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ABSTRACT

The subject of this paper is linear programming (LP)
optimizer application with Model Predictive Control (MPC).
This extremely successful merger of two major control
technologies is enabled as a consequence of the MPC feature
of providing a prediction of the process outputs up to steady
state, thus creating the required conditions for optimizer
operation. However, the standard LP algorithm which finds
a solution only within acceptable limits, does not perform
properly when some of the predicted process outputs are out
of limits. On the other hand, the optimizer applied with the
MPC controller must always find a solution and thus there is
a need to extend the original optimization formulation. This
paper presents robust and reliable ways of handling
optimized process outputs that are out of the limits. The
technique is based on the priority structure, penalizing slack
variables, and redefining the constraint model. In addition
LP functionality is extended by defining one- or two-sided
ranges around the control variables set points and preferred
settling values for the manipulating variables. This technique
has been implemented in an industrial control system and
will be presented interactively by simulating the
optimization and control of a distillation column.

INTRODUCTION

Optimizers are an inherent part of MPC functionality,
wherein they are applied towards the economic optimization
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and constraint handling objectives [1]. In normal operating
conditions, an optimizer provides economically optimal
solution within acceptable ranges and limits. If a solution
does not exist within the predefined ranges and limits, the
optimizer should have the means to recover from the
infeasibility. The existing recovery techniques are based on
the priorities of the constrained and controlled variables.
There are several known approaches to this problem. In [2],
integer variables are used to cope with prioritization. The
minimization of the size of the violation is performed by
solving a sequence of mixed integer optimization problems.
In [3], an algorithm solves a sequence of LP or QP
(quadratic programming) problems in the case of
infeasibility. This algorithm, like the previous one,
minimizes the violations of those constraints that cannot be
fulfilled. However, both approaches are computationally
intensive and therefore inadequate, particularly for fast real
time applications. In [4], an algorithm has been developed
for off-line LP weights design in such a way that the
computed constraint violations are optimal. It takes the
burden of excess computations off-line but presents an
additional off-line optimization problem.

Since the LP solution lies at the constraints boundary,
therefore optimal steady state targets tend to bounce around
[1]. LP functionality is particularly unsatisfactory when no
objectives are defined for most or all of the variables. In
such cases the control requirement would be to preserve
process input and output values, while a standard LP
optimizer will tend to drive the process variables to the
boundaries. This is because the initial LP solution is at the
boundaries and since there are no objectives for improving
this solution, it becomes the final solution. In order to
prevent such behavior QP optimization is applied,
substantially increasing the complexity of the
implementation.

In this paper we present a technique for constraint handling
and extending LP functionality using penalized slack
variables that is suitable for on-line implementation. This
technique provides the functionality delivered by the QP
optimizer with an insignificant increase in LP complexity.
For the reader’s convenience, basics of MPC optimization as
outlined in [5, 6] precede the extended LP functionality
presentation.

BASICS OF MPC OPTIMIZATION

For processes with several manipulated and controlled
variables, optimization techniques, generally in the form of
an LP, are an essential component of Model Predictive
Control application. MPC uses incremental manipulated
variables (MV) at the present time or sum of increments of
MV over the control horizon and incremental values of
controlled and constrained variables (CV) at the end of the
prediction horizon, instead of positional current values as in
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typical LP applications. The LP technique uses a steady state
model, therefore steady state condition is required for its
application. With the prediction horizon normally used in
MPC design, future steady state is guaranteed for self-
regulating processes. Predicted process steady state equation
for an m by n input-output process, with prediction horizon
p, control horizon ¢, in the incremental form is:

ACV(t+p)=A* AMV(t+c) (1)
where

ACVit+p)=[Acv,...., Acv,]" - the vector of the predicted
changes in outputs at the end of the prediction horizon,

is the process steady state n x m gains matrix,

AMWt+c)=[Amv;,.. ., Amv,]" - the vector of the sum of the
changes over the control horizon made by every controller
output my;.

Amy. = ZAmvi(t+j)

Jj=1

i=12,...,m

The changes in process variable values should satisfy the
limits on both MVs and CVs, i.e.:

MVmin SWurrent+AMV(t+c) —<MI{nax
2

CVmin SCVpredicted+A C‘/(t+p):CVpredicted +A $AMW+C)SCV

€)

The objective function for maximizing product value and
minimizing raw material cost can be defined jointly in the
following way:

Opin=-UCV* ACV (t+p)+ UMV * AMV(t+c) (4)

where UCV denotes the cost vector for a unit change in CV
process value and UMV denotes the cost vector for a unit
change in MV process value. Applying (1), the objective
function expressed in terms of the MV is:

Ouin=-UCV *4* AMV (t+¢)+ UMV * AMV (t+c)

The LP solution is always located at one of the vertices of
the region of feasible solutions [7]. To find this solution, the
LP algorithm calculates the objective function for an initial
vertex and improves the solution every next step until it
determines the vertex with minimum value of the objective
function as the optimal solution. The optimal MV values are
applied to the MPC controller as the target MV values to be
achieved within the control horizon. If the MPC controller is
squared, i.e., the number of MVs is equal to the number of

CVs in the controller, the MV targets can be effectively
achieved by a change in the CV set point value [8].

ACV=A“*AMVT
AMVT- change in optimal target value of MV

CV* — subset of control and constraint variables that are
included in the MPC squared controller.

The optimal MV values are achieved by managing the CV*
set points. ACV¥ represents the required change in the CV*
set point value.

In normal situations, the target set points are within
acceptable ranges and constraint variables are within limits.
However when disturbances are too severe to be
compensated, the optimizer may not find a solution within
limits and some mechanism is needed for handling
infeasibilities. An effective technique for infeasibility
handling and extending LP functionality is the subject of the
next chapters.

INFEASIBILITY HANDLING BY USING SLACK
VARIABLES

The concept is based on a special use of parameters called
slack variables. In linear programming slack vectors

S, =20and S . =0 are used to transform the

max

inequalities in (3) into the following equalities:

CVpredicted +A $AMI/(1‘+C):C‘{M" +Smin
)

C Vpredicted +A $AMI/(t+ c):C‘{nax_Smax
(6)

The equality is required for the linear programming model
thus slack variables serve only as formal parameters with no
specific application meaning. However, adding slack
variables does serve to increment the degrees of freedom.
Therefore, adding yet another slack variable for each
equation will increase the degrees of freedom and will allow
finding a solution in situations where the solution may not
exist. Slack variables may be applied to extend the range
limits, with the slack vector S* >0 for the high limit violation
and the slack vector S~ >0 applied for the low limit
violation, as below:

Cmed’.CtvaA*AM‘/(tvLc):C‘{nin +Smin_S_ (7)
CI/PVEded+A$AMI/(1‘+C):C%1ax_Smax+S+ (8)

Figure 1 illustrates this concept of slack variables for
constraint variables (process outputs with no set points). S(7)
denotes the component 7 of the relevant slack vector. Note
that there will be a pair of equations (7,8) for each value of
the CV prediction. Depending on the actual prediction value,
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some of the slack variables will be zero. Only the non-zero
slack variables are shown in figures | to 4.

To get the LP solution within ranges or to minimally violate
the ranges, the new slack variables should be penalized and

these penalties should be significantly higher than economic
costs or profits. Therefore, the objective function (4) should
be extended by adding the terms PS."*S™ and PS,"*S".

Ouin= -UCV™*ACV(t+p)+

UMV™* AMV(t+c)+

PS.T*S+pS, T*s" 9)
where

PS_is the penalty vector for violating low limits

PS. is the penalty vector for violating high limits
PS>>UCYV and PS,>>UCYV, also

PS>>UMV and PS.>>UMV

All components of the vectors PS. and PS. should be
significantly larger than economic cost/profit vectors.
Generally, it is reasonable to assume that the smallest
component of the vectors PS_ and PS. is greater than the
largest component of the UCV vector.

Predicted process output
exceeds high 1imitQ

157 ()

High Limit

Predicted Smax ()
process i

output is

within limits :

%Smin (l)

Smax (i)

Smin (l)

Low Limit S~ (z)E
Predicted process output i
violates low limit

Non-penalized slack variable

Highly penalized slack variable

Figure 1. Application of Slack Variables for Constraint
Handling

TECHNIQUE FOR EXTENDING LP
FUNCTIONALITY

An extension of the slack variable application for MPC
optimization is achieved by using slack variables applied to
set point optimization within acceptable ranges. The ranges
are defined around set points within high and low set point
limits. Ranges can be single sided or two sided. Single sided
ranges are associated with minimization and maximization
(Figure 2) objective functions. Two sided ranges have no
economic objectives other than realizing the optimal solution
as close as possible to the set point within the defined
ranges, as extended by the penalized slack variables (Figure
3). If the range is equal to zero, then we have a set point with
the highly penalized slack variables around it.

Predicted process output

exceeds high 1imitQ
SP (Maximized CV) 25" (i)
. A
Predicted Smax (1)
process | S (i)
output is ) max
within limits : ‘
ESmin (l) S ) (l)
Low Limit

Sk
Predicted process output i
violates low limit

Non-penalized slack variable

Highly penalized slack variable
— (CV optimization direction

Figure 2. Slack Variables Application to Maximized Single
Sided Range Control
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Predicted process output
exceeds high limiuQ

=57 (i)

High Range Limit

S (D)

S (l )abovego

Smax (i)

SP

. ES(i)below
Smin (l) O
Smin (l)

S (i)
Predicted process output .
violates low limit O

Predicted
output is
within limits

Low Range Limit

Non-penalized slack variable

Penalized slack variable

Highly penalized slack variable

Figure 3. Slack Variables Application to Two-Sided Range
Control

The equations for set point control with the two-sided
ranges, for each CV prediction, are in the form:

Cmed,-cmj +A *AMV(I‘+C):SP-Sbe/gw+Sabove
CVbredicted +A *AM‘/(hLC):C‘{"i" +S’”i"_S_
CVbredicted +A $AM‘/(1‘+ c):C%lax_S’”ax+S+

Sheiow and S0 are additional vectors of slack variables for
the solutions below and above the set points. The term

PSP 10w SpetowT PSP apove*Sasove should be added to the
objective function, where

PSP, 10 is the unit penalty for the solution below the set
point, and

PSP ;0 is the unit penalty for the solution above the set
point.

Applying penalized slack variables in this manner, the
optimizer can always find a solution at its first execution,
even if the solution is outside the output limits. This
approach also allows handling process inputs in a more
flexible way. Inputs (MVs) have only hard constraints. It is

also possible to define soft constraints, contained within hard

constraints, for some of the inputs. Introducing penalized
slack variables for the soft constraints, it is easy to define a
penalized range for the MVs. For this the following
equations should be included into the model along with
equation (2):

M Vmi nmﬂ_S ivqftmin =M chrrent+ AM V(t +C) ( 1 0)

MVmaxmﬂ—i_S*—sqftmax :Mchrrent +AM‘/(t+ C) ( 11 )

The same approach is used to define preferred settling value
(PSV), the preferred value for the MV, as shown in Figure 4.
PSV is defined by the user or it can be the last value of the
MV.

High MV Limit

S, (i
o s
S(i)abovei
: PSV
. E‘S(i)below
Smin (l) o
Smin (l)
Low MV Limit

Non-penalized slack variable

Penalized slack variable
PSV Preferred Settling Value

Figure 4. Using penalized slack variables to account for the
Preferred Settling Value

The equations for an MV with PSV are:

PS V_Sbe/aW+Sabove:Mchrrent+AM‘/(t+c) (12)
MVmin +Smin :MVcltrrent+AMV(t+c) (1 3)
M Vmax'Smax:M chrrent—"_AM V(t +C) (14)

PSV is the lowest priority objective to be achieved after the
other objectives — economic, constraint and/or control are
satisfied. Objective function terms for the penalized MV
slack vectors Speiow, Sapove are set in a similar way as those
for the CV set point slack vectors.
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IMPLEMENTATION EXAMPLE
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Figure 5: Shell Heavy Oil Fractionator

At a Shell Process Control Workshop in 1987, Prett and
Morari proposed a generic control problem often referred to
as the Shell Heavy Oil Fractionator (HOF). This problem
examines a multivariable control strategy’s ability to track
set points, handle constraints, reject disturbances and meet
economic objectives in the presence of long dead times,
model gain uncertainty, multiple constraints and mixed fast
and slow responses, and is often used as a reference MPC
test [9, 10]. The full 5x7 process is difficult to control as
model matrix lines are close to being collinear. The Shell
HOF (Figure 5) has top and side draws with product
specifications determined by economics and operating
constraints. A bottom draw has no product specification.
Heat enters the HOF with the gaseous feed and heat is
removed from the column to achieve the desired
specification in three side-circulating loops. The top two
side-circulating loops are heat integrated with other parts of
the plant. Since operational conditions in other units vary,
they can be a source of disturbances on any HOF. In all test
cases, step disturbances in the duties of the two loops must
be rejected by any proposed control strategy. Heat removal
from the bottom side-circulating loop is regulated by
adjusting steam production. Since the duty is the heat
returned to the fractionator, the economic incentive is to
minimize the bottom reflux duty. There is an operational
constraint on the temperature in the lower part of the
column.

An industrial DCS system with embedded MPC controller,
optimizer and modeling software is applied to the Shell
problem. The optimizer, with the modifications described in
this paper, is integrated with the MPC controller and

implemented as a control function block executing in the
controller [11]. A workstation application connects to the
function block for process testing, process model
development, simulation and operation. The screen captures
in Figure 6 show the parameters used in the optimization.
The optimizer functionality is evident from the column
descriptions in the figure.

Constraints violation was achieved by applying high-level
disturbances or by setting low/high limits on the inputs and
outputs that are violated by their actual values. The detailed
tests confirmed the assumed property of the technique; in
particular the optimizer acted effectively in handling
constraints and providing control functionality. The reported
conclusions of the tests were that the embedded MPC
formulation, containing an LP optimizer based on steady
state models, met the Shell Control Problem criteria in al/
test cases [10]. The optimizer performance and functionality
will be demonstrated at the interactive presentation.
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Figure 6. Embedded MPC optimizer parameter view. Top:
Input (Manipulated); Center: Outputs (Controlled and
Constraint); and Bottom: Output optimization/priority and
economic profit value.
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CONCLUSIONS

Handling infeasible LP solutions by applying penalized
slack variables is an extremely flexible and effective
approach. The principles of constraint handling presented
here provide an easy way to develop a number of
modifications to the constraint models so as to satisfy the
specific requirements for control, constraint, and
manipulated variables in an MPC formulation. In essence,
the approach extends LP functionality to match QP features
without the additional complexity. The technique is
successfully embedded into an industrial controller,
providing unique MPC functionality.
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