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Abstract—For a class of smooth nonlinear multivariable
systems whose working-points vary with time and which may be
represented by a linear MIMO ARX model at each
working-point, a combination of a local linearization and a 
polytopic uncertain linear parameter-varying (LPV) state-space
model are built to approximate the present and the future
system’s nonlinear behavior respectively. The combination
models are constructed on the basis of a matrix polynomial
MIMO RBF-ARX model identified offline for characterizing
the underlying nonlinear system. A min-max robust MPC 
strategy is investigated for the systems based on the
approximate models proposed. The closed loop stability of the 
MPC algorithm is guaranteed by the use of time-varying
parameter-dependent Lyapunov function and the feasibility of 
the linear matrix inequalities (LMIs). The effectiveness of the
modeling and control methods proposed in this paper is
illustrated by a case study of a thermal power plant simulator.
1

I. INTRODUCTION

onlinear model predictive control (NMPC) has been the
object of extensive study in recent years, and the theory 

related to stability and optimality has reached a point of
relative maturity, as outlined in [8]. In many reports on the
research and application of NMPC, the control schemes
[1][2] were based on the direct use of nonlinear models, but
they involved the on-line solution of a higher order nonlinear
optimization problem with constraints, which is usually
computationally expensive and may be even unable to
guarantee to get a feasible solution in real time control.
Another kind of approach used a piecewise linearization 
technique [3][4] or a polytopic uncertain LPV (linear
parameter varying) model [5][6][7] to describe the nonlinear
behavior of a system, so that the model was linearized in each 
sampling interval. This resulted in the solution of one or more
quadratic programming problems or LMIs (linear matrix
inequalities) at each such interval, as in case of linear MPC.
Nevertheless, the identification experiment of many linear

models that are valid only in each small region is not an easy 
work in practice. Besides, the NMPC designs based on an 
on-line estimated affine model representing a nonlinear plant, 
such as the quasi-linear autoregressive model [9], were also
reported. However, fast and accurate online estimation of a 
complicated model providing a good fit to a nonlinear process 
may be difficult in real application.
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For a class of smooth nonlinear SISO system whose
working-point changes with time and its dynamic behavior
may be represented by a linear model at each working-point,
the SISO RBF-ARX model and its parameter optimization
method [10] was proposed in order to effectively characterize
such nonlinear systems. The SISO RBF-ARX model is a kind
of hybrid pseudo-linear time-varying model that is composed
of Gaussian radial basis function (RBF) neural networks and
linear ARX model structure. The offline identified SISO 
RBF-ARX model-based nonlinear MPC has been investigated
both in simulation and in real industrial application
[11][12][13][14] where the satisfactory nonlinear modeling
accuracy and significant effectiveness and feasibility of the 
proposed NMPC were verified. Besides, some stability
conclusions on the proposed NMPC were also given in
[12][13]. Furthermore, the MIMO RBF-ARX model built on
the basis of the idea of SISO RBF-ARX model was also
proposed in [15] to characterize a class of smooth nonlinear
MIMO systems.

This paper presents an integrated modeling and robust
MPC approach for the MIMO nonlinear systems on the basis 
of the MIMO RBF-ARX modeling technique. First, the
nonlinear system is identified off-line by a MIMO RBF-ARX 
model. From the model, a local linearization state-space 
model is obtained to represent the current behavior of the
nonlinear system, and a polytopic uncertain LPV state-space 
model is built to approximate the future system’s nonlinear 
behavior. Subsequently, based on two approximate models, a
min-max robust MPC algorithm with constraint is designed
for the MIMO nonlinear systems. The closed loop stability of 
the MPC strategy is guaranteed by the use of 
parameter-dependent Lyapunov function and the feasibility of 
the linear matrix inequalities. Case study to a thermal power
plant simulator demonstrates the effectiveness of the 
integrated modeling and robust MPC approach proposed. 

II. NONLINEAR SYSTEM APPROXIMATION BY MIMO
RBF-ARX MODEL

Consider a MIMO nonlinear system
( 1) ( )y t f w t                               (1) 
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where is the output, is the input. If the
function

( ) ny t ( ) mu t
( )f in (1) is continuously differentiable at an 

arbitrary equilibrium point, nonlinear system (1) may be then
approximated by the following MIMO RBF-ARX model [15]
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where and are the orders; ,  ,a bk k h ,j kz s are the centers of

Gaussian RBF networks; ,
j

i kc s and s are the weighting 

coefficient matrices of suitable dimensions;
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ˆ ˆ ˆ, , , x  are 

the scaling factors; denotes noise usually regarded
as Gaussian white noise independent of the observations.
More generally, the signal in (3) could be a process 
variable causing the operating-point of the system to change
with time. has direct or indirect relation with input or 
output of the system, in some cases probably being just the
input or/and output itself. For example, in a nonlinear thermal
power plant,  may be the load demand of the plant.

( ) nt

( )w t

( )w t

( )w t
MIMO RBF-ARX model (3) is constructed as a global

model, and is estimated off-line from observation data so as to
avoid the potential problem caused by the failure of on-line
parameter estimation during real time control. It is easy to see
that the local linearization of model (3) is a linear ARX model
at each working-point by fixing  at time t in (3). It is 
natural and appealing to interpret model (3) as a locally linear
ARX model in which the evolution of the process at time  is 
governed by a set of AR coefficient matrices

( )w t

t

, , , , ,y i u i v i ,

and a local mean 0 , all of which depend on the
‘working-point’ of the process at time t . Model (3) treats a 
nonlinear process by splitting the state space up into a large 
number of small segments, and regarding the process as 
locally linear within each segment. Because of the 
satisfactory properties of RBF networks in function
approximation as well as in learning local variation, the use of 
the working-point dependent functional coefficient matrices
makes the MIMO RBF-ARX model capable of effectively 
representing the dynamic characteristics of the system at each 
working-point. The MIMO RBF-ARX model incorporates
the advantages of the state-dependent ARX model in
nonlinear dynamics description and the RBF network in

function approximation. In general, the model does not need
many RBF centers compared with a single RBF network 
model, because the complexity of the model is dispersed into
the lags of the autoregressive parts of the model [10][14][15].
The MIMO RBF-ARX model may be estimated by the
structured nonlinear parameter optimization method
(SNPOM) [15].

It is easy to rewrite model (3) as the following matrix
polynomial form:
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Let n
ry be the desired output, and define the deviation

variables below
( ) ( ) , 1, 1, 2,
( ) ( ) ( 1), 0, 1, 2,

ry t i y t i y i

u t j u t j u t j j
         (6) 

From (4) and (6), we may obtain the prediction of the output
deviation, ( 1 | )y t t , given by
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The norm of t defined by (8), i.e. t , may be regarded as 
an index of describing whether the system goes into steady
state, because t should be zero if the input ( )u t  is 

perfect and the output ( )y t  is stabilized on  under steady
state. In terms of the meaning of 

ry

t , and from (7) one may use 
the following linear time-varying model (9) to approximate
the future nonlinearities of the system and to make |t j t  be 
zero by designing a set of ‘perfect’ inputs

( | ), ( 1 | ), ( 2 | ),u t t u t t u t t :
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y t j i t y t j i j i
u t j i t u t j i j i

From (5), one can see that the elements of the coefficient
matrices ,i t ja  and ,i t jb in model (9) could not be obtained at
time , because the future values of  representing the
working-point state usually could not be utilized, but their
varying zones of the future values of  and 

t ( )w t

,i t ja ,i t jb  could be
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known from (5). From matrix polynomial model (7) and (9), 
two state-space models (observer-canonical form) can be built
by defining the state vector given below:
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The state space models corresponding to model (7) and (9) 
can be then respectively given by
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Notice that the state ( | )x t t , and the state-matrices( )t
,t tA B in (11) can be obtained by (5), (8), (10) and (11) on 

the basis of the measured input/output data and the offline
estimated MIMO RBF-ARX model (4). Furthermore,
according to RBF-ARX model (4-5) and model (12), it can be
shown that the future state-matrices  in
(12) belong to two convex polytopic sets respectively, which
are given by
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In summary, a local linear model (11) is obtained to
describe the current nonlinear dynamics, and the future
nonlinear behavior is assumed to vary within a region
constructed by an uncertain linear parameter time-varying
model (12) whose dynamic matrix |t j tA  belongs to A  in
(13) and is in the convex polytope|t j tB B in (14). In the
next section, we give the formulations of a min-max MPC
algorithm based on those models.

III. MIN-MAX MPC ALGORITHM

MPC consists of a step-by-step optimization technique. At
each step new measurements are obtained and a cost function 
depending on the predicted future states of the plant is
minimized. Consider the following robust performance
objective:
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where  and are suitable weighting matrices. The
control input

0W 0R
( | )u t t in (16) is a free control move and is the

first computed move that gets implemented on the plant. The
rest of the future control moves are given by a state feedback:

( | ) ( ) ( | ),u t j t F t x t j t j 1                    (18) 
We provide an LMI synthesis procedure for the

infinite-horizon MPC problem (15). This LMI formulation is
achieved by defining a quadratic function:
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where . If the objective function
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By summing (20) for , we obtain the following
constraint:
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which is applied to build a time-varying parameter-dependent
Lyapunov matrix:
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Problem (21) can then be solved as showed in Theorem 1. 
Theorem 1. The optimization problem (21) with the control

law (18) can be solved by the following semi-definite
programming:
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where the symbol * induces a symmetric structure,
1 0ik ikP Q , Z is a symmetric matrix and the feedback

gain is given by 1( )F t YG .
Proof: Introducing (12), (18) and (19) into (20), one can

get
T

| |

T
| |

T

( ) ( 1, )

( | ) ( ) ( | ) 0

 ( , ) ( ) ( )

t j t t j t

t j t t j t

A B F t P j t

x t j t A B F t x t j t

P j t F t RF t W

(28)
That is satisfied for all  if 1j

T

| | | |

T

( ) ( 1, ) ( )

( , ) ( ) ( ) 0
t j t t j t t j t t j tA B F t P j t A B F t

P j t F t RF t W

n

    (29) 

It is easy to be confirmed that inequality (29) is satisfied if 
and only if there exists  symmetric positive
matrices

nn k n k
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parameter- dependent Lyapunov matrix  is obtained
by (22), and
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complement, inequality (30) can be expressed as LMIs (25).
Minimization problem (21) is now equivalent to
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Introducing (11) into (31), and according to (22), the resulted
inequality is equivalent to the following one:
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By using Schur complement and noting that

1  , 1,2,ik ik hP Q i k L , inequality (32) can be expressed
as LMIs (24). Furthermore, referring to [7], it is clear that the 
input constraint ( | )u u t i t u , is met if LMIs
(27) are satisfied. Therefore, one can conclude that 
minimization problem (31) is finally equivalent
to

1i

, ( | ), , , ,
min

iku t t Y G Q Z
, subject to (24,25,26,27).

On the basis of the conclusion showed in Theorem 1, the
following result analogous to Lemma 2 and Theorem 3 in [5]
may be obtained:

Theorem 2. Assume that the LMI optimization problem (23)
admits a solution at time t. 
1) Then it admits a solution for all future instants.
2) The feasible receding horizon control law obtained from 

Theorem 1 robustly asymptotically stabilizes the 
closed-loop system represented by (11) and (12).
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IV. CASE STUDY

A thermal power plant simulation of a 600MW sliding
pressure type boiler-turbine system [11] created in MATLAB
SIMULINK is used as the plant to be controlled in this paper.
This simulation plant is based on a set of physical models
designed in accordance with operational and physical data of 
an actual plant and includes a total of 40 variables. The model
is not linearized near equilibrium, and can imitate the strong 
nonlinear dynamic properties of power systems under large
load variations. In this simulation model, sets of conventional
multi-loop gain-scheduling PID regulators are also used to 
control the power plant as would be common in practice. Fig.
1 shows the block diagram of the simulation plant created in
MATLAB SIMULINK. 

The gain-scheduling PID controllers and the MIMO
RBF-ARX model-based min-max robust nonlinear MPC
(RBF-ARX-Min-Max-MPC) presented in this paper operate
in parallel in the proposed control system. The outputs and
the inputs of the controlled plant are given as follows
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The sampling interval in the MPC is 30 seconds. For safe and
economical operation of the plant, the errors of the output
variables, ( )y t , should be controlled to be as near to zero as 
possible, whatever the load level. This system being
controlled is nonlinear, and has the dynamic features
depending on the time-varying load demand  of the
power plant [11]. This provides a justification for using a 
load-dependent MIMO RBF-ARX model (33) to describe the
nonlinear dynamics of thermal power plants, which is given
by
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where the load demand sequence ( 1) wnw t of the power 
plant is utilized for describing the working-point state of the
system.
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Fig. 1. Diagram of the simulation plant built by MATLAB 
SIMULINK.

Fig. 2 shows the estimated model residuals and the
comparison between the actual data and data generated by the
fitted MIMO-RBF-ARX model (33), where the plant inputs
were a set of independent PRBS signals with unit amplitude,
from which it is clear that the MIMO RBF-ARX model
provides a very close fit to the actual data. The structured
nonlinear parameter optimization method (SNPOM) [15] is
used for estimating model (33), and the model orders selected
in this case study are 3,  3, 1, 2a b wk k h n . Figs. 3-4 
give the simulation results showing the comparison between
the estimated MIMO RBF-ARX model (33) based min-max
robust MPC proposed and the PID control alone, where 
W I , 35R I . From Fig. 3 one can see that the control
performance of the MIMO RBF-ARX model-based NMPC to
the simulator of thermal power plants is largely improved as 
compared with the PID control alone. 
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Fig. 2. Model residuals and Comparison between actual outputs 
(solid line) and model outputs (dotted line) while load changes 
through the range 40% to 90%. 
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Fig. 3. Comparison of control performance provided by MIMO- 
RBF-ARX model-based min-max robust MPC (solid line) and PID
alone (dotted line). 
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Fig. 4. Control inputs provided by MIMO-RBF-ARX model-based 
nonlinear robust MPC, .0.5 0.5iu

V. CONCLUSION

Based on the offline estimated MIMO RBF-ARX model
which could globally represent nonlinear behavior of the
underlying system, a local linearized model and a polytopic
uncertain linear parameter-varying model could be built to
approximate the present and the future system’s nonlinear 
behavior respectively. The built models-based min-max
robust nonlinear MPC algorithm proposed in this work did
not need to know system steady state; hence, it could be

applied to the nonlinear output-tracking problem with
unknown steady state. The closed-loop stability was 
guaranteed by the use of time-varying parameter-dependent
Lyapunov function and the feasibility of the linear matrix
inequalities. Case study demonstrated the effectiveness of the
modeling and robust MPC approaches proposed. 

ACKNOWLEDGMENT

H. Peng thanks Professor T. Ozaki very much, who invited
him to visit the Institute of Statistical Mathematics, Tokyo,
Japan, where some previous works related to this paper had 
been completed.

REFERENCES

[1] M. Mahfouf, and D. A. Linkens, “Non-linear generalized predictive
control (NLGPC) applied to muscle relaxant anaesthesia,” Int. J. of
Control, vol. 71, pp. 239-257, 1998.

[2] G. Sentoni, O. Agamennoni, A. Desages and J. Romagnoli, “Approximate
models for nonlinear process control,” AIChE Journal, vol. 42, pp.
2240-2250, 1996.

[3] H. H. J. Bloemen, T. J. J. Van Den Boom, and H. B. Verbruggen,
“Model-based predictive control for Hammerstein-Wiener systems,” Int.
J. of Control, vol. 74, pp. 482-485, 2001.

[4] G. Prasad, E. Swidenbank, and B. W. Hogg, “A local model networks
based multivariable long-range predictive control strategy for thermal
power plants,” Automatica, vol. 34, pp. 1185-1204, 1998.

[5] M. V. Kothare, V. Balakrishnan, and M. Morari, “Robust constrained
model predictive control using linear matrix inequalities,” Automatica,
Vol. 32, pp. 1361-1379, 1996.

[6] Y. Lu, and Y. Arkun, “A scheduling quasi-min-max model predictive
control algorithm for nonlinear systems,” J. of Process Control, vol. 12,
pp. 589-604, 2002.

[7] F. A. Cuzzola, J. C. Geromel and M. Morari, “An improved approach for
constrained robust model predictive control,” Automatica, vol. 38, pp.
1183-1189, 2002.

[8] D. Q. Mayne, J. B. Rawlings, C. V. Rao and P. O. M. Scokaert,
“Constrained model predictive control: Stability and optimality,”
Automatica, vol. 36, pp. 789-814, 2000.

[9] Z. Lakhdari, M. Mokhtari, Y. Lécluse, and J. Provost, “Adaptive 
predictive control of a class of nonlinear systems – A case study,” in IFAC
Proc.: Adaptive Systems in Control and Signal Processing, Budapest,
Hungary, 1995, pp. 209-214.

[10] H. Peng, T. Ozaki, V. Haggan-Ozaki, and Y. Toyoda, “A parameter
optimization method for the radial basis function type models,” IEEE
Trans.  Neural Networks, vol. 14, pp. 432-438, 2003.

[11] H. Peng, T. Ozaki, V. Haggan-Ozaki, and Y. Toyoda, “A nonlinear
exponential ARX model-based multivariable generalized predictive 
control strategy for thermal power plants,” IEEE Trans. Control Systems
Technology, vol. 10, pp. 256-262, 2002.

[12] H. Peng, T. Ozaki, K. Nakano, V. Haggan-Ozaki, and Y. Toyoda,
“Stability analysis of the RBF-ARX model based nonlinear predictive 
control,” in Proc. of the European Control Conference (ECC2003),
Cambridge, UK, 2003.

[13] H. Peng, T. Ozaki, M. Mori, H. Shioya, and V.  Haggan-Ozaki,
“Modeling and control of nonlinear nitrogen oxide decomposition
process,” in Proc. of IEEE 42st Int. Conf. Decision and Control (CDC’03),
Hawaii, USA, 2003, pp. 4770-4775.

[14] H. Peng, T. Ozaki, Y. Toyoda, H. Shioya, K. Nakano, V. Haggan-Ozaki,
and M. Mori, “RBF-ARX model based nonlinear system modeling and 
predictive control with application to a NOx decomposition process,”
Control Engineering Practice, vol. 12, pp. 191-203, 2004.

[15] H. Peng, W. Gui, R. Zou, R. Youssef, and Z. J. Yang, “Nonlinear system
modeling and predictive control based on multivariable RBF-ARX 
model,” In Proc. of IEEE Int. Conf. Control Applications (CCA’05),
2005, to be submitted.

3782


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




