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Relaxation of an optimal design problem with an integral-type
constraint

Ernesto Aranda and José C. Bellido

Abstract— We study a new relaxation for a two-dimensional
optimal design problem in conductivity consisting of determin-
ing how to mix two given conducting materials in order to
minimize the amount of one of them, subject to a constraint
on the efficiency of the conducting properties of the mixture.
Our approach here is different from that obtained in [10], and
based on a local reformulation of the optimal design problem
by means of the introduction of new potentials. The concept of
constrained quasiconvexification is used in an important way.

I. INTRODUCTION

We would like to analyze the following optimal design
problem. We have at our disposal two given conducting
materials, one of them is a bad and cheap conductor and
the other is better but also more expensive, and we want to
fill out the domain € (a regular, open and simply-connected
set of R?) mixing those materials in order to minimize the
amount of the most expensive conductor. The respective
conductivities are o and § with 0 < o < . If x(x) is the
characteristic function of the set where we put the material
with conductivity «, the conductivity function in £ is

a(z) = x(x)a+ (1 — x(z))6.

The electric potential of the body is given by the solution of
the diffusion equation

{ —div(a(z)Vu(z)) =0,
a(x)Vu-n = f,

in €,

(1)
on 0f),
where f € H~2(9Q) stands for the current flux on 9
and n is the outer normal vector to 9€). We assume the
compatibility condition

fds=0,
o0
in order to guarantee the existence of solution of the (1).
Recall that under that condition, (1) has a unique solution
up to an additive constant. The optimal design problem we
want to address consists of finding a layout of material, i.e.,
a characteristic function x, minimizing the functional

1(x) = / (1 x(x)) dx
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under the integral-type constraint

1 2
0= [ v dsy @
where v > 0 is given. The integral J () represents the rate at
which energy is dissipated to heat in the composite material
given by the design x (the bigger this integral is, the more
dissipation of energy and the less efficient the design is) so
that (2) constraints the efficiency with which the conductivity
a conducts the current load f through (.

A typical feature in optimal design problems like the
one considered here is the lack of optimal solutions (see,
for instance, [12]), so that relaxation is needed in order to
understand the behavior of minimizing sequences. For our
optimal design problem, relaxation has been analyzed in [10]
using a suitable reformulation of the problem as a min-max
variational problem amenable to relaxation. Recent papers
about this subject are [1], [7], [11].

In this paper, we propose a different approach to analyze
relaxation of this optimal design problem. We reformulate
this one, in an equivalent way, as a genuine vector variational
problem subject to an integral-type constraint, and then
study relaxation for this new problem. As usual, relaxation
for variational problems is carried out on two different
levels: convexified problems in which we change the energy
density by a suitable convex envelope of it, and generalized
problems in which we enlarge the set of admissible functions
to the set of Young measures generated by sequences of
admissible functions for the original problem. Very recently
this approach has been successfully used in other optimal
design problems in conductivity (see [5], [16] for the two-
dimensional case and [4], [6] for the three-dimensional
situation).

Let us see how we reformulate the optimal design problem
as a vector variational problem subject to an integral con-
straint. The state equation (1) is equivalent to the existence
of a stream function v € H'({2) such that

a(x)Vu(z) + TVo(z) =0, ae z€Q, 3)

where T' is the counterclockwise rotation of angle 7 (see
[9]). Due to the fact that u verifies the boundary condition

aVu-n=f,

(3) implies that the tangential derivative of v is equal to
the negative normal component of aVu. Hence, up to an
arbitrary constant, the boundary values of v are determined
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by indefinite integration along the boundary

v:vozf/fds, on 012,

where vy € Hz(99).
Now we put the functions v and v together in a single
field U = (u, v) and consider the functions

W,V : M?*? - R* = RU {400}
defined by

0, ifAe€A,,
W(A) = 1, if AeApg\A,,
400, otherwise,
and
LIAM | if A€ A,
JAD* ) if A€ Ay,
400, otherwise,

V(A) =

e

where, for 6 > 0
As = {A e M2%2 . gAML TA® = 0}.

Here, A stands for the i-row of the matrix A, i = 1,2.

Note that
Ao Ay = ( 8 ) ,

so there is no ambiguity in the definition of V. We must take
into account that W and V' are not Carathéodory functions
since they take on the value +oo in a noncontinuous way;
however, V' is continuous where it is finite and W too, except
at the origin.! This fact will be important in the study of
relaxation in the next section.

It is easy to realize that the original optimal design
problem is equivalent to the following variational problem:

minimize/ W(VU(x)) dx “4)
Q

over the class of admissible functions
U= {U e HY(Q;R?), UP =) on aQ}

subject to
/ V(VU(z))dx < 7.
Q

Due to this equivalence, the new problem does not have a
solution, and therefore we are interested in characterization
of minimizing sequences for it. To this end, we will analyze
relaxation of this variational problem, proving, at first step,
a subrelaxation result in terms of the appropriate convex
envelope and Young measures generated by sequences of
admissible gradients. Indeed, that convex envelope is defined
in the following fashion. For a fixed x € €, p > 0, set

WA, p)= inf

it [ wEaE), )

M2x2

I'This fact is not a difficulty due to 0-1 law proved at [3, Theorem 1.3].
See section III for more details.

where A(A, p) is the set of homogeneous H' Young mea-

sures v such that
/ Fdv(F) = A, V(F)dv(F) = p.
M2x2 M2x2
This will be carried out in section II.

As a second step, being the most important part of this
paper and where the greatest emphasis is placed, we focus
on the explicit computation of the envelope W! and the
optimal microstructures, that is to say, the minimizers of (5).
Section III is devoted to that computation, whose conclusion
is stated in the following theorem.

THEOREM 1: Let B be the set of pairs of matrices and
real numbers (A, p) defined by the two inequalities

fia) |aA®+TA®|? fia) [BAV+TA|?

([‘372) B(det A—a?p) <1+ ﬁfz a(det A—p2p) (6)

and
a? < 4l < 52, (7

The constrained envelope W# is given by

o) [aADTAO
WAL p) = (52) Sawaamr (Ap)eB
400 otherwise.

Moreover, if (6) happens with equality, there exists a unique
first order laminate,

v=(1—-10)d0a, +todag,

which is the optimal microstructure (that is, W¥(4, p) =
Jypzxe W(F) dv(F) and v has barycenter A).

On the contrary, if (6) holds with strict inequality the
optimal microstructures are second order laminates

vij=(1=0i;)04., +0i; (Pz‘ﬂijAﬁ +(1- szj)fiam) )

1,7 =1,2, i # j, where

to(rj—7i)

e to(lfri)fm(lfrj)
BT to(I—ri)—ri(1—-715)°

Pij = Ti—T; :
1 2)|2
In both cases, ty = (gf—z %.

The values r;, and the rest of the matrices will be defined
in section IIL

Note also that the function W* is well-defined for (A, p)
such that det A = o2p, because in that case, A € A,. In
this situation, W (A4, p) = 0 and the laminate is v = d4. In
the same way, if A € Ag, W(A,p) =1 and the optimal is
attained at the same laminate.

Before going into relaxation a word should be said about
the envelope W*. Due to the fact that functions W,V are
not Carathéodory functions, the infimum in (5) defined over
homogeneous gradient Young measures could be different
(less than or equal to) the corresponding infimum defined
over gradients, so that being rigorous we should say that T/
is a constrained semiconvex envelope instead of a constrained
quasiconvexification. Anyhow, working with ¥ is enough
to have a relaxation result in our setting, and we are even
able to give a full and explicit computation of it. Therefore,
with a little abuse of language, we will refer to that function
as constrained quasiconvexification.
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II. RELAXATION

A general analysis of relaxation of variational problems
under integral constraints has been carried out in [14] where
densities W and V are Carathéodory functions. That analysis
has been applied in that paper to obtain a subrelaxation (in
the sense that the infimum of the relaxed problem is less than
or equal to the original one) for general structural design
problems in which also the fact of having non-Carathédory
densities happen. We could apply those results to directly
obtain a subrelaxation; however, we will go into the analysis
of relaxation of problem (4) in a slightly different way.
We get to improve the subrelaxation result, although we
do not get a complete relaxation result; we will deal with
this question at the end of the section. We would like to
emphasize that the more important and interesting result of
this paper is Theorem 1 rather than the results shown in this
section, which are mainly of a technical nature (although of
considerable theoretical interest). Any reader not particularly
interested in the questions analyzed here can pass over this
section, keeping in mind the conclusion of Theorem 2, and
read directly to section III.

PROPOSITION 1: The infimum

= inf /WﬁVU Jt(z)) dx
UeU teT

where 7 = {t € L®(Q) : ||t[|oc <M, [, t(
attained.
Proof: Let us call

I*(U,t) = / WHVU (), t(x)) dz.
Q

This functional is coercive because of any function taking
values on the set where TW# is finite is bounded. This property
was proved in [5] in the context of another optimal design
problem in conductivity, and the proof uses the essential fact
that Sobolev functions with gradients taking values on the
support of function ¥ are solutions of linear elliptic PDEs
with uniformly bounded coefficients.

To apply the direct method we need to prove that the
functional I* is also weak and lower semicontinuous. To
this end, it is enough to show that W verifies the following
jointly convex property:
1
121 Jo

for all (4,0) € M2*2 xR, V € HE(R?) and t € L®(Q)
with vanishing mean-value (cf. [8]).

Let V € HI(;R?) and t € L*°(Q) such that
fsz )dy = 0. For a.e. y € Q, we can find a minimizing
probablhty measure v¥ € A(A+VV(y),0+t(y)) such that

)dx < v}, is

WHA, ) < WHA+VV(y),0 +t(y)) dy,

WHA+ VV(y),0 +t(y)) = W(F)dv(F).
M2x2
Proving that such a minimizing measure exists, there is an
elementary fact of functional analysis due to the functional to
minimize linear over measures, and the set A(A+VV (y), 0+
t(y)) is closed convex and consequently compact in the
weak-* topology on the Radon measures’ space.

Let us prove that the family of probability measures
v = {1¥},eq is an H' Young measure. To this end, we
use [13, Theorem 8.16]) which gives the following sufficient
conditions for being a gradient Young measure: in our case,
v= {Vy}yeg is a H'-Young measure if it verifies

(a) VU(y) = [yzx2 F dv?(F) for some U € H';
(b) fngz ©(F)dvY(F) > ¢(VU(y)) for any quasiconvex
function ¢;

(c) fQ szxz |F’|2 dVy(F) dy < oo.
() holds by definition of the set A(A,p), actually U =
V + Ay in this case; (b) is true because each 1Y is a Young
measure, as any term of a Young measure is a homogeneous
Young measure itself, and consequently it verifies Jensen’s
inequality for any quasiconvex function (see [13]), and (c)
holds because of the facts that supp(r¥) C A, ae. y € Q,
and that the quadratic growth conditions on the function V'
are finite at any time.

Finally, the average measure of v, ¥ is an homogeneous
H' Young measure belonging to A(A, #) and such that

|§12/QWﬁ(A+VV(y),9+t(y))dy =

/ W(F)dvY(F)dy
O Jmzx2

W(F)do(F) >
MZXE

W¥(A, ).

The averaging measure procedure is a standard technique
when dealing with Young measures and can be checked at
[13]. ]
PROPOSITION 2: If A stands for the set of H' Young
measures such that there exists U € H'(Q;R?) with

VU(x):/ Fav(F), U® =, on 00,
M2><2

then the infimum

= inf {/Q e W(F)dv®(F)dx :

v={v"},cq € A, / / V(F)dv®
Q JM2x2

is attained.
The proof is standard and is based on the minimization of
a linear functional on a closed convex set; see [13]. The
following is a subrelaxation result.

THEOREM 2: Under above conditions, if we put

(F)dz < 7}

m= 1nf /WVU

where U, = {U €U, [,V (VU (z))dx <~}, then

m < mf <m.
Proof: The inequality

mt<m
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is trivial as a consequence of the definition of the constrained
semiconvex envelope 1W*. Let us prove the other inequality.
Let U € HY(Q;R?), t € L>(Q2) be such that

U® — . on 09, /ﬂvNVU@%a@)m~<+m,
Q

/ t(x)dr <y, and ||t||p~(q) < M.
Q

As was shown in the proof of Proposition 1, for a.e. x €
() there exists an homogeneous H'! Young measure v* €
A(VU(z),t(z)) such that

WH(VU (z),t(x)) =

and the family of probability measures v = {v*},cq is an
H! Young measure. Moreover, v verifies

/ W (F)dv"(F) dx:/Wﬁ(VU(x),t(:c))d%
M2x2 (9}

/ /MZ><2 vi(F) dr = /Qt(:v) dx < 7.

This finishes the proof. [ ]
In order to obtain a full relaxation result it would be
enough to prove the equality

W (F) dv®(F)
M2X2

m=m. (8)

This fact would be true if given any Young measure with
support contained in the set where W is finite, A, and
verifying the integral constrained, there exists a generating
sequence of gradients such that it verifies all the admissibility
constraints for the problem, and, further, those gradients take
values on A. Otherwise, it could happen that, for an optimal
Young measure there is no admissible generating sequence
taking values on A and therefore the inequality /m < m
would be strict. That is to say, there is a gap between
the value of the two infima. From the point of view of
applications that is not really important because it just means
that small errors in the designs would improve the cost, as is
extensively discussed in [15]. In our case the authors have not
been able to prove equality (8). Concretely, the difficulty is
the following: given a Young measure with support contained
on A and satisfying the integral constraint, we are able to find
a generating sequence for the Young measure taking values
on A, but it is not clear how to modify a generating sequence
in order to make sure that such a constraint is verified.

The following result is an improvement of the subrelax-
ation result in the sense pointed out above.

THEOREM 3: For any family of measures v = {v"},cq
belonging to .4 and such that

supp(v®) C A, ae. x €,

there exists a sequence of gradients {VU;} generating v and
verifying that, for any j,

() U; € H(Q;R?), UP =,

J

(i) {\VUJ-\Q} is equi-integrable,

(i) VUj(z) € A, ae xz €,
The proof is of technical nature and we will skip out here.
A complete proof can be found in [2].

III. PROOF OF THEOREM 1

This section is devoted to the computation of the con-
strained envelope defined by

WA, p) = inf / W(F)dv(F
veA(A,p)
The proof follows along the lines of the computations in
[17]. For the sake of clarity, we divide the proof in various
steps.

Step 1

Let us consider v a homogeneous H' Young measure with
barycenter A. To avoid singular cases we first assume A & A.

By definition of W and V, we can restrict our attention
to all admissible measures v with support in A. That is,

v=(1—-tv, +trg, te(0,1),

with

supp(va) C Ao, supp(vg) C Ag.

This decomposition would not be well defined when the null
matrix belongs to supp(v). However this situation cannot
happen, as it was proved in [3, Theorem 1.3]. There, it was
shown that if null matrix belongs to supp(v), then v = dg,
and consequently it does not have barycenter A # 0.

Let us start studying some properties of first and second
moments of such admissible measures. Considering the re-
spective first moments of v, and vg,

Aa :/ F’dl/oé(}w)7 Ag :/ Fdl/g(F).
A Ag

a

It is clear that A = (1 —t)A, + tAg, with A, € A, and
Ag € Ag. Then, using the definition of A5, we can write

z w
Aa:(aTz)’ AB:(ﬁTw)’ ®)

and therefore, it is an easy computation to obtain
(BAW + TA®)
aAM 4 TA(Q)) .

1
2= AnE-a
(1-t)(B—a) (10)

w = gy (

Now, let us define the second moments

2 2
xa:/ ’F(”‘ dva(F), xﬁz/ ‘F(l)‘ dvs(F).
A Ag

a

From Jensen’s inequality follows

To = / [FU dyo(F) > / FO du, (F)
Ao

and similarly x5 > |w|>.

2
= ||,

(1)

2In the same way, gradients of admissible functions cannot take zero
value.
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On the other hand, using the weak continuity of the
determinant and the facts that v can be generated by a
sequence satisfying the hypotheses of Theorem 3, and that
if F € A, then det F = o/FM|?, and F € As implies
det F = B|F(M)|2, it is obtained that

det A = (1 — t)azy + t0zs. (12)

We now consider the integral constraint. By definition of

V' we have
1 —
o= [ vEyanr) = T e+ Loy,
M @ B

Therefore, from (12) and (13), the second moments of all
admissible measures v € A(A, p) such that v = (1 —t)v, +
tvg, t € (0,1), have to verify

(13)

a(det A—B2p)

_ B(det A—a?p)
Ta = A-0(az—p%) Tp =

(B2 —a?) (14)

Step 2

Once we have explicit expressions of x, and xg, (11)
reads as
a(det A—3%p)
(1-t)(a?=p%) = (1- t)"’
ﬁ(d(e[§214_a(;) ) 2 t2(/8_oé)2

First, note that det A — 3%p < 0 and det A — a?p >
0 (otherwise, first and second inequalities have no sense,
respectively) and consequently (7) holds.

On the other hand, if det A = 32p or det A = a?p, then
Zo = 0 or zg = 0, and therefore A € Ag or A € A,,
respectively, but we have previously assumed that A ¢ A.
Then, for A ¢ A we can assume strict inequality in (7).

Therefore, making some easy computations, first inequal-
ity writes as

> — ‘gA(l) +TA(2)|

5)

A + T4,

Bta) [BAD+TA |
tSl*(ﬁ—Z) et A=) (16)
and the second one is
B+ \aA(1>+TA<2>\2
L2 (T—z) ATy (17)

which implies (6). As a consequence, for all admissible
v=(1—-1tv,+trg € A(A,p), (4,p) has to verify the
inequalities given in the statement of Theorem 1.

Step 3

Obtaining the value of W is a direct consequence of the
definition of W and (16)—(17). If (A4, p) satisfies (6) and (7),

WA, p)= inf / W(F)dv(F
veA(A,p)

W (F) dus(F)

Ap
|0 AW 4T A®)?
B(det A—a?p)

inf (1—t¢ W(F)dv,(F)+t
it ) [ W (p)

=inf{t:ve A4, p} = (gfa)
for A & A.

Step 4

For the construction of the laminates, we will follow the
idea presented in [17], [16]. First, we observe that for

\_ (ra) lsa A
0=\ B=a B(det A—a2p)

substituting in (10) and (14), we see that

(18)

B2 (det A—a?p)?

— 2
T = |aA(1)+TA(2)| (B+a)2 - | |

)

so that,

2 2
/ ol sty = pore = |40
and due to the strict convexity of the integrand vg = d4,.

On the other hand, if we determine the rank-one directions
going through A with extreme points on A, and Ag, we must
look for A% € A,, AP € Ag, and r € [0,1] such that

A= (1-r)A%+7rAP and det(A~ — A”) = 0.

19)

After some manipulations, this condition implies that A and
r have to satisfy

2
7(1_7))2%_(1)2 |5A(1> +TA(2)| +

TW \aA( +TA 2)| +

(aA<1> +TA®) - (BAW + TA®) = 0.
(20)

a+f3
r(1-r)(B—a)?

Therefore, there will be such rank-one directions if A4 is such
that the above expression has solutions for r € [0,1]. We
assert that if (A4, p) € B, then there exists r € [0, 1] satisfying
(20).

Let us prove our claim. It is clear that condition (A4, p) € B
implies (15). That is to say, z, > |2|* and 25 > |w|?. Then,
from (12) we deduce that

det A > (1 —t)a|z|* + tB|w|?,

which can be written as
2
25— a)?det A+t (a ’5/1(1) - TA(z)‘
2
—3 ’aA(l) + TA<2>( — (8- a)?det A)

2
+ 3 ’ozA(l) + TA(Q)‘ <0.

Now, if P4(t) stands for the second degree polynomial on
the left-hand side, then (A,p) € B implies P4(t) has its
roots in [0,1] (note that P4 is an upward parabola where
P4(0) and P4 (1) are positive and ¢t € (0, 1)). Making some
easy computations it turns out that (20) writes as P4 (r) = 0.
That is, (A, p) € B implies that there exist as many rank-one
directions going through A with extreme points in A, and
Ag as roots in equation Py4(r) = 0.

Namely, if (6) happens with equality, then it is easy to
realize that z, = |2|? and 23 = |w|?. Therefore the laminate
has to be v = (1 —t0)da, +toda, for ty given in (18). Note
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that A, and Ag are only dependent on ¢y, and A, so the
laminate is unique. That is, P4(r) has only one solution.

On the contrary, if (6) is a strict inequality, then there
are two solutions of P4(r) = 0, denoted by r;, i = 1,2,
and therefore two rank-one directions going through A with
extreme points in A, and Ag. If we denote by A, ; and Ag ;,
i = 1,2 the extreme points in A, and Ag, respectively, we
can construct second order laminates in the following way.

Let us consider A,; = Ag + (;(Aai — Ap,i) such that
fla’i € A,. We have to adjust the parameter (; conveniently.
Making some easy computations,

n n A w + ((2i — w;)

o Gldai = Asi) = aT (gw—&—%(azi—ﬁwi)) ’
where z; and w; are the corresponding vectors for A, ; and
Ag,; in the same way as (10).

This matrix will be in A, if and only if

w+ Gz —w;) = (iw + %(Ozzi - ﬁwi)> .

This implies w — (;w; = 0, and thus {; = :—; Then,

i Z’L

Aa,z o ( OZTZ )
for z = i (BAW + TAP) | and ¢ given in
(18).

In this situation, the laminates
vij=(1=0i;)04,, +0i; (Pi,ﬂ% +(1- Pi,j)@ia,i) )

1,7 =1,2, i # j, where

t()(T‘j—T‘,;)

05 = i) to(l=ri)—ri(1=r;)
LI T to(l—ry)—ri(1—r4)° ’

Tj—Tq

Pij =

where t; is given in (18), are optimal microstructures,’ and
obviously

|aA® 4+ TAG
B(det A — a2p) ’

| 2

/MW(F) dvij(F) = (§ - Z)

1,j = 1,2,4 7&]
Step 5

Finally, let us see what happens if A € A. For instance,
we assume A € A,. Then A, = A, Ag =0 and (12), (13)
imply det A = a?p, and as a consequence tq = 0. That is
WE(A,p) = 0. In the same way, if A € Ag, det A = ($%p
and W¥(A, p) = 1. This finishes the proof.
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3Note that the optimal microstructure has sense with respect to the
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