Proceedings of the

44th IEEE Conference on Decision and Control, and
the European Control Conference 2005

Seville, Spain, December 12-15, 2005

TuA15.2

Dead-zone Kalman filter algorithm for recurrent neural networks

José de Jests Rubio, Wen Yu

Abstract— Compared to normal learning algorithms, for
example backpropagation, Kalman filter-based algorithm has
some better properties, such as faster convergence, although
this algorithm is more complex and sensitive to the nature of
noises. In this paper, extended Kalman filter is applied to train
state-space recurrent neural networks for nonlinear system
identification. In order to improve robustnees of Kalman filter
algorithm dead-zone robust modification is applied to Kalman
filter. Lyapunov method is used to prove that the Kalman filter
training is stable.

I. INTRODUCTION

Resent results show that neural network technique seems
to be very effective to identify a broad category of com-
plex nonlinear systems when complete model information
cannot be obtained. Neural networks can be classified as
feedforward and recurrent ones [7]. Feedforward networks,
for example Multilayer Perceptrons (MLP), are implemented
for the approximation of nonlinear functions in the right
hand side of dynamic model equations. The main drawback
of these neural networks is that the weights’ updating do
not utilize information on the local data structure and the
function approximation is sensitive to the training data
[13]. Since recurrent networks incorporate feedback, they
have powerful representation capability and can successfully
overcome disadvantages of feedforward networks [8]. Even
though backpropagation (BP) has been widely used as a prac-
tical training method for neural networks, the limitations are
that it may converge very slowly, there exists local minima
problem and, the training process is sensitive to measurement
noise. The stability of modified backpropagation algorithm
is proved in [20].

Gradient-like learning laws are relatively slow. In order
to solve this problem, many descendent methods in the
identification and filter theory have been proposed to estimate
the weights of neural networks. For example the extended
Kalman filter is applied to train neural networks in [1],
[9], [17], [18] and [19], they can give solutions of least-
square problems. Most of them use static neural networks,
sometimes the output layer must be linear and the hidden
layer weights are chosen at randomly [3]. A faster conver-
gence with the extended Kalman filter is reached, because
it employes less interaction [9]. However, the computational
complexity in each interaction is increased, it require of large
amount of memory. Decoupling technique is used to decrease
computational burden [14], the decoupled Kalman filter with
diagonal matrix P is similar to gradient algorithm [7].
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There are not so many stability analyses for Kalman filter
training, in spite of reported successful Kalman filter appli-
cations. [6] analyzed convergence and stability properties of
the Kalman filter for linear stochastic time-varying regression
models. [16] proved that the estimation error of Kalman
filter remains bounded if the system satisfies a detectability
condition. [15] stated that the Kalman filter is exponentially
stable when the covariance P is bounded and filter error is
small enough, these conditions are very hard. [4] presented
a new approach to finite-horizon guaranteed state prediction
for discrete-time systems affected by bounded noise and
unknown-but-bounded parameter uncertainty. There are only
a few published results on stability analysis of neural net-
works training with Kalman filter. [12] used Ho-learning to
improved the robustness of Kalman filter training. By using
results on stochastic stability of Kalman filter, [1] analyzed
the convergence of the weights of neural networks with the
assumption of the covariance P} being bounded. The lack
of robustness in Kalman filter with respect to noise was
demonstrated in [12]. Several robust modification techniques
were proposed for the least square algorithm [5] which is
special cases of Kalman filter. To the best of our knowledge,
Kalman filter training for recurrent neural networks and
Lyapunov stability analysis have not yet been established
in the literature.

In this paper the extended Kalman filter is modified with
dead-zone technique, and is applied for state-space recurrent
neural networks training. Both hidden layers and output
layers can be updated. Stability analysis of identification
error with the Kalman filter algorithm is given by the
Lyapunov stability technique. A simple simulation gives the
effectiveness of the suggested algorithm.

II. RECURRENT NEURAL NETWORKS TRAINING WITH
EXTENDED KALMAN FILTER

Consider following unknown discrete-time nonlinear sys-
tem

w(k+1) = flz(k), u(k)] M

where u (k) € R™ is the input vector, |u(k)|® <7, z (k) €
R™ is a state vector, f is general nonlinear smooth function
f € C°°. We use the following state-space recurrent neural
network to identify the nonlinear plant (1)

T(k+1) = Az(k)+V1 ko [Wh gz (k)] +Va k¢ [Wa (k)] u(k)

)
where T (k) € R™ represents the internal state of the neural
network . The matrix A € R™*"™ is a stable diagonal matrix
which will be specified after, A = diag(a;), |a;| < 1.
The weights in output layer are Vi, Vo € R"™ ™, the
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weights in hidden layer are Wy, Wy € R™*™, o is
m—dimension vector function o = [0y ---0,]", @(-) is
RM*™ diagonal matrix. According to the Stone-Weierstrass
theorem and density properties of recurrent neural networks
[8], the unknown nonlinear system (1) can be written in the
following form
w(k+1) =
+Vo i

Az(k) + Vi o W po(k)] 3)
Wk (k)] u(k) — n(k)

where n(k) = f [2(k), u(k)] — Az(k) — Vo [Wi (k)] -
Vo k¢ [Wa kx (k)] u(k) is modeling error with respect to the
weights Vi g, Vo, Wa and Wy, they are time-varying
weights which will be updated by identification error. By
[8] we know that the term (k) can be made arbitrarily
small by simply selecting appropriate the number of neurons
in the hidden layer (in this paper, it is m). In the case of
two independent variables, a smooth function f has Taylor
formula as

1 o 0 o 01"

f= E{($1$1)8—m+($2$2)8_x20f+5(4)
where ¢ is the remainder of the Taylor formula. If we let x;
and x5 correspond Wi (k) and Vi, 29,29 correspond
Wz (k) and V, and define Wy 5, = Wy, — W7, ‘N/lk =
Vig — V2, VP, VP WP and WY are set of known initial
constant weights.

Viko Wika(k)] = Vo Wz (k)] + ©1xB1ie +e1 (5)

2mx1
R )

T
where Bl,k = [U,UI‘/l?kl‘} S @17]€ =

T
[Vl,k:, wi k} € R™ 2™ 4’ is the derivative of nonlinear

activation function o (-) at the point of Wy (k). Similar

Vo ¢ (Wo (k)] u(k) = Vig Wz (k)] u(k)+Osa,Bo k+e2
(6)
where Byj = [¢u,¢/diag(u)VZTkx(k)}T, Q) =

[ Var Wiy }T. We define the modelling error ((k) =
€1 + €2 — n(k), substituting (5) and (6) into (3) we have

y(k) = BrOy + (k)

where O = [ O1% Oa ]T7
output y(k) is

y(k) =z(k+1) — Azx(k)
VP [ (K)] — V96 (Wi (k)] u(k)

Now we use Kalman filter technique to train the recurrent
neural networks (2) such that the identification error ¢; (k)
between the plant (1) and the neural networks (2), i.e.,
€; (k) = Z;(k) — z;(k), is minimized. The parameter matrix
Oy is assumed to be an unknown constant plus a small
random walk component, an artificial process noise 2 is
defined to serve thls change, i.e., Or11 = O + Qp, Qi =

(7
By = [ Bir DBoy } , the

[wi(k) -~ wn(k)]" . We rewrite (7) in state-space with single
output
0; (k+1)=0; (k) +wi(k) ®)
yi (k) = B 0; (k) + (i,

where ¢ = 1.---n, 0;(k) € R™!' @, =
[C1 (k) G, (R)]

yi(k) = z;(k + 1) — a;zi(k)

+VP0 (Wi (k)] + U(k)VY¢ [Wiw; (k)]

Because w;(k) is a random noise, we assumed it is inde-
pendent from 6; (k), so (;, and w;(k) are un-correlated,

E {wi(k)cT, } =
Remark 1: The state vector 6; (k) is assumed to be an
unknown constant with a small random walk component
to allow for adaptive estimation. This random walk serves
the role of an artificial process noise w;(k). We assume it
satisfies
E{wi(k)} =0,
Ry can be chosen as «f, where o is small and positive.
In fact, if we do not have a change during the interval of
time, R; tends to zero, it becomes the least square algorithm.
The plant is not expected to change at all during the time
of interest, the covariance of ‘process noise’ ¢, ; can be

assumed as
E {Ci,kCZk} =R

These ideas can be also found in [2] and [3], but [3] applied
Kalman filter to feedforward neural networks. In this paper,
we use Kalman filter for recurrent neural networks.

We use n Kalman filters to estimate the weights. For ith
subsystem the observer is

E{w;(k)w;(k)'} = Ry )

Oi(k+1) =0; () + K[y (B) =G (0] 1
s (k) = B9, (k)

where ¥; (k) is estimated state of y; (k), K is observer gain.
The state estimation error is defined as

0; (k) = 0; (k) — 0; (k) (11)
Substitute (8) and (10) into (11)
0; (k+1) = [I - KBl 0; (k) + wi(k) — K¢ (12)

We define a performance index P, € R*™*4™ which uses

-p{f-p @) -2 O]}

By (8) and Ew;(k)] = 0, we have F[0;(k+1)] =

P, = cov(6;)

E0; (k)] + Elwi(k)] = 0, E[0; (k+1)] = E[0; (k)] =
E9;(1)] = 0. Because E9; (k) = 0, E0;(k)) =
E(0; (k) — E(0; (k)) =0. So

P=E{8: (10, (1)} (13)
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Substitute (12) into (13)

Popr=E {5 (k+ 1)5T (k+ 1)}

[(1 KBT) 0, (k) + wi(k) - KCi,k:|
x [(I — KBT) 0; (k) +wi(k) - KCM} '
= (1= k87 E{6: (k) 6; (W)} (1 - KBT)"
+E {wi(k)w ~k;)T} +KE {Ci,kcg:k} KT
+cross-terms(0;, w; (k), C; 1)

Because 0; (k), w;(k) and (; are independent, the cross
terms of (6, wi(k), (; ) are zero. So Py1 is

Piy1 =P, + Ry — P, By, (R2 + BngBk)il ngk
+ |K = PuBi (Ry + BEPBY) ™| (Re + BEPLBy)

AT
x| K = PBy (R + BT PuBy) |

The last term [] (Rz +BngBk) []T > 0, and P, > 0,
Ry > 0. If we want to minimize Py, 1, we have to make the

last term zero, i.e., K — P, By, (R2 + B,?PkBk.)fl =0. So
the observer gain is selected as
K = PyBy, (Ry + Bl PuBy) ™ (14)
By (14), P41 becomes
-1
Pk+1 =P, + Ry — P By, (Rz + BngBk) ngk
=R+ [I—KBﬂ Py
(15)

(10), (14) and (15) are the extended Kalman filter for the
training of the neural networks’ weights 6; (k)

0, (k+1) = 0, (k) — Kye; (k)
Py =R+ [I — KkBg} P

Ky, = PuBy (Ro + BF P By) ™
where e; (k) = 5; (k) — y; (k).

Remark 2: The Kalman error e; (k) is not the same as
the identification error ¢; (k) = Z;(k) — x;(k), but they are
minimized at the same time. From (2) and (3), we have

€i (k+1) = aje; (k) +e; (k) (17)
By the relation ¢ (2) = a;¢ (1) + el (1) = aZe; (0) +

+Zakjl‘

aie; (0) +e; (1), € (k) = aPe; ( , and

|ai| <1

e (F)] < ei (0

|+Z|ez

Since ¢; (0) is a constant, the minimization of the Kalman
error ¢; (j) means the upper bound of the identification error
€; (k) is minimized.

Remark 3: The observer (10) is for each subsystem. This
method can decrease computational burden when we esti-
mate the weights of the recurrent neural network, see [7] and

[14]. By (5) and (6) we know the data matrix B}, depends on
the parameters V1 , and V2 i this will not effect parameter
updating algorlthm (16), because the unknown parameter
0; (k + 1) is calculated by the known parameters 6; (k) and
data By, . For each element of @g and By in (16), we have

Vigsr =Vig — ma (Wi rz(k)] e’ (k)
Wik =Wk — gpipg o Wise(R)] Vi (ke (k)

(18)
It has the same form as the backpropagation [7], but
the learning rate is not positive constant, it is a matrix
RQT;%W which changes though the time. That is main
reason why Kalman filter training has a faster convergence
speed. As [14] point out, R2 > 0 can increase convergence

speed.

ITI. STABILITY ANALYSIS

In this section we will use Lyapunov stability theory to
prove that the Kalman filter algorithm (16) with dead zone
is stable for system identification.

Lemma 1: 1f the neural network ©* (Vi*, V5*, Wi W)
is the optimal model of the system as in (3) for

some data (By,y; (k)), there exist at least one
Ok Vi, Vo s Wi g, Wa ) such the modelling error
¢ (k) is also minimized, and ©* and Oy, satisfy

By =TDB*

where T € R*"*4™ ig a linear transformation, it is an
invertible matrix.

Proof: From (7) y(k) = OBy + £(k), we know

O"B" =y(k) - ¢

Choose an invertible matrix 7', compute O By, according to
(19)

OBy, = (0T ') (I'B};) = ©*B*

So
y(k) — (k) = y(k) = &

that is, the function reconstruction error remains unchanged.
|
Because of there exists ©y (Vi k, Vo i, Wik, Wa k) such
that the model error is minimized, we can design an al-
gorithm to find an acceptable solution. This Lemma gives
conditions for an exact match of the optimal error vector.
However, for all practical purposes, it is sufficient that neural
networks Oy Bj, generate error

erer =" (k)¢ (k)

that is, the two errors are similar in the sense of the norm
but they are not required to match.
By (8), (10) becomes

(20)

e; (k) = BF0:(k) + ¢ 1)
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where 0;(k) = 6;(k) — 51(14:), i = 1---n. We modify the
extended Kalman filter (16) as dead-zone Kalman filter

9. — 0. _ L
%(k +1) T/\el(k‘) Ty Py By sy, (22)
yi(k) = By, 0:(k)

where Ry = Ry + BFP.Bi, si =
e2(k) > 3C. AND 7 Pi.ByB{ P, > R,

ei(k)
0 ( ) < 3@ OR 1 PkBkBTPk < R
¢, is the upper bound of the uncertamty Cikes }Cl)k} <
Theorem 1: The dead-zone Kalman filter algorithm (22)
can assure the identification error ¢;(k) and the weights of
the neural networks bounded. For any T' € (0, c0) the output
error e;(k) converges to the residual set

D., = {eilh) | e2(k) < 3T } (23)
Proof: We define the following Lyapunov function
~T o~
V(k) = 6; (k)P 0:(k) (24)

Let us define Pjyy = [I — KiB]'| Py, because Pyyq =
Pk+1 4+ Ry, Ri > 0,s0 x P]@+1x > Pk+1x > 0 and
eI Pz > a7 Pl > 0. Apply to (24)

AV(K) =0, (k+ 1) Pl 0:(k+1) — 0, (k)PT 8:(k)
~T __ ~T
< 0; (k+ Py 0i(k +1) = 0; (k)P 6i(k)
., (25
First, we consider the case e?(k) > 3(; and
+PuByBFP, > Ry. So s, = ei(k). Substituting
k
(21) into (22) gives
~ ~ 1 ~ 1
0;(k+1) =0;(k) — R—PkBkBgei(k) - R—PkBkQ(k)
’ (26)
From (22), (21) and (26), we have
0i(k+1) = [I - RLkPkBkBﬂ 0i(k) — 2 PuBiCis
o o 27)
From (15) we know Py41 = Pry1 + Ri1. So Pry1 = P —

7Py BBl Py, Prp Pt =1- 7P B B[, (27) becomes

—_1 ~ 4= 1 =1
Pk+1‘9i(k + 1) = Pk- 19i(k) - R_kPdePkBkCi,k (28)
substituting (28) into (25) gives
. ~ T ~
AV(E) < |0;(k+1)—0,(k)| P'0;(k
() < [0+ 1) =00)] PR

~T —1
—R%cei (k+ 1) P 1 PuBrCi
" ~ T
here [ei(k; +1) - ei(k;)} is substituted by (26), (29) is

AV (k) <  (k k)By,BL0,(k ( ) = -Cix BLOi(k)

9
_Lg (k+ 1)Pk+1PkBkCz k
(30)
The last term of (30) is
GiufT 51 ¢ 517
= SEBT P, [p,;lei(k;) — AP PuBi,
Sik i ;
= R_:Bg@(k) -

Now we apply the matrix inversion lemma to Py 1 = P —

RikPkBkBng

(A+BCD) ' = A'—A'B(DA'B+C 1) ' DA™
G

WlthAl—Pk,B Bk,Cl—RQ,D Bk,Rk—
Ry + B Py By, so Pk:+1 P + B BF. (30) becomes

AV(k) < =77 (k)BkBTG( ) = 7-Cin BLOi(k)

~SEBTO; (k) + 5 £ BI PP ! \PuB,

~T
- - |6 BB + 2, ()BT + C(h)|
+ (% + % BUP (Pt + BB BB G
~ 2
=~ B0 + G
+7 (1 + =Bl Py By, +

<19,

7= (BEPkBk)2> G

(32)
Using (21), (32) tells us
AV (k) < g=[—€f (k)
B P, By (BngBk)2 2
+ 1 + R2+kBngBk (R2+B]?PkBk)2 Ci,k]
AV (k) < 7= [—ef(k) + (1+ 1+ 1) (7]
So ) ,
AV (k) < = [~e}(k) +3T; (33)
Ry,

where |(; x| < ;. Because e?(k) > 323 and Ry > 0, so
AV (k) <0. Also

0; (k)
From (16) we know Pyi1 = P, — PkBkBk P +
-1 >P 1

Ry because 7 PkBkBk Py > Ry, Py

Pk_lféz(k) S ’9“? (1) Pfléz( ) < )\IIlax

)\min (Pf !

B <0 PG <0 (PR
we choose Apin (Pfl) #£0, so

Amax (P17 1)
Amin (Pf 1)

51( k) is bounded. On the other side, if €7 (k) < 3§ or
A-PeBiBI P, < Ry s = 0, Gk + 1) = 0,(k), 8:(k)
is bounded. For the all case, the weights 0 (k) are bounded.
Form (21) we know the boundness of B[, 0;(k) and (;
mean e; (k) is bounded, Py is also bounded by (13). From
(1) and (2) the identification error ¢;(k) is bounded.

Because ez(k) is bounded, the total time during which

e2(k) > 3§ ; 1s finite. Let 7T} denotes the time interval during
which e?(k) > 3C2 (a) If only finite times that e?(k) stay
outside the circle of radius 3( (and then reenter) e?(k)
will eventually stay inside of this circle. (b) If €2 (k) leave
the circle infinite times, since the total time e; (k:) leave the
circle is finite,

0

2 2
)| < :(1)|

(34)

oo
Z Tj < 00,
j=1

lim Tj =0
Jj—o0
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So €7 (k) is bounded via an invariant set argument. Let e7 ; (k)
denote the largest tracking error during the 7} interval. Then
(34) and bounded €7 ;(k) imply that

lim [e?;(k) = 3C;| =0
So €; j(k) will convergence to 32?, (23) is achieved. ]

Remark 4: The dead-zone s depends on the two system
noise in (8), w;(k) (corresponds to 1) and ¢; ;. (corresponds

to ¢ Z) If the weights converge to some constants (not optimal
weights), (9) can be expressed as

1—
E{wi(k)} =0, E{wi(k)w;(k)"} =R = T
We can change , the dead-zone as s =
) 2 e
ci(k) ei(k) 2 3¢, which only depends on the

0 (k) <3C;
(- In the proof of Theorem 1, after (33) we have

()P119()

From (16) we know

=P+ Ry — RLkPkBkBkT%
=P +R

~T
0; (k+1)P0i(k +1) <
< Aumax (P! ‘

Pryq
<P.+R <P +EkR

So P711 > (P1 +§1)_1 ,

+
0, (k+ 1)P-L0:(k+1) > 0; (k+1) (P + ) ik +1)
Z )\min (( F ) 1)

we choose P; such that Ay, ((Pl +§1)_1> #0, so

Amax (1)
Amin ((P1 +§1)_1)

The same results as Theorem 1 can be reached.

o]

2(k+1)”2 <

IV. SIMULATIONS

We will use the nonlinear system which proposed [11]
to illustrate the behavior of the dead zone Kalman filter
algorithm proposed in this paper

__ oiResbnk)
21 (k41D = T Tt ot s e? T 2u(k)
where zo(k+1) = z1(k), z3(k+1) = z2(k), and

x4 (k) = w (k). The unknown nonlinear system has the
standard form (1), we use the recurrent neural network
(series-parallel model) given in (2) to identify it, where
z(k) € RY, A € R is a stable diagonal matrix which
is specified as A = diag(0.1). In this paper, in order to
exam the effectiveness of the Kalman filter training, we use
1 node in the hidden layer. The weights in output layer
are Vi € R**1 the weights in hidden layer are Wik €
R o = [01]", ¢(-) is an element. The elements of the
initial weights W, o and V; ¢ are chosen in random number

3
i—— Without dead-zone
1

x2

With dead-zone

. .
0 50 100 150 200
iterations

Comparison of Kalman filter with dead zone

x2

. .
0 50 100
time

200

Fig. 2. Identification for x2

between (0,1). The input is u(t) =
0.1sin (47kT's) + 0.6 sin (7kT's) .

We select P = diag(100) € R**, Ry = diag(0.1) €
R*** Ry, = 1.2. The dead zone is selected as (; = 0.1.
We compare the normal Kalman filter (16) with dead-zone
Kalman filter (22). The identification results for xo(k) are
shown in Fig.1. We can see that dead-zone Kalman filter has
more robustness than normal one, but has bigger steady-state
error.

Now we use the dead zone Kalman filter with back-
propagation algorithm [7] with learning rate 0.02, and also
recursive least square method [5] to train the neural network
given in (2). we define the mean squared error for finite time
as J(N) = 7 ij:l e? (k). The identification results for
29 and J (N) are shown in Fig.2and Fig. 3. We find that
Kalman filter has best convergence property.

0.3sin (37kT's) +

V. CONCLUSIONS

A novel method of neural identification with Kalman filter
training. The normal Kalman filter is modified with dead-
zone such that it is not sensitive to system noise. Both
hidden layers and output layers of the state-space recurrent
neural networks can be updated. Lyapunov technique is used
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0.4

0.3

0.25-

Gradient algorithm

0.2r

Recursive least square

Kalman filter q

0.11

0.05

150 200

Fig. 3. Errors comparison

to prove that the Kalman filter training is stable. From
a dynamic systems point of view, such training can be
useful for all neural network applications requiring real-time
updating of the weights.
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