposing a
structural restriction on the system: the nth time derivative of
the output of the system is a polynomial in the unobservable
states. With this restriction, the unknowns of the partial
differential equation can be solved one by one. An example
was provided to illustrate the proposed algorithm. Further
research topic of this paper includes the relaxation of the
structural assumption and an algorithm for the problem with
more general auxiliary dynamic systems.
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