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Abstract— This article develops new methods for adaptively
bounding approximation accuracy with methods that involve
localized forgetting. The existing results use global forgetting.
The importance of local versus global forgetting is motivated
in the text. Such bounds have utility for self-organizing ap-
proximators that could adjust the number of basis elements N
by adding additional approximation resources in the regions
where the approximation error bound is large.
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I. INTRODUCTION

Most nonlinear adaptive control methods are proposed to
address model uncertainties that are assumed to be the mul-
tiplication of known nonlinearities and uncertain parameters
[4], [10]. Since the first stability results appeared, adaptive
robust nonlinear control has been extensively developed to
retain closed-loop stability properties in the presence not
only of large parametric uncertainty, but also modeling errors
such as additive disturbances and unmodeled dynamics [4].
On-line approximation methods [1], [2], [5], [8], [9], [11],
[12], [14], [15], [16] are designed to achieve stability and
accurate reference input tracking for systems with partially
unknown nonlinearities, by implementing approximations to
the unknown nonlinear dynamics during the operation of the
system.

Nonlinear close-loop systems which incorporate on-line
approximators can be analyzed using Lyapunov stability
methods. Both the feedback control law and the approximator
parameter estimation equations are derived such that the
time derivative of a Lyapunov function has some desirable
properties (e.g., negative definiteness). The theory for ap-
proximation based nonlinear control is provided in [2], [5],
[8], [9], [12], [14]. The design and analysis of adaptive
systems have been extensively addressed in [2], [12], [14],
including controller structure selection, automatic adjustment
of the control law, and complete proofs of stability. Its
application based on the feedback linearization method is
developed in e.g., [8], [9]. On-line approximation based
control by backstepping methods is considered in e.g., [5].

Since on-line approximation based control can never
achieve an exact modeling of unknown nonlinearities, in-
herent approximation errors could arise even if optimal
approximator parameters were selected. Usually, a restrictive
assumption is made that a magnitude bound on the inherent
approximation error is known. Articles [5], [12], [13] relax
the assumption of a known bound on the inherent approxi-
mation errors. With a partially known bound, these articles
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discuss estimation of the bounding parameters and the design
of adaptive robust controllers to guarantee global uniform
ultimate boundedness.

However, the global features of the leakage modification
for parameter updates in [5], [12], [13] causes each pa-
rameter estimate to drift toward certain design parameters
as the operating point z leaves a local region for which
the parameter is applicable. Thus, both the approximated
function and the bounding function will lose local accuracy
and any knowledge learned from past experience will not
be retained for future use. This issue of global forgetting
was addressed in [17], by deriving localized leakage based
adaptation algorithms for both the approximator parameters
and bounding parameters. The analysis of [17] focused on the
scalar single-input-single-output system: & = f(z) + g(x)u
with g(x) =1 and z € R!.

In this paper, we use the backstepping extension proposed
in [3] and develop an adaptive robust control scheme for
higher order (i.e., z € ", n > 1) single-input-single-
output systems by incorporating on-line approximation of
the unknown bounding functions on approximation errors.
The existing localized adaptation algorithms [17] for func-
tion approximator parameters and bounding parameters are
extended to higher order systems with g;(xz) # 1,Vi =
1,--- ,n. Filtering techniques [3] are applied to calculate
time derivatives of intermediate state commands for the
backstepping approach. The stability and robustness results
yield a smaller m.s.s. bound on the tracking error than those
in the literature; in addition, the bounding function and
function approximation information are retained as a function
of the operating point even as the operating point moves
around the operating envelope.

II. PROBLEM FORMULATION

Consider the following class of nth-order single-input-
single-output nonlinear systems

() = ful®) + gn(@)u(?) (2)
where © = [x1,--- ,x,] T is the state vector and u is the con-

trol signal. It is assumed that the system is strictly feedback
passive (see p.46 in [7]). The functions f;(z), g:(z), i =
1, ,n represent nonlinear effects that are unknown at the
design stage. Each of these functions is assumed to be con-
tinuous on a known compact set D. To ensure controllability,
it is necessary to assume that each g; is bounded away from
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zero and of known sign. Therefore, without loss of generality,
we will invoke the following assumption:

Assumption 1: Tt is assumed that g;(x) has lower bound
such that g;(x) > g, () > g1 > 0, Vo € D, where g, (x) is
a known function and g; is a known constant.

A. Reference Trajectory

There is a desired trajectory z4(t) with derivative @4(¢),
both of which are available and lie in the region D for all
t > 0. The region D is a compact domain of operation that
is specified at the design stage. The region D contains all
trajectories T, = |24, Toc, -+ ,Zne| | for which the system
is expected to operate. In fact, we will assume existence of
a constant y > 0 such that

< min (re(t) - ) G)
for any ¢ > 0. This condition states that the desired trajectory
is at least a distance y from the boundary of D. The region D
also defines the largest region over which approximations to
f and g will be developed. Our goal is to design the control
signal u to steer x1(t) to track the reference input x4(t) and
to achieve boundedness for the states x; for ¢ = 2,...,n.
Note that existing approaches in the literature (e.g., [6], [7])
would require knowledge of the first n derivatives of x4(¢).
The approach herein only requires knowledge of x4(t) and
its first derivative [3].

B. Approximator Definition

For x € D, we define approximations to the unknown
functions f;(z) and g;(x) as f;(z) = 92 O, (x) and g;(z) =
0, ®g,(x) for i = 1,...,n, where the parameter vectors 6,
and 0, will be adapted on-line. For x ¢ D, fi(z) = 0 and
gi(z) = g;. The vector @, (x) is a user specified regressor
vector containing the basis functions for the approximation.
Denote the support of the k-th basis function of @y, (z)
vector by S, = {x € D|®y, (z) #0}. Let Sy, , denote
the closure of Sy, ;. Note that each Sy, j, is a compact set.
For each i, the ®, () vector is defined as a set of positive,
locally supported! functions @, x(z) for k =1,--- | N such
that each set Sy, 1 is connected with D = ngl Sy, .r where
N is a finite integer. This ensures that for any x € D, there
exists at least one & such that @y, ,(z) # 0. Therefore,
{8y, k1, forms a finite cover for D. Similarly, we define
the support of the k-th basis function of &, (x) as Sy, , with
closure S, ;.. The sets S, y,k =1---, N also form a finite
cover of region D.

In this paper, we are not concerned with the selection of
particular basis vectors ®¢, or ®,.. Any basis vectors which
satisfy the above assumptions are qualified candidates for
the regressor vectors. Splines, radial basis functions, certain
wavelets, etc. satisfy these assumptions.

We define a set of parameters 0}1_ that are optimal in the
sense:

* . T
05, = arg min (gnea% |fz(a:) -0 <I>f1(a:)|>

I“Locally supported’ means that p(Sy, ) < p < p(D), where for set
A, p(A) = maxy yea ([lz —yl).

Note that these optimal parameters are unknown. They are
not used in the implemented control law, but are useful for
the analysis that follows. Since D is compact and each f; is
continuous, the vector (92 exists and is well-defined. Define
the parameter estimation error vector
Op, = 05 —0%,.
Let
55, (x) = fulx) — (03,) 7@y ()

represent the inherent or residual approximation error. Note
that by the definition of HJ*[ above, the maximum value of
s, () on D is bounded. This maximum value can be affected
by the choice of the dimension and type of corresponding
basis vector @, (), but for a given choice of basis vector it
cannot be decreased by the choice of the parameter vector
s,. The upper bound on the magnitude of the residual
approximation error only depends on the designer’s choice of
approximator. The quantities ¢, , égi and 6, (z) are defined
similarly.

With the above definitions, system equations (1)-(2) can
be expressed as

#i(t) = (07,) @ (2) + 0y, (2)
+ ((QSZ)T(I)gZ (I) + 5_%' (1?)) Lit+1, 1<i< n,
n(t) = (0},) @y, (2) + 0y, (2)

+((65,) 7@y, (x) + 0, (2)) .
C. Bound Approximation

By the definition of the d¢, and ¢4, the magnitude of
these inherent approximation error functions are bounded on
D; however, the bound is not known. Our control approach
will utilize an estimate of these upper bound functions.
Therefore, we assume a form for the bounding functions
with multiplicative parameters that will be estimated. To
save computational effort, we reuse the same basis elements;
however, the approach easily extends to the case of different
basis elements.

By the above discussion, there exists a positive constant
vector \II;‘% , i =1,---  n, referred as the optimal bounding
parameter, such that

07,1 < (U3,) @y, VoeD.

The vector W7 is not unique since any \f/} > U7 satisfies
this assumption. To avoid confusion, the optimal bounding
parameter is defined to be the vector with the smallest 1-
norm such that the assumption is satisfied. A vector W7
yielding a bound on |d,,| is defined similarly. Note that
the optimal bounding parameter vectors W7 and W are
unknown. They are used only for analytical purpose. The
control law will use estimates Wy, and ¥, of the optimal
bounding parameter vectors. Therefore, the approximated
bounding functions are W . &, for |6, | and ¥, @, for |4,
where the vectors Wy, and W, will be estimated on-line.
For the following analysis, we define bounding parameter
estimation errors as

Uy, =Wy — U} and U, =T, — 0.
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where each element of \I/?/[ is defined as \I/M =
max{W% ,, 0} .}, k= 1,---, N with the vector ¥ =
(W .-+, UG y] " selected in the design stage. With these
estimated upper bounds, we will select proper terms in the
control signal or the intermediate state commands to properly

handle the inherent approximation errors.

III. ADAPTIVE BACKSTEPPING-BASED DESIGN

Define the tracking error vector as & = [T1,--- , &)
where

T = T — %4 “4)

I, = x;—Tifori=2,...,n 5

where the x;. are defined below. The pseudocontrol signals
«; of the backstepping procedure [6], [7] are defined as

Uq1
a1 = -~ 5 (6)
gl + 691
Uai
ap = = (7N
gi + Bgi
where R
Uqr = —Kk121 + Zq — f1 — By, + Us,
and

Uai = —kidi + die — fi = B, — (31 + By )Ti1 + us,

fori =2,...,(n—1). The control gains, k;, i =1,--- ,;n—1
are designer specified positive constants that will determine
the decay rate for disturbances and initial condition errors.
The us, (t) terms are defined as

us, (t) = —ri(t)sign(z;) (8)

where Z;, which represent compensated tracking errors, will
be defined below in eqn. (10). The us,(¢) terms are defined
to return state x to the approximation region D and keep it
there (i.e., to ensure that D is an invariant set). Here the gain
r;(t) is given by

0,
Ti(t) B { be +B(h xi+1|7

where by, , by, are known upper bounds on | f; ()| and |g; ()|,
respectively. Note that if constants by, and b, are not known,
then they could be estimated using the methods suggested in
[13], [12]. We do not present such an adaptive bounding
approach herein for x ¢ D as it is not the main topic of this
article.

The compensated tracking error signals z; for ¢ =
1,--- ,n are defined as [3]

when x € D
when x ¢ D ©)

ji:t’fi—gi, forizl,---,n (10)

where the &; are defined below.

The signal z;. required for eqn. (5) and its derivative
;. required for eqn. (6-7) are defined by the following the
following procedure [3].

1) Fori=2,--- n,

a) Define

Tie = o1 —&.

The signals z;. and ;. are defined as

—Ki(2ie — 22) (11)

with K; > k; being a designer specified constant.
Since the filter of (11) is being used as a means
to compute x;. and @;. without differentiation,
the designer would typically select K; > k; so
that x;. accurately tracks ¥, over the bandwidth
of z?c. Since (11) is a stable linear filter, x;. and
i will be bounded if the input z¥, is bounded.
b) Define
Eim1 = —ki—1&i—1 + (Gim1 + Bg,_y) (wic — ).
This is a stable low pass filter. Its input is the
product of (§;—1+ 34, ,) which we will prove to
be bounded and (z;. — x?.) which is small. For
Tic, 20, € D we always have that |x;. — 29| <
2p(D) where
p(D) =

x

Lic =

max |21 — 22|

is the diameger of set D. lior any x, each &; is
bounded by b, i.e., [£;] < be, where

_ 20(D N
be = %max [sup (|gi—1 + /Bgi,—1|)i| (12)
k i Vi
k = min,; k;.
2) Define
u = Uad + usn (13)
where uqq and u,, are defined as
uan
Uad = T 5>
gn + Bgn
Uq,, = _knjn"_xnc _fn _ﬁfn - (gn71 +’Bg"’1)i.n71
and
us, = —ru(t)sign(z,) (14)
. 0, when x € D 5
m(t) = %Wy whenx¢D.( )

where by, , b, are defined as known upper bounds on

| fn(2)| and |g,(2)| for 2 ¢ D, respectively. Similarly,

we do not present a discussion herein for the case when

by, and b,, are unknown. For completeness, the signal

&, = 0and k,, is a designer specified positive constant.
A. Tracking Error Dynamics

This subsection uses the control approach defined above
to derive the dynamics of the tracking error. This analysis
can be divided into three cases.

1) For:=1:

B o= fit (51 + ) — &) —da— 0],
By, T2e + (91 + B, ) (w2c — 79,
+(g172 — G172c) + 05,
= —kiZ1 — 05, @y — By, +us, + 05,
—Bg,2e + (91 + By, ) (w2e — 3)

+(g172 — g122c) — (91 + By, )&2- (16)
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2) For1 <i<mn:

Fio= fit i+ Be) (i — &) —
—BgiTiv1,c + (i + ﬁgi)(xiJrl,c -
H(giziv1 — GiTiv1,e) + 0y,
= —ki% — (gi-1 + Bgi_))Tic1 — é}r@f
=B tus, + 05, — By, Tit1,c
+(giTit1 — GiTivi,c) — (Gi + Bg.)&it1
+(9: + ﬁgi)(wiﬂ,c - $?+1,c)~
3) For ¢ =n:

Hf (I)fL

i+1,c)

a7

i"n = fn+ gn(Uad + Us,) = Tne
= fot (gn+ﬂgn)uad_xnc_0}—‘l;,q)fn
_/Bgnuad =+ (gn - gn)uad + 6fn + gnusn

= —k‘ .’Z‘n - (gn 1 + ﬁQyL_l)jn—l - ﬁfn
_H}Fn Bqnuad + (gn gn)uad
0, + gnls (18)

The equations of this section will be used in the follow-
ing subsection to derive the dynamics of the compensated
tracking errors defined in (10).

B. Compensated Tracking Error Dynamics

From Step 1b of the procedure described in Section III, the
variables &;, ¢ = 1,--- ,n — 1 are produced by filtering the
unachieved portion of +1,c- The variables z; are referred
as compensated tracking errors. These variables are obtained
by removing the filtered unachieved portion of x,, . from
the tracking error, as specified in eqn. (10). The dynamics
of the compensated tracking errors are derived according to
the three different cases in Section III-A.

1) Fori=1
= —k7 - éle(I)ﬁ — B — By w2c
+(g122 — G172c) — (G1 + By, )2 + 65, + us,
= —kx— 9}—1(13101 — ﬁfl - ﬁgl.’L‘Q

+(91 — g1)z2 + (91 + By, ) T2 + 0y, + us,

= —kiz1 — é;cl—lq)fl — é;—lq)gll’g - ﬂfl — 6g1x2
+(g1 + By, ) T2+ 6, + g, 22 +us,. (19)
2) Similarly, for 1 < ¢ < n:
T = —kiZ;— (Gio1 + By, )Tio1 +us,
_9‘};¢fi - 9;¢gixi+1 - ﬁfi - ﬁgixi+1
+(9i + By )Tit1 + 65, + 6g,xi41. (20)
3) For ¢ = n, because Z,, = Tn:
I, = —knT, - (Gn-1+ By, 1)$n 1= Bt
_0;” fn = 6{% Uad — 9;” (bgnuad
+0g, Uad + 0f, + GnUs, - (21

Given eqns. (19) - (21), we are now ready to analyze the
stability of the specified control law.

IV. STABILITY AND PARAMETER ADAPTATION

We consider the following Lyapunov function candidate

Z‘/i(i‘iaéfwégw\i/fw‘i/gi) (22)

i=1
where
L FTP—15 iTr—15
9 (xi2 + efirfi ef'i + agirgilegi
HU Ty, + @;F;;\Pg) :
with I'y,, T'g., Twy,, ey, = 1,--- ,n being defined as
positive definite matrices representing the learning rates. The
time derivative of the V is V. = Y | Vi, and V; along
solutions of eqns. (19 - 21) are:
1) For:=1,
Vi o= _klj% +Z1(g1 + By, )T2 + Trus, + Ay
+07,T; (9f1 Ffl@flfl)
+0T g1 (991 - Fglq)glffll?) .

2) Fori=2,---,(n—1),

(23)

Vi = —ki@} — 2 1(fi-1 + Bg,_,) T
+2i(gi + By, )Tiv1 + Tiug, + A
—|—9f 7. <0f - Ffl@ﬁxz)
+05,15,! (égi - ng‘bgii”ﬂwl) - (24)
3) For i=n,
Vn = _knji - jn(gnfl + ﬁg,b,l)ﬂz’n—l

+fz'ngnusn + An

+0;,75. (9'.% ~ Ty, @y, Tnttad) - (25)

In the above, for i < n:
A; = T (=P — Bgig1 + 05, + 0g,Tix1)
AU LT Yy, + 0 Tyl by, (26)
and for i = n:
An = 2o (=B, — By, Uad + 65, + 04, Uad)
+x1ﬁr L \pf +0, R ,, 27)

We choose the localized adaptive laws of 6y, and 0,,, ¢ =

1.+ ,nfor ||Z]| > /2t as
éfi =Ty,z:Py, (28)
6, — PTOJ{ng Ti Tit1 ..}, l.f i<n 29)
i Proj{Ty, &n uaa P4}, ifi=n

where a projection modification Proj{-} is used to ensure
that g;,2 = 1,--- ,n are bounded away from zero. When
[Z] < /222, 0, = 0 and f,, = 0. The design parameters
p, W, c are defined in the discussion related to Theorem
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1. Substituting (28) and (29) in (23) - (25), we obtain the
derivative of V' defined in eqn. (22) as

n n—1
V=— Z kiz? + Z (Zius, + DNi) + (gnEnus, +Ay). (30)
i=1 i=1

Next, we will only consider the case when x € D and
perfect approximation is not possible. We are interested in
developing bounds on the approximation error and using
those bounds in the control law to achieve robustness to the
approximation error. This goal is attained by defining smooth
functions 3y, and 34,, i =1,...,n as

Br. = W@ tanh (%) =5 Q3D
By = Y, -Q (32)
and
_ | @y, tanh (BEEL) ) ifi<n
= { ®,. tanh (i’"za") , ifi=n (33)

where € > 0 is a small design constant.
Lemma 1 of [12] provides the inequality

0 < |m| —m - tanh (m/e) < ne

for any € > 0 and for any m € R, where 7 is a constant that
satisfies n = e~ ("1 (i.e. n = 0.2785). This Lemma is used
below.

With this definition, starting from (26) and (27), we can
reduce the expression for A;:

A< (@D Rplml+ () @ @i
(U} + Ty,) " @y, 2; tanh (%)
7(\112:[ + ilgi)T(I)g,;fi%H tanh (@)
FUFTG Uy, + 0, T by,
< e (U Tdp, + (UM To,)

i

+‘I,'JTLF‘;_}11 (lilgi o F‘I’gngij:ixH—l)

(34)
and similarly

[Uad]
[Uan|

Ty, (‘I’f - Fmﬁfﬂn)

+®;LFEI;,L (‘i’gn - F‘I’gnﬂgnfcn“ad) (35)

A, <

n€(\1’1f\i)T(I)fn + ne(\l’g{)T@gvz

n

where the extension of Lemma 1 in [12], which provides the
inequality?

TnUad

|jjnuad| - jnuad tanh (inuan/€) S

xnuan

is used.

2Note that ugy and uqq have the same sign since the denominator of
the control equation is ensured to be bounded away from zero such that
0] ®g, + B, > g1 > 0.

n

Based on the inequalities (34-35), for [|z|| > /2t the
localized adaptive laws of Wy, and ¥ , with o-modification
are selected as

\iffi = Tyy [:Eitanh (%)
— oy diag(Vy, — \Il(J)c)i| s, (36)
\i/gi = Proj{ruy} (37)
where
Ly, <zii$i+1 tanh (L)
~ ougi diag(Wy, — 99,))@,,, if i <n
T\I/gi =

Lug, (f;nuad tanh (%)

— Gugn diag(V,, — xygn)) o, ifi=n

where diag(v) is the square diagonal matrix with diagonal

components equal to the vector v; ogy,, 0wy > 0; and

W) and WY are design parameters (vectors). When ||z <
ptp

= , U, =0and ¥,, =0.
Note that all u,, terms in (30) are zero for z € D. If we
substitute (34-35) and (36-37) into (30), we attain

Vo< =) ke (U)o,
i=1 =1
-1
S MA\T |[uadl a1\
+776 Z(\I/gl) (bgi, + "LL |(\I/gn) (bgn
i=1 an
-3 (le“i’;ﬁfi(‘l/fi - 5)
i=1
+U‘Pgi\i’;Rgi(‘I’gi - ‘I’Si))
where Ry, = diag(®y,) and Ry, = diag(®y,). After
applying the equation
1 1
a"R(a—ad%) = §~TR& + i(a —a®)"R(a —a°)

1

_i(a* _ aO)TR(a* _ aO)

to the two terms in the last summation, with the vector a
replaced by Uy, and W¥,,, ¢ = 1,---,n, respectively, we
have

Vo< —cl#f2+do+p (38)
where ¢, dy and p are all positive constants given by
c = ‘_I?in {k:} (39)
7n, n—1
o = a3 g e (S,
i=1 i=1
|vadl (greyT
— (U ) 40
+|uan|( gn) In ( )
1 , T
p = 52 [owpi (U} — WG )T Ry, (W — 09)
i=1
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Let p > (do + p) be a strict upper bound on (dg + p).
Select a small design constant y > 0. For ||Z|| > /2t

c

V < —pu < 0. When ||z < 4/ 2413 deadzone is included
in the adaptive laws. Without such a deadzone, stability is
not guaranteed and the parameters could drift.

Note that m tanh(m/e) > 0; therefore, without leakage
terms W f, and \ilgi would always be non-negative .

The stability properties are summarized in the following
theorem:

Theorem 1: Assuming the upper bound p > dy+p > 0 is
known, for the system described by (1)-(2) with the adaptive
feedback control law of eqns. (13-15) and the parameter
adaptation laws of eqns. (28-29) and (36-37), we have the
following stability properties:

1) For z(0) ¢ D, z(t) for ¢ > 0 converges to region D

in finite time.

2) When z € D and df, = 64, = Ot

a) T; € Lo;
b) z; —» 0 ast — oo;
c) Ty, 0¢,0g, € Lo
3) When z € D and §y, ;éOoré # 0:
a) T, I, 9f 991 \Ilf , \I/ €L
b) Ti, efl 991 \Ilfz \If g: € ,Coo,
V) il’ éfi’ égw \i’fw \i/gi € Loo;
d) Z is p-small in the m.s.s. [4].
e) The total time outside the deadzone is finite.
f) [|z|| is ultimately bounded by ||z < /22, as
t — o0.

Pf.

1) When = ¢ D: We want to show that all initial
conditions will return to and stay within region D.
Note that the ®y,, @, 0f7, g0 Bt Bg, terms are
all zero, and 6y, = f;(x) and 64 = g;(x) — g; for
i =1,---,n. Therefore, For x ¢ D, we consider the
Lyapunov function as

-2 Z “2)

The derivative of V can be easily shown to be similar
to (30), where A; terms defined in eqns. (26 - 27) are
simplified to

A =) T (fi+ (gi—g)ziz1), forl<i<n
’ Zn (fn + (Gn — g1)Uaa), fori=n.

[\V]

Applying the sliding control of (8) and (14), we obtain
the derivative of V' defined in eqn. (42) as

DL Z =il Ti| + | Adf)

=1

+(—g Tn|33n| + |A ). (43)

Since the sliding gains of (9) and (15) yield, for ¢ < n

ri|Zi| = (by, + by,

ri1])|Zi| > [Adl,
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2)

3)

and, for i = n
_ gn 7 - _
GnTn|ZTn| = gi;(bfn + byn|uad|)‘xn| > Al

Then, we attain

av o, .
= < —Zkimi<—EV (44)

V() < e ®V(0), forany t >0.  (45)

Then, for any ¢ larger than some finite time called 75,
V(t) < 7‘; which implies that [|Z(¢)|| < 3. In addition,
for z ¢ D || < be where be = QP(kD)gl by methods
similar to those used to derive (12). Therefore, we can
attain [|{(t)|| < 3 by choosing g; sufficiently small for
x ¢ D. Therefore, for t > Ts,

[ZON < lz@1 + €@ <~

which implies that x returns to within D in finite time.
Once = € D, the sliding mode term will not allow x
to leave D.

The reminder of this proof will only be concerned with
the case of x € D, where each sliding control term s,
is zero. For x € D, we will continue the analysis of
V for V defined in (22).

When « € D and §y, = 6,5, = 0: Note that all u,
terms in (30) are zero for x € D. In addition, for the
ideal case of perfect approximation, the 3y,, By,, 07,
and d,4, terms are identically zero, which yields directly
A; = 0. Then, (30) is simplified as

- i k;z? (46)
i=1

which is negative semi-definite. This implies that the
variables Z;,0¢,,0, are each bounded. Since each
term of z; is bounded, V can be directly shown
to be bounded. Barbalat’s lemma implies that each
Z; approaches zero as t approaches infinity. Finally,
integrating both sides of (46) yields

UEDS /0 ki (7)dr

which shows that each Z; is in L.

When x € D and dy, # 0 or §,, # O: Starting from the
inequality (38), the derivative of V for [|Z[| > ,/2t&
is:

V<——c|zlP+do+p<—pu<0 (47)
where ¢, dy and p are given as (39-41), respectively.
Therefore, if ||z| > HT“, then V is decreasing.
If |z < /2 then 0y,0,,¥; and V¥,
are all constant and ||Z|| is bounded. Thus,
V(t) is bounded by the maximum of V(0) or

gy (V@ 05,00), 05, 0), ‘Pfl(O),\i'g,-(O)))
which shows that Zis Gf 99 , \I/f U, € L. The



Lo property of Z; comes from the fact that each ¢;
is bounded. Properties 3b, 3¢ can be similarly shown.
For the proof of 3d, we integrate (38) to obtain

t t

c / |Z||? dr < V(0) +/ (do + p) dr

0 0
which implies that Z is p-small in the mean square
sense (m.s.s.).
Next, we will show the Property 3e. Assume x starts
at to outside the deadzone, enters the deadzone at
to;—1, and leaves it at to;, for ¢+ > 1. Then, during the

interval ¢ € [to;—1,t2;], there is no parameter update;
[Z(t2i-1)[l = [|Z(t2:)]], thus

V(tai—1) = V(tas),
and outside the deadzone according to (47),
Vitaiz1) — V(tai) < —pltaiyr — t2:).
Therefore, the total time outside the deadzone is

Ty=(tr—to) + > _(taip1 — tai),

and
Ty < %(V(to) —V(t1) + Z(V(t%) _ V(t2i+1)))
i>1
< %(V(to) —V(t) + Z(V(tgi,l) - V(t2i+1)))
< V(to) B

I

which is a finite value. Property 3f comes directly from
the Property 3e.

|

The formulation of localized adaptive laws as defined in
eqns. (36-37) localizes the effects of leakage terms to the
vicinity of the present operating point, thus eliminating the
problem with global forgetting. Localized forgetting also
decreases the required amount of on-line computation, since
all parameters associated with zero elements of basis vectors
are left unchanged.

In addition, due to the inclusion in p of Ry, and R,
which are local functions of the operating point, the m.s.s.
bound can be shown to be significantly smaller than the
bound derived from the previously existing approaches.

V. CONCLUSIONS AND OPEN ISSUES

We have considered in this paper the robust adaptive
control design for a wide class of n-th order uncertain
nonlinear systems. A novel robust adaptive backstepping
design procedure is proposed by incorporating the locally
learned adaptive bounding functions on the residual approx-
imation errors. This is an extension of the localized adaptive
bounding technique proposed in [17] to higher order systems
with g;(x) # 1. Furthermore, the complexity of calculating
time derivatives of intermediate state commands for the
backstepping approach [6], [7] is addressed by the command

filtering techniques proposed in [3]. We have proved that the
overall adaptive scheme can guarantee the boundedness of
both actual tracking errors and compensated tracking errors,
by applying the Lyapunov stability analysis.

In addition, we successfully show that the localized adap-
tation algorithms with deadzone and parameter projection
modification is effective to prevent the parameter drift and
to guarantee the ultimate boundedness of the compensated
tracking errors Z. Since we have shown that the m.s.s. bound
on Z is on the order of the residual function approximation
errors, our future extension will focus on the adaptive en-
hancement of the structure of the approximator to achieve
better tracking performance.
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