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Abstract—For a class of smooth nonlinear multivariable
systems whose working-points vary with time and which may be
represented by a linear MIMO ARX model at each
working-point, a combination of a local linearization and a
polytopic uncertain linear parameter-varying (LPV) state-space
model are built to approximate the present and the future
system’s nonlinear behavior respectively. The combination
models are constructed on the basis of a matrix polynomial
MIMO RBF-ARX model identified offline for characterizing
the underlying nonlinear system. A min-max robust MPC
strategy is investigated for the systems based on the
approximate models proposed. The closed loop stability of the
MPC algorithm is guaranteed by the use of time-varying
parameter-dependent Lyapunov function and the feasibility of
the linear matrix inequalities (LMIs). The effectiveness of the
modeling and control methods proposed in this paper is
illustrated by a case study of a thermal power plant simulator.

I. INTRODUCTION

Nonlinear model predictive control (NMPC) has been the
object of extensive study in recent years, and the theory
related to stability and optimality has reached a point of
relative maturity, as outlined in [8]. In many reports on the
research and application of NMPC, the control schemes
[1][2] were based on the direct use of nonlinear models, but
they involved the on-line solution of a higher order nonlinear
optimization problem with constraints, which is usually
computationally expensive and may be even unable to
guarantee to get a feasible solution in real time control.
Another kind of approach used a piecewise linearization
technique [3][4] or a polytopic uncertain LPV (linear
parameter varying) model [5][6][7] to describe the nonlinear
behavior of a system, so that the model was linearized in each
sampling interval. This resulted in the solution of one or more
quadratic programming problems or LMIs (linear matrix
inequalities) at each such interval, as in case of linear MPC.
Nevertheless, the identification experiment of many linear
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models that are valid only in each small region is not an easy
work in practice. Besides, the NMPC designs based on an
on-line estimated affine model representing a nonlinear plant,
such as the quasi-linear autoregressive model [9], were also
reported. However, fast and accurate online estimation of a
complicated model providing a good fit to a nonlinear process
may be difficult in real application.

For a class of smooth nonlinear SISO system whose
working-point changes with time and its dynamic behavior
may be represented by a linear model at each working-point,
the SISO RBF-ARX model and its parameter optimization
method [10] was proposed in order to effectively characterize
such nonlinear systems. The SISO RBF-ARX model is a kind
of hybrid pseudo-linear time-varying model that is composed
of Gaussian radial basis function (RBF) neural networks and
linear ARX model structure. The offline identified SISO
RBF-ARX model-based nonlinear MPC has been investigated
both in simulation and in real industrial application
[11][12][13][14] where the satisfactory nonlinear modeling
accuracy and significant effectiveness and feasibility of the
proposed NMPC were verified. Besides, some stability
conclusions on the proposed NMPC were also given in
[12][13]. Furthermore, the MIMO RBF-ARX model built on
the basis of the idea of SISO RBF-ARX model was also
proposed in [15] to characterize a class of smooth nonlinear
MIMO systems.

This paper presents an integrated modeling and robust
MPC approach for the MIMO nonlinear systems on the basis
of the MIMO RBF-ARX modeling technique. First, the
nonlinear system is identified off-line by a MIMO RBF-ARX
model. From the model, a local linearization state-space
model is obtained to represent the current behavior of the
nonlinear system, and a polytopic uncertain LPV state-space
model is built to approximate the future system’s nonlinear
behavior. Subsequently, based on two approximate models, a
min-max robust MPC algorithm with constraint is designed
for the MIMO nonlinear systems. The closed loop stability of
the MPC strategy is guaranteed by the use of
parameter-dependent Lyapunov function and the feasibility of
the linear matrix inequalities. Case study to a thermal power
plant simulator demonstrates the effectiveness of the
integrated modeling and robust MPC approach proposed.

II. NONLINEAR SYSTEM APPROXIMATION BY MIMO
RBF-ARX MODEL

Consider a MIMO nonlinear system

y(t+1)=f(w(0) M

3777



T
w(t)=[y()" - y=k,+ )" u@' =k + D' ()
where y(t) e R" is the output, u(¢) € R" is the input. If the
function f(+) in (1) is continuously differentiable at an

arbitrary equilibrium point, nonlinear system (1) may be then
approximated by the following MIMO RBF-ARX model [15]

KD =4 (0) S, (4000

+2¢u,f (W) u(t=i)+&(t+1)
h(00) =+ Yctexp-oor=z, [ | @
b, (o) =y St foo-2,.[ |

T
Zik = [Zj,k,l Zjkn Zj,k,dim(w):| ,J=).u

where k,, k,,and & are the orders; z,, s are the centers of

Gaussian RBF networks; ¢/, s and ¢} s are the weighting

. . . . . 2 ~
coefficient matrices of suitable dimensions; ||x||l 2x"Ax,

A= diag(ﬂ:l2 }:22 /fdzim(x)) , and {il ,/{2 ,---,xldim(x)} are
the scaling factors; £(¢) € R" denotes noise usually regarded

as Gaussian white noise independent of the observations.
More generally, the signal w(¢) in (3) could be a process

variable causing the operating-point of the system to change
with time. w(¢) has direct or indirect relation with input or

output of the system, in some cases probably being just the
input or/and output itself. For example, in a nonlinear thermal
power plant, w(¢) may be the load demand of the plant.

MIMO RBF-ARX model (3) is constructed as a global
model, and is estimated off-line from observation data so as to
avoid the potential problem caused by the failure of on-line
parameter estimation during real time control. It is easy to see
that the local linearization of model (3) is a linear ARX model
at each working-point by fixing w(¢) at time ¢ in (3). It is
natural and appealing to interpret model (3) as a locally linear
ARX model in which the evolution of the process at time ¢ is

governed by a set of AR coefficient matrices {¢y’i s Bis B } ,

and a local mean ¢, , all of which depend on the

‘working-point’ of the process at time ¢. Model (3) treats a
nonlinear process by splitting the state space up into a large
number of small segments, and regarding the process as
locally linear within each segment. Because of the
satisfactory properties of RBF networks in function
approximation as well as in learning local variation, the use of
the working-point dependent functional coefficient matrices
makes the MIMO RBF-ARX model capable of effectively
representing the dynamic characteristics of the system at each
working-point. The MIMO RBF-ARX model incorporates
the advantages of the state-dependent ARX model in
nonlinear dynamics description and the RBF network in

function approximation. In general, the model does not need
many RBF centers compared with a single RBF network
model, because the complexity of the model is dispersed into
the lags of the autoregressive parts of the model [10][14][15].
The MIMO RBF-ARX model may be estimated by the
structured nonlinear parameter optimization method
(SNPOM) [15].

It is easy to rewrite model (3) as the following matrix
polynomial form:

e+l = kzl @, (t=1) +k§ by ut =)+, +5(t+1)  (4)

where
k, = max {ka’kb }, ¢0,z =¢ (W(t))

e Xeen{-po-z[) | sk

0,ix>k,

ai,t

cly+ ki:c;‘_k exp {—"w(t) - Z“'k”:,k } , i<k,
0,i>k,
Let y, € R" be the desired output, and define the deviation
variables below
ye+i)=y(t+i)-y,, i=1,-1,-2,--
{ﬁ(t+j) =u(t+j)—u(+j-1), j=0,-1,-2,--

From (4) and (6), we may obtain the prediction of the output
deviation, y(¢+1|t), given by

b, =

it

(6)

k,-1 k,~1
Y+1]t)= D a,, F(t—i)+) b, @(t—i)+y, @
i=0 i=0

k-1 k-1
v, =—y+ Zai+l,tyr + Zbi+l,tu([_i_l)+¢0,t (8)
i=0 i=0

The norm of y, defined by (8), i.e. ||y/t ||, may be regarded as

an index of describing whether the system goes into steady
state, because ||y/,|| should be zero if the input {u(r)} is

perfect and the output {y(¢)} is stabilized on y, under steady
state. In terms of the meaning of v/, , and from (7) one may use
the following linear time-varying model (9) to approximate
| be

inputs

the future nonlinearities of the system and to make ||1//,+N

zero by designing a set of ‘perfect’

{’7([ [0),u(t+111),u(t+2|1),--}:
kol k,~1

P+ j+U0) =Y a,, F+j=i|0)+ 3 b, at+j—i]1)
i=0 i=0

j=1 ©)
Y+ j-il)=y(+j-0),
u(t+j—ilt)y=u(t+j-i),
From (5), one can see that the elements of the coefficient
and b, . in model (9) could not be obtained at

it+j

<1
where j ]
J<1i

matrices a, . ;
time ¢, because the future values of w(¢) representing the

working-point state usually could not be utilized, but their

varying zones of the future values of @, ,,; and b, ; could be
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known from (5). From matrix polynomial model (7) and (9),
two state-space models (observer-canonical form) can be built
by defining the state vector given below:

T
N T T
x(t+ )= I:xl,Hj\t X it jie xk,,,t+j\t:|

xl,t+j\t = J_}(t+ ] | t)
ke, +1-k
Xrsjit = Z ai+k—1,t+j—1)_}(t+j_i |1) (10)
i=1
K +1-k

+ Z b[+k—1,z+j71L_l(t+ j_i | t)
i=1

k:2:3:”':k 5 j:():laz)'”

The state space models corresponding to model (7) and (9)
can be then respectively given by

X(t+1]8) = Ax(t|£)+ Bu(t] )+ E(t)

a, 1 0 -0
’ b,
a, 01 b’
A= P i 0|, B=|" (11)
a, ., '
bt bk !
a, , o0 --- 0
_ T
2=y 0 0]
and
x(t+j+1)=A4, ,x(@t+j[)+ B, u(t+j|1)
al,z+j\z 1 0 0_
Ay ii i 0 1 b
. . bZ,t+f\t
AHj\t = > Br+j\r = : (12)
A 1 jlt 00 -
bk,,,t+/\t
L ak",mj\t 0_
j=1

Notice that the state x(¢|¢), E(¢) and the state-matrices
[4,, B,] in (11) can be obtained by (5), (8), (10) and (11) on

the basis of the measured input/output data and the offline
estimated MIMO RBF-ARX model (4). Furthermore,
according to RBF-ARX model (4-5) and model (12), it can be

shown that the future state-matrices [AH " B’HNJ( j=1) in

(12) belong to two convex polytopic sets respectively, which
are given by

Lh
Ay Ay =D o0t + j 104,
Q, = B =l (13)
Sat+jl0=1, a(t+]H)>0
i=1 .
B B = Zﬁ[(“'j |)B;,
Q=1 - (14)
Z:,ﬂi(Hjlt):l, Bt+]|)=0

where L, =2"; h=1,2,--.

h
y y =
Coo +ZCOJ (ey,l. |gy,i) 1 0 --- 0
i=1

A
5 iy
Ciot 2 ‘,Cl,i (ey,i |Qz) 0 1
i1

A = : N ()

(=120
h
}, "v ) e
Ci20t zck"—z,i (ey,i |§y,f) 00 1
=

h
Y y ) e
ot 2e (@, le,) 00 0
L i=1

h
u u _—
Cop T Zco,i (eu,i |§u,i)
im1

h
u u (=
Cot ch,i (eu,i |§u,i)
i=1

h
u u -
Ciiot ch,fl,f (eu,i |§u,f)

i=1

— A —
(ey,[ |£H) =e,;0reg

i

=]

e,, =max {exp(—"w(t)—zyqi”j ), Vw(t)}

Vi

. i) Vw(t)}

ol

&, :min{exp(—”w(t)—zu,l."f1 ), ‘v’w(t)}

In summary, a local linear model (11) is obtained to
describe the current nonlinear dynamics, and the future
nonlinear behavior is assumed to vary within a region
constructed by an uncertain linear parameter time-varying
model (12) whose dynamic matrix 4,, , belongs to €, in

1+ jt
(13) and B

... 18 in the convex polytope Q, in (14). In the
next section, we give the formulations of a min-max MPC

algorithm based on those models.

III. MIN-MAX MPC ALGORITHM

MPC consists of a step-by-step optimization technique. At
each step new measurements are obtained and a cost function
depending on the predicted future states of the plant is
minimized. Consider the following robust performance
objective:

min max
T(UOA 1+, =12+ Ay, ;€@ 4 By, €Q

J.(0)

s.t. (11), (12), ~Au<u(t+i|)<Aw, i>0 (15)
with
J () =x(t|t) Wx(t|t)+u(t|t) Ru(t|t)+J. () (16)
J;(z)=i{x(Hm)TWx(Hj|z)+z7(x+j\t)TRz7(z+j|t)}
(17)
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where W >0 and R >0 are suitable weighting matrices. The
control input #(¢|¢) in (16) is a free control move and is the

first computed move that gets implemented on the plant. The

rest of the future control moves are given by a state feedback:

u(t+jly=F@®)x@+j|1),j=1 (18)

We provide an LMI synthesis procedure for the

infinite-horizon MPC problem (15). This LMI formulation is
achieved by defining a quadratic function:

V(. =x(t+ 10" PLox(+jlo), j=1 (19)
where V>0, Vj>1, P(j,t)>0. If the objective function
(15) is well defined, we can state that J'(o,7) =0 because
x(o|#)=0. In view of this, we impose a bound on the cost
function J_ (¢) by the following design requirement:

V(j+1,0)-V(j,t)<
—{x(e+ j 1O Wx(t+ |+t + j|) Ru(e+ j|0)}, (20)

VA[+j‘[ eQ,, VB”J'\! cQ,, j=1
By summing (20) for j=1 to oo, we obtain the following
constraint:
1
, x| SO <V LY

Therefore, problem (15) is equivalent to the following one:
min x(t| )" Wx(t|t)+u(t|t)" Ru(t|t)
T (14 410, j=1,2,+
+x(t+1|0)"P(LH)x(t+1]¢)

s.t. (11), (12), (20), —-Au<u(t+i|t)<Au,i>20 (21)
If there exist the Lyapunov matrices P, (i,k=1,2,---L,)
which is applied to build a time-varying parameter-dependent
Lyapunov matrix:

PG =Y a1+ 103 filt+ ] 1DP,

Problem (21) can then be solved as showed in Theorem 1.

Theorem 1. The optimization problem (21) with the control
law (18) can be solved by the following semi-definite
programming:

(22)

; 23
LI )
Subject to
- 1 * * *
Ax(t|)+Bu(t|t)+=(¢ .
L x(]1) 1/2,14( |D)+E@) Oy >0 (24)
W' x(t|1) 0 yr *
Ru(t|t) 0 0 yI
—G+GT _Qik % * *
AG+BY Q, * * >0
akle 0 yI * (25)
| R]/ZY 0 O 7[
iskseale’z"“’Lh
—Au <u(t|t)< A (26)
V4 Y . P
YY" G+G'-Q, 20, Z, <[min{Au, AT}[  (27)

where the symbol x induces a symmetric structure,

P, =yQ, >0, Z is a symmetric matrix and the feedback
gain is given by F(t)=YG™".

Proof: Introducing (12), (18) and (19) into (20), one can
get

|:At+j\t +Bt+j\tF(t):|T P(]+ l,t)
X |:A’+J'\t + Bt+j\rF(t):|
—P(j.0)+ F(t)" RF(t)+W

x(t+7 D" x(t+7]H)<0

(28)
That is satisfied for all j>1 if
T
|:A“I+/'\t +Bt+j\zF(t)] P(]+ l’t)[AHj\r +Bt+j\tF(t):|
~P(j,0)+F)"RF(t)+W <0
It is easy to be confirmed that inequality (29) is satisfied if
and only if there exists n-k, xn-k, symmetric positive

(29)

matrices P, (i,k=1,2,---L,) such that the time-varying
parameter- dependent Lyapunov matrix P(j,7) is obtained
by (22), and

[4,+BF()] P[4 +BF(t)]-P, +F(t) RF(t)+ W <0

(30)
Furthermore, define F(t)=YG"' , Q,=yP,' , and
0,=rk, (ike f=12,-,L). By using Schur

complement, inequality (30) can be expressed as LMIs (25).
Minimization problem (21) is now equivalent to
min
PA,Y G0
Subject to (11), (25), —Au<u(t+i|t)<Au, i>0,and
x(t| )" Wax(t|t)+u(t|)" Ru(t|1)
+x(t+110)" PLOx(t+1]6) <y
Introducing (11) into (31), and according to (22), the resulted
inequality is equivalent to the following one:
[Ax(t|0)+Bu(t|0)+E0)] B [Ax(t]0)+Ba(t|)+E(0)]
+x(t| ) Wx(t|t)+u(t|t) Ru(t|t)<y  (32)
By using Schur complement and noting that
P, =70, (i,k=1,2,---L,), inequality (32) can be expressed
as LMIs (24). Furthermore, referring to [7], it is clear that the
input constraint —Au <u(t+i|t)<Au, i>1 is met if LMIs

(27) are satisfied. Therefore, one can conclude that
minimization problem (31) is finally equivalent
to min y,subjectto (24,25,26,27). o

7 (tt).Y .G.Oy . Z

€2))

On the basis of the conclusion showed in Theorem 1, the
following result analogous to Lemma 2 and Theorem 3 in [5]
may be obtained:

Theorem 2. Assume that the LMI optimization problem (23)
admits a solution at time t.

1) Then it admits a solution for all future instants.

2) The feasible receding horizon control law obtained from
Theorem 1 robustly asymptotically stabilizes the
closed-loop system represented by (11) and (12). mi
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IV. CASE STUDY

A thermal power plant simulation of a 600MW sliding
pressure type boiler-turbine system [11] created in MATLAB
SIMULINK is used as the plant to be controlled in this paper.
This simulation plant is based on a set of physical models
designed in accordance with operational and physical data of
an actual plant and includes a total of 40 variables. The model
is not linearized near equilibrium, and can imitate the strong
nonlinear dynamic properties of power systems under large
load variations. In this simulation model, sets of conventional
multi-loop gain-scheduling PID regulators are also used to
control the power plant as would be common in practice. Fig.
1 shows the block diagram of the simulation plant created in
MATLAB SIMULINK.

The gain-scheduling PID controllers and the MIMO
RBF-ARX model-based min-max robust nonlinear MPC
(RBF-ARX-Min-Max-MPC) presented in this paper operate
in parallel in the proposed control system. The outputs and
the inputs of the controlled plant are given as follows

¥,(¢) : STE (main steam temperature error / ‘C)
y()=| »,(¢) : RTE (reheat steam temperature error / “C)

¥,(¢) : TPE (main steam pressure error / bar)
[u,(¢) : FFI (fuel flow increment)

u,(t) : 1SPI (1st stage spray flow increment)
u(t) =| uy(¢) : 2SPI (2st stage spray flow increment)
u,(t) : GRI (flue gas recirculation flow increment)

| us(¢) : TCI (turbine control increment)

The sampling interval in the MPC is 30 seconds. For safe and
economical operation of the plant, the errors of the output
variables, y(z), should be controlled to be as near to zero as

possible, whatever the load level. This system being
controlled is nonlinear, and has the dynamic features
depending on the time-varying load demand w(¢) of the

power plant [11]. This provides a justification for using a
load-dependent MIMO RBF-ARX model (33) to describe the
nonlinear dynamics of thermal power plants, which is given
by

ku

y(0)=¢ (W =D)+ D 4, (Wt =)yt ~i)

i=1

b

+ ¢, (W =1))u(t—i)+ &)

i=1

¢ (W(t—1))=c) + ic,? exp{—||v‘v(t -D-z,, ||i } (33)

¢, (W(t-1))=c/,+ icl{k exp{—"v_v(t ~D-z,, ||j }
we—1)=[w(t-1) w(-2) w(t—n,)]'

T
Zj,k,nw :| s ] =Y,U

Zik :|:Zj,k,1 Zikn
where the load demand sequence w(¢—1) e R™ of the power

plant is utilized for describing the working-point state of the
system.
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Fig. 1. Diagram
SIMULINK.

of the simulation plant built by MATLAB

Fig. 2 shows the estimated model residuals and the
comparison between the actual data and data generated by the
fitted MIMO-RBF-ARX model (33), where the plant inputs
were a set of independent PRBS signals with unit amplitude,
from which it is clear that the MIMO RBF-ARX model
provides a very close fit to the actual data. The structured
nonlinear parameter optimization method (SNPOM) [15] is
used for estimating model (33), and the model orders selected
in this case study are k, =3, k, =3, h=1, n,=2.Figs. 3-4
give the simulation results showing the comparison between
the estimated MIMO RBF-ARX model (33) based min-max
robust MPC proposed and the PID control alone, where
W =1,R=35I. From Fig. 3 one can see that the control
performance of the MIMO RBF-ARX model-based NMPC to
the simulator of thermal power plants is largely improved as
compared with the PID control alone.

y1
v o nv B8 o8

_- 0 50 100 150 200 250 300
© ;
=
B L
>®
o]
I Il Il Il Il Il
0 50 100 150 200 250 300
10 T T T T
S oF \/\/\A’
_10 1 1 Il Il
0 50 100 150 200 250 300

o
n

IS)
)

y2
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o

Il
“o 50 100 150 200 250 300
5 T
Qo
-5 1 1 1 1 1
0 50 100 150 200 250 300
© 2 T T T T T
'g WMNJWNMM’W”WWMMW
Q2o
2 -2 w w

100 150 200 250 300
t/min. (sampling period: 30s)

o
a
o

Fig. 2. Model residuals and Comparison between actual outputs
(solid line) and model outputs (dotted line) while load changes
through the range 40% to 90%.
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50 100 150 200 250 300 350

0 50 100 150 200 250 300 350

t/min.

Fig. 3. Comparison of control performance provided by MIMO-
RBF-ARX model-based min-max robust MPC (solid line) and PID
alone (dotted line).
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Fig. 4. Control inputs provided by MIMO-RBF-ARX model-based
nonlinear robust MPC, —0.5<u, <0.5.

V. CONCLUSION

Based on the offline estimated MIMO RBF-ARX model
which could globally represent nonlinear behavior of the
underlying system, a local linearized model and a polytopic
uncertain linear parameter-varying model could be built to
approximate the present and the future system’s nonlinear
behavior respectively. The built models-based min-max
robust nonlinear MPC algorithm proposed in this work did
not need to know system steady state; hence, it could be

applied to the nonlinear output-tracking problem with
unknown steady state. The closed-loop stability was
guaranteed by the use of time-varying parameter-dependent
Lyapunov function and the feasibility of the linear matrix
inequalities. Case study demonstrated the effectiveness of the
modeling and robust MPC approaches proposed.
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