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Abstract— In this paper, we present a control system analy-
sis of towed underwater vehicles (TUVs) whose dynamics is
extremely complex due to the flexible-cable dynamics and
hydrodynamic forces. An explicit state-space representation of
the dynamical model is given and, based on it, the fundamental
properties such as controllability, observability, and stability
are assessed in some details considering a degree of approxi-
mation of the cable dynamics, with a numerical and geometric
approach. Additionally, we develop some machinery to assess
output controllability. The analysis results clarify the significant
features of a TUV as a control system and provide useful
information for control-system design of TUVs.

I. INTRODUCTION

In this paper, we present an analysis of a control system

structure of towed underwater vehicles (TUVs), one type

of underwater vehicles as shown in Figure 1. TUVs are

being applied to exploration and exploitation activities of the

underwater environment such as acoustic surveying and mine

hunting, and their roles are becoming increasingly important.

A TUV has no thruster itself and instead should be driven

by a ship through the towline. The TUV considered in this

study has maneuverable wings at the middle and rear of the

vehicle respectively so as to control its depth and attitude

(however, the majority of TUVs practically used have no

maneuverable wings).

In these previous years, a lot of papers on control of TUVs

have been presented, e.g., [1],[2],[4],[5],[7]–[10], [14],[17].

However, only few papers discussed control problems of

TUVs by directly considering their dynamics. One of the

most interesting papers is one presented by Campa et al.

in 1998 [2] which provided a brief control system analysis

and developed a control strategy based on linear H∞ control

powered by some adaptive schemes. However, their emphasis

was not on the control system structure, and only preliminary

results were then provided on this viewpoint. Therefore, to

obtain detailed and better understandings of the fundamental

properties of TUVs as a control system, this paper presents

a control system analysis of TUVs from some new view-

points and in some details, using a numerical and geometric

approach.

One of the defining features in dealing with control of

TUVs is the dynamics of the flexible cable used for towing

which leads to an infinite-dimensional problem, while the

other feature is highly-nonlinear hydrodynamic forces which

every kind of underwater vehicles must be subject to. For

over forty years, a lot of research efforts have been devoted to
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Fig. 1. Schematic diagram of TUV

the dynamics of marine cables, e.g., [15], [6], [3]. Despite the

variety of the works, their basic approaches were similarly

based on finite-difference methods. In this paper, we take a

conventional approach based on finite-dimensional approx-

imation as in those previous papers in both the fields of

TUVs and marine cables, and provide an explicit state-space

representation of the dynamical model of a TUV. Based on

the model, we assess some fundamental properties such as

controllability, observability, and stability, and additionally

investigate how the number of cable-dimension will affect

the control system structure in a numerical manner, which is

one feature of our study.

Moreover, we consider not only state controllability but

also output controllability which will be shown to be con-

siderably important to the TUV control system. This is the

other feature of our study.

Consequently, we shall show that the TUV control system

considered in this paper has desirable properties, and clarify

its significant features, and provide useful information for

control-system design of TUVs.

The remainder of this paper will be organized as fol-

lows. In Section II, the problem setting is made and an

explicit state-space representation of the dynamical model

of the TUV is derived. In Section III, the notion of output

controllability is reviewed and some related machinery is

developed. In the subsequent section, an control system

analysis using this machinery is then presented. In the last

section, concluding remarks are given.

II. DYNAMICAL MODEL

A. problem setting

Here, the problem setting and some assumptions for this

study are made to make the problem tractable and trans-

parent, and to avoid meaningless complexity. First, we shall

restrict ourselves to two-dimensional motions of the TUV

as shown in Figure 2, i.e., motions on the vertical plane,

throughout this paper, which is the most important problem
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in a practical use. Further, the following assumptions are

made:

1) environmental water current such as tide and wave will

be ignored,

2) the dynamics of the ship towing the vehicle will be

ignored and the ship travels only in the horizontal

direction,

3) the dynamics of the wing actuators will be also ig-

nored,

4) the cable (towline) is modeled by a finite number

of rigid segments, with their masses lumped on the

respective ends, connected by frictionless joints as

shown in Figure 2,

5) all forces relative to each cable segment are assumed

to be applied to its point of mass.

The coordinate systems employed for the problem are

shown in Figure 2 where OiXiZi is for i = 0 fixed on the

ship with O0 at its towing point, for i ∈ n on the ith cable

segment with Oi at its point of mass, and for i = n+1 on the

vehicle respectively, where n denotes the number of the cable

segments. Each rotation of the coordinate systems is denoted

by qi (i = 1, · · · , n+1) defined as in the figure. Further, the

maneuverable wings are referred to as the main wing and

the tail wing whose angles relative to On+1Xn+1Zn+1 are

denoted by u1 and u2 respectively. Each angle of qi’s and

uj’s is defined to be positive in the counter-clockwise sense.

B. dynamical model formulation

1) Lagrange equations of motion: Based on the above

problem setting, a dynamical model formulation is derived.

In most of the earlier papers, the dynamical models are

represented in the Newton-Euler formulation and the re-

sulting formulae contain the redundant state-variables and

the constraint forces explicitly. However, for the purpose of

control system analysis and design, the Lagrange approach is

more appropriate than the Newton-Euler one. Therefore, we

adopt the Lagrange approach so that the resulting formulae

contain no redundant state-variable and constraint force.

Note that the system analysis in this paper relies on a

numerical method, hence it requires the specific values of

the physical parameters. The reference [8] has been so far

only one we found where all the values necessary for the

computation of the dynamics are available. Not like other

mechanical systems such as a robotic manipulator, it is

extremely difficult to suppose some realistic values of the

physical parameters for the underwater systems since they

involve hydrodynamic parameters. Therefore, we develop the

dynamical model so that the resulting dynamics is essentially

equivalent to that in the reference [8] and thus we will be

able to adopt all the parameters from the reference for our

analysis with some minor modification.

First, the inertia matrices are introduced as in the follow-

ing.

Mi =
L(mc + ac)

n
I2 = macI2 (1)

where Mi for i ∈ n denotes the inertia matrix of the ith
cable segment relative to OiXiZi, mc, ac, and L denote the

mass, the added mass of the cable per unit length, and the

total length of the cable respectively. Ik represents the k×k
identity matrix.

Mn+1 denotes the inertia matrix of the vehicle relative to

On+1Xn+1Zn+1, each element M ij
n+1 is as in the following.

M11
n+1 = mv + av11

M12
n+1 = M21

n+1 = 0
M13

n+1 = M31
n+1 = mvzg + av13

M22
n+1 = mv + av22

M23
n+1 = M32

n+1 = −mvxg + av23

M33
n+1 = Jv + av33 (2)

where mv , Jv and avij are the mass, the inertia mo-

ment, and the added inertias respectively. (xg, zg) represents

the coordinates of the center of gravity of the vehicle in

On+1Xn+1Zn+1.

Let vi = (vix, viz)T (for i ∈ n) and vn+1 =
(v(n+1)x, v(n+1)z, ˙qn+1)T denote the velocity vectors corre-

sponding to the respective Mi’s defined in OiXiZi’s. Then,

the total kinetic energy K is represented as follows:

K =
n+1∑
i=1

1
2
vT

i Mivi. (3)

Note that q = (q1, · · · , qn+1)T can be generalized config-

uration coordinates for the system and we shall treat the

potential forces separately as generalized forces. Thus, the

Lagrange equations of motion with (3) yield

d

dt

(
∂K

∂q̇

)
− ∂K

∂q
= E(q)q̈ + F (q, q̇) = τbg + τh (4)

where τbg and τh denote the generalized force vectors due to

the buoyancy and gravity, and the nonlinear hydrodynamic

forces respectively. Each element of positive definite E(q)
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can be represented as

Eij = Eji

=
1
2

(
L

n

)2

·{(M11
n+1 + M22

n+1 + 2kijmac)c(qi − qj)
+(av11 − av22)c(qi + qj − 2qn+1)}
(for i, j ∈ n) (5)

Ei,n+1 = En+1,i

=
L

n
{(M13

n+1 + LvM11
n+1)c(qi − qn+1)

+M23
n+1s(qi − qn+1)}

(for i ∈ n) (6)

En+1,n+1 = M33
n+1 + Lv(2M13

n+1 + LvM11
n+1) (7)

where c(·) and s(·) denote cos(·) and sin(·) respectively,

(0,−Lv) represents the towing point on the vehicle in

On+1Xn+1Zn+1 (Lv > 0), and kij denotes the element of

the following n × n matrix:

k =

⎡
⎢⎢⎢⎢⎢⎣

n n − 1 n − 2 . . . 1
n − 1 n − 1 n − 2 . . . 1
n − 2 n − 2 n − 2 . . . 1

...
...

...
. . . 1

1 1 1 . . . 1

⎤
⎥⎥⎥⎥⎥⎦

. (8)

Next, the Coriolis and centripetal force vector F (q, q̇) is

represented as in the following.

Fi =
n∑

j=1

[
1
2

(
L

n

)2

·{(M11
n+1 + M22

n+1 + 2kijmac)s(qi − qj)
−(av11 − av22)s(qi + qj − 2qn+1)}q̇j

2

+
(

L

n

)2

(av11 − av22)

·s(qi + qj − 2qn+1)q̇j ˙qn+1]

+
L

n
{M23

n+1c(qi − qn+1)

+(M13
n+1 + LvM11

n+1)s(qi − qn+1)} ˙qn+1
2

+
L

n
(av11 − av22)s(qi − 2qn+1)v0 ˙qn+1

+
1
2

(
L

n

)
{(av11 − av22)c(qi − 2qn+1)

+(M11
n+1 + M22

n+1 + 2Lk1imac)c(qi)}v̇0

(for i ∈ n) (9)

Fn+1 =
n∑

i=1

[
n∑

j=1

{−1
2

(
L

n

)2

·(av11 − av22)s(qi + qj − 2qn+1)q̇iq̇j}
−L

n
{M23

n+1c(qi − qn+1)

+(M13
n+1 + LvM11

n+1)s(qi − qn+1)}q̇i
2

−L

n
(av11 − av22)s(qi − 2qn+1)v0q̇i]

+
1
2
(av11 − av22)s(2qn+1)v2

0

+{(M13
n+1 + LvM11

n+1)c(qn+1)
+M23

n+1s(qn+1)}v̇0 (10)

where v0 denotes the velocity of the towing point on the ship

in the horizontal direction (recall assumption 2)).

2) generalized forces: First, consider τbg associated with

buoyancy and gravity. Let Bc and Bv denote the buoyancy of

the cable per unit length and of the vehicle respectively and

g be the gravitational acceleration. Then, using the principle

of virtual work, τbg can be obtained as,

τbgi =
L

n
{Lk1i

n
(Bc − mcg) + Bv − mvg}s(qi)

(for i ∈ n) (11)

τbgn+1 = (Bvxb − mvgxg)c(qn+1)
+{BvLv − mvg(Lv + zg)}s(qn+1) (12)

where (xb, 0) represents the center of buoyancy of the vehicle

in On+1Xn+1Zn+1.

Next, consider the hydrodynamic force vector τh. Let the

centers of hydrodynamic force on the main and tail wings be

(0, 0) and (−Lt, 0) in On+1Xn+1Zn+1 respectively (Lt >
0), and let hci be the drag on the ith cable segment, hmD and

hmL be the drag and lift [12] on the main wing. Similarly,

the suffix t is for the tail wing, the suffix v for the body of

the vehicle, the suffix D for drag and L for lift respectively.

Then, we can obtain τh in the following form.

τhi = −
n∑

j=i

L

n
hcjc(αi)

+
L

n
{hmDc(αn+1 − qn+1 + qi)

+htDc(αt − qn+1 + qi)
+(hvL + hmL)s(αn+1 − qn+1 + qi)
+htLs(αt − qn+1 + qi)} (for i ∈ n) (13)

τhn+1 = hmDLvc(αn+1) + hmLLvs(αn+1)
−(htDLv + htLLt)c(αt)
+(−htDLt + htLLv)s(αt)
+hvL(Lv sinαn+1 + CM) (14)

where CM is a constant parameter associated with hydro-

dynamic moment and αi for i ∈ n + 1 is the angle of attack
[12] defined as (recall Equation (3)),

αi = tan−1

(
viz

vix

)
(vix �= 0). (15)

The angle of attack αt is similarly defined for the tail wing

with the velocity vector denoted by vt in On+1Xn+1Zn+1.

Each of the hydrodynamic forces is a polynomial of each

angle of attack, control angle of wing ui, and velocity
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represented as in the following.

hci =
L

n
(CDc1α

2
i + CDc2)‖vi‖2 (16)

hmL = CLm1(αn+1 + u1 + CLm2)‖vn+1‖2 (17)

hmD = {CDm1(αn+1 + u1 + CLm2)2

+CDm2}‖vn+1‖2 (18)

htL = CLt1(αt + u2)‖vt‖2 (19)

htD = {CDt1(αt + u2)2 + CDt2}‖vt‖2 (20)

hvL = CLv1αn+1‖vn+1‖2 (21)

where CDx and CLx are constant drag and lift coefficients

and ‖ · ‖ denotes the Euclidean norm.

3) control system formulation: Additionally, we assume

that the ship velocity v0 to be positive constant and choose

outputs of the system to be the depth and attitude of the

vehicle. Then by some algebraic manipulation to Eq. (4),

the above dynamical system can be transformed into the

following familiar control-system form,

ẋ = f(x, u)
y = g(x) (22)

where the input vector u = (u1, u2)T ∈ R2, the state vector

x = (xT
1 , xT

2 )T = (qT , q̇T )T ∈ the state-space manifold

X ⊂ R2n+2, the output vector y = (y1, y2)T ∈ the output-

space manifold Y ⊂ R2 and the mappings f and g are,

f(x, u) =
[

x2

E(x1)−1{−F (x) + τbg(x1) + τh(x, u)}
]

(23)

g(x) =
[

L
n

∑n
i=1 cos qi + Lv cos qn+1

qn+1

]
. (24)

III. OUTPUT CONTROLLABILITY

In this section, we review output controllability. In prac-

tical control problems, we are often interested in only the

output rather than the state as long as the whole system can

be stabilized. The control of TUVs is exactly the case, which

has motivated the present framework.

First, we present the definition of output controllability

and then develop some machinery to be exploited to analyze

control systems in this framework. The essence of this

concept is an issue of how the associated tangent mapping

g∗ : TX → TY of g : X → Y will map the distribution

generated by the inputs on the state-space manifold X onto

the distribution on the output-space manifold Y .

Definition 1: Consider the system modeled as in the form

of Eq. (22) where u ∈ U ⊂ Rk , the admissible control set,

x ∈ X , the state-space C∞ connected manifold of dimension

l, y ∈ Y , the output-space C∞ connected manifold of

dimension m, and f and g are C∞ mappings. Suppose

x(0) = x0 and y(0) = y0 = g(x0) and if the set of points on

the output space which can be reached from y0 by using an

input function u(·) : [0, t] → U in a finite time contains

a neighborhood of y0, then we say the system is output

controllable at x0. Moreover, if x0 is an equilibrium with an

input u0 ∈ U , i.e., f(x0, u0) = 0 then we call y0 = g(x0)
an output-controllable equilibrium.

Then, we introduce a sufficient condition for an output-

controllable equilibrium of the nonlinear system represented

by (22) by using a linearization approach, which is exactly

the modification of state-space controllability version in the

reference [13]. See the appendix A for the proof.

Proposition 1: Consider the nonlinear system of the form

(22) let x(0) = x0 ∈ X and u(0) = u0 ∈ U satisfying

f(x0, u0) = 0. We obtain the linearization of the system at

x = x0 and u = u0 as,

ż =
∂f

∂x
(x0, u0)z +

∂f

∂u
(x0, u0)v

p =
∂g

∂x
(x0)z (25)

where v ∈ Rk , z ∈ Rl and p ∈ Rm . Suppose that this linear

system is output controllable at z = 0, then the original

nonlinear system is also output controllable at x0, and hence

y0 = g(x0) is an output-controllable equilibrium.

Finally, we discuss the open property of output-

controllable equilibriums on the output-space manifold, that

is, not being an isolated point. See the appendix B for the

proof.

Proposition 2: Consider the nonlinear system (22) again

and make the same assumption as in Proposition 1. Addi-

tionally, if ∂f
∂x (x0, u0) is non-singular then there exists a

neighborhood of y0 = g(x0) where every point y is also

an output-controllable equilibrium.

Remark: As stated in the reference [13], the above

discussions also hold for the time-reversed system, which

implies that for any y1 and y2 ∈ U2 there exist admissible

control functions such that one can steer from y1 to y2 in a

finite time and vice versa.

IV. ANALYSIS OF CONTROL SYSTEM STRUCTURE

In this section, we present a control system analysis of

the dynamical model derived in Section II in a numerical

manner. Specifically, we shall investigate the controllability,

observability and stability at equilibriums of the system, and

furthermore discuss the output controllability. Throughout

this section, we shall emphasize a point of view how these

characteristics of the system will be affected by the number

of cable segments, i.e., the order of approximation of the

system, to explore the property of the infinite dimensional

system. All the parameters and their values used for the

analysis are shown on Table 1, most of which are adopted

from the reference [8].

A. controllability, observability, and stability

Let us consider the system (22) and its equilibrium with

the main wing input u1 = 0 (deg) and the tail wing input

u2 = −1.568 (deg) which chosen so that the attitude of the

vehicle qn+1 = 0. For these inputs and several numbers of

the cable segments n = 2, 5, 10, 20, we obtain the respective

equilibriums corresponding to n’s and each configuration of

them is depicted in Fig. 3.
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Fig. 3. Equilibriums of TUV system

Then, at each equilibrium, we obtain the linearization

represented in the form of (25) with the symbols in (40).

To assess the Kalman rank conditions, we construct the

following matrices,

Wc =
[
B,AB, · · · , An−1B

]
Λc (26)

and

Wo =
[
CT , AT CT , · · · , An−1T CT

]
Λo (27)

where Λc and Λo are the 2l×2l non-singular diagonal-scaling

matrices so that each non-zero component column vector

of Wc and Wo has the magnitude of 1. So, we call Wc

the normalized controllability matrix and Wo the normalized
observability matrix, and check them by using singular value

decomposition as,

Wc = UcΣcV
T
c (28)

Wo = UoΣoV
T
o , (29)

where Uc and Uo are the l × l orthogonal matrices, Σc

and Σo are the l × l diagonal matrices with elements of

the decreasingly ordered singular values, and Vc and Vo are

the 2l × l matrices. By the geometric control theory [16],

it is known that the controllable subspace and observable

subspace coincide with Im(Wc) and Im(Wo) when Λc

and Λo are identity matrices respectively. Furthermore, it is

straightforward to verify that those subspaces are invariant

for such scalings.

It is important to note here that the scaling matrices Λc

and Λo will play an important role in our own approach for

analyzing the system. The purpose of the application of those

matrices is to focus on the geometric structure of the tangent

and cotangent vectors in the first term of Wc and Wo, and

to ignore the unbalance of their magnitudes. This approach

is particularly powerful for high-order systems, which will

be discussed later.

First, we take, as an illustrative example, the results of the

case where n = 2 (the order of the system l = 6),

Σc = diag[3.416, 0.5752, 5.459 × 10−3, 4.137
×10−3, 7.034 × 10−4, 1.738 × 10−5] (30)

Σo = diag[2.992, 1.000, 1.000, 1.000,

0.2131, 2.231 × 10−3]. (31)

As seen from the above, both the matrices are of full rank and

hence the system is controllable and observable mathemati-

cally. However, we notice that there exists some unbalance

among the state subspaces, and therefore expect there exist

hardly controllable and hardly observable subspaces in some

sense( Campa et al. also stated this point briefly in [2]). Since

in a practical control problem we generally have to limit the

control input magnitude and the accuracy of measurements,

this point of view will then become important. Note that the

similar notion concerning such unbalance of the state space

can be found in [11] where their purposes are to develop

balanced realization and model reduction based on it.

Table 1: Parameters for computation

Symbol Value Unit
mc 0.95 kg/m

ac 1.76715ρ × 10−4 kg/m
Bc 0.69g N/m
mv 182.687 kg
av11 0.010ρ kg
av13 0 kgm
av22 0.539ρ kg
av23 0.032ρ kgm

av33 0.039ρ kgm2

Iv 26.078 kgm2

xg 0.017 m
zg 0.02 m
xb 0.017 m
L 300 m
Lv 0.205 m
Lt 0.7 m

CDc1 −1.23075ρ × 10−3 Ns2/m3

CDc2 3.975ρ × 10−3 Ns2/m3

CLm1 1.72595ρ Ns2/m2

CLm2 -0.141372 rad

CDm1 0.60835ρ Ns2/m2

CDm2 0.0274506ρ Ns2/m2

CLt1 0.09978ρ Ns2/m2

CDt1 8.11639ρ × 10−3 Ns2/m2

CDt2 7.22347ρ × 10−4 Ns2/m2

CLv1 0.0766708ρ Ns2/m2

CM 1.17268 m

g 9.8 m/s2

ρ 1025 kg/m3

Let us focus on the minimum singular value of Wc for

example and the associated column vector uc6 in Uc which

represents the subspace which might be hardly controllable.

By computation, we obtain

uc6 = [0.8334,−0.5371,−0.0002,

0.1077,−0.0733,−0.0001]T (32)

and give some interpretation to this subspace as depicted in

Fig. 4 (a). As shown in the figure, this subspace represents
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A = UT
c AUc

=
[

A11 A12

A21 A22

]

=

⎡
⎢⎢⎢⎢⎢⎢⎣

−7.854 4.894 × 10−1 9.991 × 10 3.509 × 103 −1.257 × 102 8.429 × 10
1.548 × 10−1 7.489 × 10−2 −1.469 × 10 −4.498 × 102 1.848 × 10 −1.239 × 10
−2.484 × 10−3 −1.731 × 10−2 −7.616 −5.310 1.599 × 10−1 −1.413
−5.086 × 10−4 −1.605 × 10−2 8.074 × 10−2 −5.815 × 10−1 3.849 × 10−2 8.668 × 10−3

5.611 × 10−4 −9.160 × 10−3 1.672 × 10−1 −7.563 × 10−1 3.085 × 10−2 3.555 × 10−5

−1.715 × 10−5 −1.381 × 10−5 1.209 × 10−2 1.860 × 10−2 −1.317 × 10−3 −3.682 × 10−2

⎤
⎥⎥⎥⎥⎥⎥⎦

B = UT
c B

=
[

B1

B2

]

=

⎡
⎢⎢⎢⎢⎢⎢⎣

6.825 −7.379
−1.004 1.085

−4.704 × 10−3 1.324 × 10−2

−2.264 × 10−2 −1.628 × 10−2

1.402 × 10−3 1.851 × 10−4

−4.213 × 10−5 8.855 × 10−5

⎤
⎥⎥⎥⎥⎥⎥⎦

(33)

C = CUc

=
[
C1|C2

]
=

[ −2.714 × 10−3 −5.284 × 10−2 −4.937 −7.968 −1.684 × 102 4.689 × 10
−1.455 × 10−1 −9.893 × 10−1 6.884 × 10−4 9.823 × 10−3 −2.298 × 10−4 −2.070 × 10−4

]

(34)

velocity

(b) unstable

equilibrium

perturbationequilibrium

perturbation

(a) hardly controllable

velocity

Fig. 4. Particular subsystems of TUV

that q1 increases, however q2 decreases, while q3 stays rela-

tively to the equilibrium, and intuitively we can understand

it might be difficult to control such a mode.

Next, we make a coordinate transformation for the linear

system by using the orthogonal matrix Uc and the result is

as in (33). Note that if the minimum singular value of Wc

were really zero then A21 = 0 and B2 = 0. Thus, from the

above numerical results, we expect the system is close to

the uncontrollable system, and hence which also justifies the

significance of such a concept.

Let us consider the stability of the equilibrium by checking

the eigenvalues of A, λ = {−7.674 + 0.4249i,−7.674 −
0.4249i,−2.801, 2.214,−0.03969,−0.009737}. We notice

that λ4 is a non-oscillatory unstable mode while the others

are all stable modes. The associated eigenvector with λ4

is [0.2885, 0.7481,−2.547,−106.294,−101.9,−0.4182]T
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Fig. 5. Singular values of Wc and Wo

whose interpretation can be depicted as in Fig. 4 (b). We

can associate this mode with a kite losing its balance.

Here one question arises, whether this unstable mode is

contained in the hardly controllable subspace or not? To an-

swer this question, we investigate the respective eigenvalues

λ1 and λ2 of A11 and A22. Then we obtain λ1 = {−7.675+
0.4251i,−7.675 + 0.4251i,−2.801, 2.214,−0.01012} and

λ2 = −0.03682 which therefore implies that the unstable

mode is not contained in the hardly controllable subspace.

Furthermore, we discuss how all those properties discussed

above for n = 2 are for a larger number of the cable

segments. Figure 5 shows the singular values of Wc and Wo
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for each n. As seen from the figure, the minimum singular

value becomes the smaller with the larger n for both Wc and

Wo. In addition, we introduce the fact that the characteristics

of hardly controllable and hardly unobservable subspaces

and the decomposition based on them become the more

prominent for the higher order system. Therefore, we can

expect that there exist a hardly controllable and a hardly

observable subspaces for the infinite dimensional system in

some sense, although it might be difficult to define the term

“hardly” uniformly because it will depend on applications.

On the other hand, with respect to the stability, regardless

of n, there always exists only one non-oscillatory unstable

eigenvalue of near 2 for n = 2, 5, 10, 20 and the associated

eigenvector v always has the property that v1, · · · , vn are

positive while vn+1, · · · , v2(n+1) are negative the same as

shown for n = 2. Furthermore, loosely speaking, this mode

is not contained in a hardly controllable subspace nor in a

hardly observable subspace. We expect also this fact holds

for the infinite dimensional system.

It is important to note again the role of the scaling matrices

Λc and Λo. Without those scalings, the features discussed

above will not be prominent for higher order systems such as

n = 20 in the sense of geometric structure, which is mainly

due to the large magnitude of higher order. That’s exactly

the reason why we employed this approach. In this paper,

we discuss the controllable subspaces from a geometric

viewpoint. However, we note that consideration of them with

time order together is also important.

B. output controllability

The above discussion on hardly controllability has moti-

vated the notion of output controllability. That is, we are

here interested in a question “even if the hardly controllable

subspaces are really uncontrollable then is the system still

output controllable?” We present an analysis of the TUV

system from this point of view by using the machinery

developed in Section III.

Again, consider the case n = 2 and recall the transformed

linearization (33). Similarly in (33) applying Uc to C yields

C in (34) and thus rank(C1) = 2. Then, the lineariza-

tion is output controllable at its origin, and therefore from

Proposition 1 we conclude that the TUV system is output

controllable in the equilibrium and say that this equilibrium

is an output-controllable equilibrium, even if the hardly

controllable subspace is really uncontrollable.

Next, by applying Proposition 2 to this output-controllable

equilibrium, we discuss its open property. In fact, by com-

putation we can verify that ∂f
∂x (x0, u0) is non-singular. Since

we have already shown the system is output-controllable in

this equilibrium, then it follows from Proposition 2 that there

exists a neighborhood of y0 = g(x0) where every point y is

also an output-controllable equilibrium.

C. for other equilibriums

At the last of this section, we present the results for the

other equilibriums as depicted in Fig. 6. At each equilibrium

the vehicle attitude is 0 (deg), and the respective main

wing inputs are -7.5, -5.0, -2.5, 0, 2.5, 5.0, and 7.5 (deg).

Consequently, all those properties discussed above for the

one equilibrium, i.e., hardly controllable, hardly observable,

unstable modes, an output-controllability equilibrium and its

open property are invariant for the other equilibriums, and

moreover, for the system dimensions within our considera-

tion. Therefore, those significant features of this type of TUV

control system are expected to be essentially generic ones.

V. CONCLUSION

We have discussed the fundamental control system struc-

ture of the TUV system. All those discussions have shown

that the TUV has a desirable structure as a control system

with respect to (output) controllability, observability and

stability. Further, it has been verified that these fundamental

properties are invariant for dimensions of approximation

for the TUV system and also for equilibriums within our

consideration. The analysis presented relies on the numerical

method and hence the results are dependent on the given

specific parameters. However, the TUV considered in this

paper is a general type of TUVs and the results are therefore

expected to be essentially generic ones, and provide useful

information for control-system design of TUVs.

APPENDIX

A. Proof of Proposition 1

Since the linearization Eq. (25) is output controllable at

z = 0 then for a given time T > 0 there exist input func-

tions v1(·), · · · , vm(·) such that the corresponding outputs

p1(T ), · · · , pm(T ) are independent.

Next, using these inputs vi(·)’s for the linear system we

construct the inputs for the nonlinear system in the following

way,

u(t, ξ1, · · · , ξm) := u0 + ξ1v
1(t) + · · · + ξmvm(t), (35)

which technique plays a key role in this proof. Briefly, we

shall prove that (ξ1, · · · , ξm) can be a coordinate chart of the

output-space manifold Y .

By taking |ξi| small enough in u(·, ξ), there will exist the

corresponding solutions of the system (22) for all 0 ≤ t ≤ T
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denoted by x(t, ξ) and y(t, ξ) initiating x(0, ξ) = x0 and

y(0, ξ) = y0. Consider now the following mappings,

φ : ξ �→ x(t, ξ) ξ near 0 (36)

ψ : ξ �→ y(t, ξ) ξ near 0, (37)

and further the associated tangent mappings φ∗ and ψ∗ in

the Jacobian-matrix forms at ξ = 0,

Z(t) =
∂x(t, ξ)

∂ξ

∣∣∣
ξ=0

=
∂x

∂ξ
(t, 0) (38)

Y (t) =
∂y(t, ξ)

∂ξ

∣∣∣
ξ=0

=
∂g(x(t, ξ))

∂ξ

∣∣∣
ξ=0

=
∂g

∂x
(x0)Z(t). (39)

By substituting x(t) and u(t) by x(t, ξ) and u(t, ξ) in (22)

respectively and differentiating (22) with respect to ξ at ξ =
0, we obtain

˙Z(t) = AZ(t) + B
[
v1(t), · · · , vm(t)

]
Y (t) = CZ(t) (40)

where A = ∂f
∂x (x0, u0), B = ∂f

∂u (x0, u0) and C = ∂g
∂x (x0).

By definition of vi(·)’s, the column vectors of Y (T ) =[
p1(T ), · · · , pm(T )

]
are independent and therefore it follows

from the Inverse Function Theorem that (ξ1, · · · , ξm) can be

a coordinate chart around y0. Hence, the proof is completed.

B. Proof of Proposition 2

Since ∂f
∂x (x0, u0) is non-singular, then it follows from the

Implicit Function Theorem that there exist a neighborhood

W of (x0, u0), a neighborhood V of u0, and a C∞ mapping

h : V → X such that h(u0) = x0 and

{(x, u) ∈ W | f(x, u) = f(h(u), u) = 0, u ∈ V }. (41)

Now, let (x, u) be restricted to W and rewrite the equation

(39) in the proof of Proposition 1 as in the following.

Y (t) =
∂g

∂x
(x0)

∂x(t, u(t, ξ))
∂u

∣∣∣
ξ=0

∂u(t, ξ)
∂ξ

∣∣∣
ξ=0

=
∂g

∂x
(x0)

∂h

∂u
(u0)

∂u

∂ξ
(t, 0) (42)

where the fact that x = h(u) in W is used, furthermore

which implies that the rank of

∂y

∂u
(u0) =

∂g

∂x
(x0)

∂h

∂u
(u0) (43)

is m since the rank of Y (T ) is m as in the proof of

Proposition 1. Hence, there exists a neighborhood U1 of y0

such that

{y ∈ U1| y = g(h(u)), f(h(u), u) = 0, u ∈ V }. (44)

On the other hand, recall the matrices A =
∂f
∂x (h(u0), u0),B = ∂f

∂u (h(u0), u0) and C = ∂g
∂x (h(u0)) of

the linearization. By continuity of h(·) and these matrices,

it follows that there exists a neighborhood U2 ⊂ U1 of y0

such that every y ∈ U2 is an output-controllable equilibrium.

Hence, U2 is the desired neighborhood.
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