
Abstract—Thermal efficiency prediction for heat exchangers
is a great challenge for environmental purposes. In spite of
technological developments in order to optimize materials or
design, fouling phenomena are quite difficult to take into
account. This important constraint for heat exchangers
efficiency has to be carefully estimated and new sensors are
developed in order to inform experimenters about fouling
thickness evolution. In this communication, a mathematical
model for fouling state prediction is proposed. Thermal system
analysis is performed and from experimental observations,
identification methodologies are carried out and lead to the
identification of unknown model parameters.

I. INTRODUCTION

HIS communication is dedicated to parameters
identification for a thermal system encountered in an
industrial framework. The application purpose is the

design of a new probe in order to accurately estimate in situ
not only the exchange coefficient but also the fouling
thickness of cross flow tubular heat exchangers from reliable
transient state identification methods. Frequently, in
industrial gaseous systems, the effectiveness of heat
exchangers can decrease because of fouling deposition onto
the heat transfer surface. Some gas-side fouling measuring
devices have been envisaged. All of them allow to obtain
physical information on fouling. Nevertheless, they are still
far from giving thermal information and taking into account
the deposit phenomena involved. 

Investigating heat transfer in an heat exchanger is crucial
to determine optimal condition and to ensure safety
processes. In fouling conditions, the formulation of a
predictive mathematical model requires the identification of
unknown model parameters. The non-stationary state and
non-linearity of the studied process reduce the possibility of
using many traditional design-and-theoretical and
experimental methods. The approach based on observations
of the system state to specify the unknown parameters is
known as inverse method (in other words, to find not causal-
sequential, as in direct problems, but rather sequential-causal
quantitative relations). Inverse heat transfer problems are
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widely investigated (see [1]) since the formulation of ill-
posed inverse problem by Hadamard: an inverse problem is
well-posed if it satisfies the three Hadamard’s conditions of
existence, uniqueness and stability. If any of the previous
conditions are not satisfied, then the problem is ill-posed.
For continuous diffusive systems such the thermal process
studied in this paper, the inverse operator is ill-conditioned
and the presence of measurement noises in the observed data
makes the problem unstable; the inverse problem is then ill
posed. Overcoming the ill-posedness of inverse problem is
known as regularization. The key issue in solving inverse
problems, is how to introduce just enough prior information
to obtain a satisfactory result [2]. Several techniques for
regularizing and solving ill-posed problems have been
proposed and used. One first simple idea consisted on
choosing a restricted class of inputs : steps, band limited
signals, polynomial bases … A more attractive technique,
however, does not use constraint on the input signal
structure but build a regularization operator depending on a
numerical parameter called the regularization parameter.
Tikhonov first suggests the use a smoothing function to
account for prior information. The determination of the
optimal value for the smoothing parameter remains an open
problem. A commonly used procedure is based on the
Morozov's discrepancy principle ([3] and the references
therein) assuming that a bound on measurement errors
statistics is known. In other situations, a Bayesian inference
is preferred and the maximum entropy principle makes it
possible to take into account any prior knowledge on the
unknown parameters and measurement noises. 

In the specific framework of inverse heat transfer
problem, three classes can be considered:

- inverse problems that arise in the diagnostic and
identification of physical processes,

- inverse problems that arise in the design of
engineering products,

- inverse problems that arise in the control of processes
and systems.

The problem of the determination of a model for
predicting fouling state evolution in a heat exchanger
depends on the previous first class. In the following, the
experimental situation and the partial differential equations
system describing the process state evolution are exposed.
Then a sensitivity analysis is performed in order to ensure
efficient identification conditions. State observations are
then exposed and several identification methods are
investigated. Finally, model prediction is compared to
experimental measurements. 
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II. THERMAL SYSTEM

A. Experimental situation
Heat exchangers design and optimization are essential to

ensure environmental protection since they are commonly
used in industrial processes for energy management. In the
specific framework of energy recovering from polluting
effluents, the deposition of unwanted residues of particulate
matter on exchange surfaces constitutes the fouling [4]. The
effectiveness of cross flow tubular heat exchangers for
instance decreases because of this foulant deposition.
Besides predictive maintenance approaches developed in
[5], technological developments have been investigated in
the last decades in order to develop sensors dedicated to
fouling state prediction (see for example [6]-[13]). However,
even if physical observations on fouling are obtained, heat
transfers are not well described (from the thermal point of
view) and a loss of efficiency of the heat exchanger is often
detected late in industrial conditions. 

Mathematical modelization of fouling phenomenon has
been widely investigated from the pionner studies [14] and
give relations based on deposition and removal mechanisms
(see for example [15]-[20]). Models are often based on
strong empirical considerations and less attention is focused
and thermal effect of fouling. In the following, heat transfer
is modelized in a simplified geometry for both clean and
fouling situation.

Let us consider the heating wire and the thermocouple
described in figure 1 where T  is the temperature,
convective exchange coefficient is denoted by h  and
ambient temperature is T .

Générateur de tension

Thermocouple

T

T

h

    Power supply

Fig. 1.  Simplified experimental situation

Heating wire and thermo physical parameters are given in
the following table. In the next paragraph, equation
describing heat transfer in the heating wire is proposed.

TABLE 1
Symbol Quantity

L length m 227.8 0.1 10L

r radius m 41.49 0.01 10r

S surface 2m 42.6 0.01 10S

V volume 3m 81.95 0.01 10V

thermal conductivity 
1 1. .W m K 19.5 0.1

pC
volumic heat capacity 

3 1. .J m K
63.35 0.01 10pC

B. Mathematical model
Let us consider the following notations :
- h  is the convective exchange coefficient

2 1. .W m K

- t  is the time variable s

- .t Q H t  is the power delivered by joule effect

W ,

- H t  is the Heaviside function.
Then, temperature evolution of the heating wire is described
by :

1p

dT
C V t hS T T

dt

Solution of 1 is given by :

1 2p

hS
t

C VQ
T t e T

hS

In gaseous systems, while the deposition of particulate
matter leads to fouling conditions, both the heat exchange
coefficient on the heating wire surface h  and the material
property pC V  are modified. In order to propose an
efficient identification method based on the resolution of an
inverse problem, a sensitivity analysis is performed in the
following paragraph.

III. SENSITIVITY ANALYSIS

Let us denote by , ph C V  the unknown

parameters. The sensitivity coefficient versus parameter i ,

1,2i  at instant kt  is : 
,

, k
i k

i

T t
X t .

Comparisons are performed by introducing :

i i i i
i

T
X X . On figure 2, sensitivity functions are
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presented according to the following values : 0.02Q W ,
293T K . Convective exchange coefficient is fixed :

2 135 . .h W m K .

It is shown on curve  that system state depends on h

at each instant. However, sensitivity to pC V  is neglected

for 50t s , see curve . Moreover for 2t s , relation

between h  and pC V  avoid identification. Then in order to
identify the unknown parameters from state observations :

- pC V  has to be identified from observations

obtained in 2,50t ,

- h  can be identified from long time measurements.
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Fig. 2.  Sensitivity functions

In the next paragraphs, the following notations are
considered, hSH  and pC VC .

IV. IDENTIFICATION METHODS

A. Method 1
This method is based on a trivial formulation deduced

from 2 , considering  linearization around initial known

values 0 0,H C  and introducing :  , , 1
t

f t e
H
CH C  :

0 0( ) , , 3k k

Q f f
T t T f tH C H. C.

H H C

where : 
0

0

0

tf t
e

H
C

H C
 and 

0

00
2

0

tf
te

H
CH

C C
. Then

identification problem is formulated as : 

1 4 4 1
. 4

n n
T X B

where : 
1

1n

n

T t
T

T t
 corresponds to the n  observations,

1 1

0 0 1

4

0 0

1 , ,

1 , ,
n n

t t t t

n

n
t t t t

f f
f t

X

f f
f t

H C
H C

H C
H C

 and

4 1

tr Q Q Q
B T H C

H H H
.

Then, from given value of 0 0,H C  and knowing Q ,

state system observations 1, ,k nT  lead to the determination

of T , H  and C :

1

4 1 4 4 4 1
. . . 5tr tr

n n n n
B X X X T

This relation is illustrated in thermal sciences context in
[21]. Experimental results are shown on the following figure
where fouling conditions corresponds to a thin coating.

Time (s)
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T
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Experimental temperatures in fouling conditions
Experimental temperatures in clean condition

Fig. 3.  Comparisons between experimental results and simulations

Results obtained, from method 1, are :

TABLE 2
2 1. .h W m K 1.pC V J K

clean condition 345.2 5.010

fouling conditions 339.0 3.810 30.035 3.510

Residual values between simulated T  and measured

temperatures mT  are shown on the following figures. 
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Fig. 4.  Residual values between experimental and simulated results 

Figures 3 and 4 ensure that unknown parameters
,H C  are identified and values given in table 2 can

be taken into account. However, it is important to notice that
prior informations on the heating source Q  and the wire
surface S  are required. For situations where inaccuracies
are not neglected on S  or where heating source is noisy
disturbed, method 1 can lead to erroneous estimations.

B. Method 2
The aim of this method is to identify simultaneously

,H C
H C

 from experimental sensitivities. Firstly,

considering only the convective heat transfer coefficient
variation, it comes :

, , , , 6T
T t T tH H C H C H

H

Moreover, since , , 1
tQ

T t e
H
CH C

H
, then :

, , , ,
tQ

T t f t te
H
CHH H C H C

H H C

and : 

2

2 2

, , , ,
1

1 , ,

, ,

, ,

t

t

t

t

Q
T t f t te

Q
f t te

Q Q
f t te

Q Q
f t te

H
C

H
C

H
C

H
C

HH H C H C
H CH
H
H HH C

H H C
HH C

H H C
HH H C
CH H

then, 

, , , ,

, ,
, ,

T t T t

T t
t T t

t

H H C H C
H CH H C

H

Thus, according to 6 ,

, , , ,1 , , 7
T t T t

t T t
t

H C H C
H C

H H

Moreover, by the same way, the following relation is
formulated :

, , , ,
8

T t T tt
t

H C H C
C C

Then 7  and 8  are used in the following equation :

, , , , T T
T t T tH H C C H C H C

H C

and lead to :

, , , ,T t T tH H C C H C
, ,

, , 9

, ,

T t
t T t

t

T t
t

t

H CH H C
H

H CC
C

where , ,T tH H C C  is the experimental
temperature measurement in fouling conditions.

Thus : 

0

1 , , , , 10
t

T t T t dt
t

H H C C H C

0

1, , , , , ,
t

T t T t dt T t
t

H CH C H C H C
H C
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Let us denote by :

1 0

1 0

1 1 1

1 , ,

1 , ,

t

t

t T t dt
t

t T t dt
t

t t t

'

''

' ''

M H H C C

M H C

M M M

Then the following equation is considered :

1 1 2 2 1
. 11

n n
X BM

where : 
1 1

1 1

1

n

n

t

t

M
M

M
,

2 1
B

H
H
C
C

 and

1 1 1 1

2

1

, , , ,

, , , ,
n

n n n

T t t T t
X

T t t T t

''

''

H C M H C

H C M H C
.

Then, relation : 
1

12 1 2 2 2 1
. . .tr tr

n n n n
B X X X M

leads to identification of ,H C
H C

 by considering the

measurement data shown on figure 3 :

TABLE 3
H
H

C
C

fouling conditions 50.1549 9.610 50.5280 5.410

Method 2 does not inform about ,H C  but only about

the variation ,H C
H C

. However, it is important to

notice that prior informations on nuisance parameters (such
as the heating source the heating source Q  and the wire
surface S ) are not required in order to obtain an accurate
estimation.

C. Method 3
For longer steady-state observations, the following

situation is encountered :

0

1 , , , , 12
t

T t dt T t
t

H C H C

If relation 12  is satisfied, method 2 is modified since

2n
X  is badly conditioned and H

H
 and C

C
 have to be

identified on different time samples [22]. Let us consider

that for *t t ,
, ,

, ,
T t

t T t
t

H C
H C . Then 9  is

modified :

, , , , , ,

, , 1

T t T t T t

T t

HH H C C H C H C
H

HH C
H

Let us denote by :

*

*

0

0

, ,

, ,

t

t

t

t

t T t dt

t T t dt

'

''

M H H C C

M H C

then : 0

0

1
t

t

''

'

MH
H M

.

Once H
H

 is identified, the following relation issued

from 10  is considered for the identification of C
C

 at any

time t  :

1 1
1 - , ,
, ,

t T t t
T t

''C HM H C M
C H C H

According to method 3, parameters identification results are
shown in table 3.

TABLE 4
H
H

C
C

fouling conditions 0.1561 0.5242

Identification results obtained according to both methods (2
& 3) considering exactly the same measurements are quite
similar for the encountered situation. In fact, matrix  

2n
X

is not very badly conditioned 7cond X  and 12  is

not satisfied. In such a situation method 2 does not lead to
erroneous estimation. For longer steady-state observations,
12  is verified : method 2 would not ensure a simultaneous

correct estimation of the variation ,H C
H C

. Then

method 3 has to be implemented.

V. CONCLUDING REMARKS

In this communication, several identification methods
have been exposed and compared in an experimental
situation. The thermal system describing thermophysical
modifications due to fouling conditions has been presented
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and a sensitivity analysis has been performed. It has been
shown that the convective heat exchange coefficient and the
variation of a volumic thermal characteristic of the system
depend on the perturbation generated by fouling.
Considering state system observations (obtained by
thermocouple), inverse methods are implemented and lead to
efficient parameters identification.

Identification methods 2 and 3 are used in order to
estimate the modification not only of the heat transfer
coefficient but a global thermophysical characteristic of the
system. Experimental sensitivity functions are obtained from
the temporal variation of the experimental temperatures and
not from the nominal values of the forward model as they
are usually. 

VI. FURTHER INVESTIGATIONS

The presented methods have been successfully implemented
for the conception of a new probe. Its main originality lie in
the fact that it replaces one part (or the totality) of exchanger
tube and it is constructed from the same materials to be
subject to the same thermohydraulic and fouling conditions
as exchanger. Its principle is based on the analysis of the
transient temperature response of the system to a thermal
excitation. An experimental device has been built up, in
order to test the thermal transient probe. An analytical 3D
forward model for transient heat transfer is developed. The
thermal quadrupole formalism using integral transforms
methods [23] is used to model the three-dimensional
transient heat transfer in the studied multilayered system.
The interest of this approach lies in fact that a linear
relationship is given between the input and the output
temperature and heat flux after a double Laplace Fourier
transform. The main advantage of this temperature-flux
vector representation is to make possible the analytical
modeling of multimaterials by multiplying the
corresponding quadrupole matrices. Then, it allows to
optimise the probe sizing.
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