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Abstract— A key result from dissipativity theory states that
if two systems are dissipative with respect to compatible supply
rates, then the feedback interconnection of the two systems is
stable. In this paper, we extend this result to show that the
stability result is valid even if the two systems are dynamic
dissipative, where we define a system to be dynamic dissipative
if the system cascaded with another (static or dynamic) operator
is dissipative. The notion of dynamic dissipativity unifies and
extends the classical dissipativity theory, Integral Quadratic
Constraints (IQCs), and the multiplier theory method from the
absolute stability theory.

I. INTRODUCTION

Dissipativity theory plays a fundamental role in the stability
analysis of feedback interconnections of dynamical systems
[1-7]. For example, two of the most fundamental results
concerning stability of feedback systems are the positivity
and small gain theorems [8—12] which are a special case of
dissipativity theory. Another fundamental problem in nonlinear
systems; namely, the absolute stability problem [13], [14], is
also a special case of dissipativity theory. With the exception
of few results given in, for example [15], virtually all robust
stability analysis results (see [16—18] and numerous references
therein) are a special case of the absolute stability theory
[19] and its extension; namely, the multiplier theory. In recent
papers, dissipativity theory also played a fundamental role in
understanding stability analysis of time-delay systems [20].

A key result from dissipativity theory [1] states that if two
systems are dissipative with respect to compatible supply rates,
then the feedback interconnection of the two systems is stable.
In this paper, we extend this result to show that the stability
result is valid even if the two systems are dynamic dissipative
with respect to compatible supply rates, where we define a
system to be dynamic dissipative if the system cascaded with
another (static or dynamic) operator is dissipative. In the case
where the cascaded operator is linear and static, the dynamic
dissipativity specializes to the notion of classical dissipativity.
Alternatively, in the case where the cascaded operator is
linear and dynamic, dynamic dissipativity theory is the time
domain analog to that of IQCs [21]. Finally the main result
of this paper involving stability of feedback interconnections
of dynamic dissipative systems extends the multiplier method
from the absolute stability theory. The primary objective of
this paper is to present a unified theory to study feedback
interconnections of nonlinear dynamical systems. In this pa-
per, we discuss two classical problems, one from absolute
stability theory and the other from robust stability theory to
demonstrate the utility of dynamic dissipativity. It should be
emphasized that the concepts presented in this paper can be
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used to derive many new results (for example, in [22] we
derived new sufficient conditions for stability of time-delay
systems).

II. MATHEMATICAL PRELIMINARIES

In this section we present the notion of exponential dissipa-
tivity. First, we establish standard notation used throughout the
paper. Specifically, let R and C denote the real and complex
numbers, let R™ denote the set of n x 1 real column vectors, let
R™*™ denote the set of m X n real matrices, and let S™ denote
the set of nxn symmetric matrices, let (-)T and (-)* denote the
transpose and the complex conjugate transpose, respectively,
and let [, or I denote the n x n identity matrix. Furthermore,
we write || - || for the Euclidean vector norm, opmax () (resp.,
Omin(+)) for the maximum (resp., minimum) singular value,
V'(z) for the derivative of V" at =, and M > 0 (resp., M > 0)
to denote the fact that the Hermitian matrix M is nonnegative

A

Cc|D
state space realization of a transfer function G(s); that is,
G(s) = C(sI — A)~'B + D. The notation “’~™" is used to
denote a minimal realization. Finally, let CY denote the set of

continuous functions and C™ denote the set of functions with
n continuous derivatives.

(resp., positive) definite. Let G(s) ~ [ ] denote a

In this paper we consider nonlinear dynamical systems G
of the form

a(t) = fla(t)+Gz@®)ul(t), x(to) = w0, t > to,(1)
y(t) = h(z(t)) + J(z(t))u(d), 2)

where z e R, u e R™, y € R, f: R* - R?, G: R® —
R»*™m b . R* — R! and J : R* — R>X™, We assume
that f(-), G(-), h(-), and J(-) are continuously differentiable
mappings and f(-) has at least one equilibrium so that, without
loss of generality, f(0) = 0 and h(0) = 0. Furthermore, for
the nonlinear dynamical system G we assume that the required
properties for the existence and uniqueness of solutions are
satisfied; that is, u(-) satisfies sufficient regularity conditions
such that the system (1) has a unique solution forward in time.
For the dynamical system G given by (1) and (2) a function
r: R™ x R! — R such that r(0,0) = 0 is called a supply rate
[1] if it is locally integrable for all input-output pairs satisfyinzg
(1), (2); that is, for all input-output pairs v € R™, y € R’,
satisfying (1), (2), r(-,-) satisfies fttf [r(u(s),y(s))|ds < oo,
t1,t2 > 0. The following definition introduces the notion of
dissipativity and exponential dissipativity.

Definition 2.1 ( [1], [2]): A dynamical system G of the
form (1), (2) is exponentially dissipative with respect to the
supply rate r(u,y) if there exists a constant € > 0, such that
the dissipation inequality

0§/ e’ r(u(s),y(s))ds, 3)

to
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is satisfied for all ¢ > ¢y with (o) = 0. A dynamical system
G of the form (1), (2) is dissipative with respect to the supply
rate r(u,y) if the dissipation inequality (3) is satisfied with
e=0.

The notion of exponential dissipativity was introduced in [2]
to provide a nonlinear (time-domain) analog to strict positive
real transfer functions [23]. It can be easily shown that if a
nonlinear system is exponentially dissipative, then it is state-
strict dissipative [3], [4].

The following definition is needed in this paper.

Definition 2.2 ( [3]): A dynamical system G is zero-state
observable if for all u(t) = 0 and y(¢) = 0 implies z(t) = 0. A
dynamical system G is completely reachable if for all z; € R,
there exists a finite time ¢; < 0 and a square integrable input

u(t) defined on [t;, 0] such that the state x(t), ¢ > t;, can be
driven from z(¢;) = 0 to z(0) = a;.

Next, we present a result which shows that exponential dissi-
pativity of a system of the form (1), (2) can be characterized in
terms of the system functions f(-), G(-), h(-), and J(-). For the
following result we consider the special case of exponentially
dissipative systems with quadratic supply rates. Specifically,
let Q €S, RecS™ and S € RIX™ be given and assume
r(u,y) = yT Qy + 2yT Su+ uT Ru. Furthermore, we assume
that there exists a function » : R — R™ such that x(0) = 0,
r(k(y),y) <0,y #0.

Theorem 2.1 ( [2]): Let Q € St, S e RIX™m R e S™, and
let G be zero-state observable and completely reachable. G is
exponentially d1551pat1ve with respect to the quadratic supply
rate r(u,y) = ¥ Qy +2yT Su + uT Ru if and only if there
exist functions V; : R® — R, £: R® — R?, and W : R"® —
RP*™ and a scalar ¢ > 0 such that Vs(+) is continuously

differentiable and nonnegative definite, V;(0) = 0, and, for all
xr € R",

0= V< )f(x) + eVi(z) — T (2)Qh(z) + € (2)e(x), (4)
O—fV'< )G(z) — W (2)(QJ(z) + S) + T (2)W(2),(5)

) —
0=R+STJ(@)+J @)S + JT(2)QJ(x)
~WT(@)W(z). (6)
Corollary 2.1: Let Q € S', S € R™*™, R € S™, and let G

be a linear dynamical system with transfer function G(s) ~ aln

A| B
nxn nxm Ixn
[CD],WhereAEIR ,BelR ,CeR and

D € R™™, Then, G is exponentially dissipative with respect
to the quadratic supply rate 7(u, y) =y Qy-+2yT Su+uT Ru
if and only if there exist matrices P € S™, L € RP*", and

W € RP*™ with P nonnegative definite, and a scalar ¢ > 0
such that

0 = ATP+PA+eP-CTQC+L"L, (7)
0 = PB-CYQD+S)+L"WwW (8)
0 = R+S™+DTs+DTQD-wTw. (9

Remark 2.1: Corollary 2.1 is the extended Kalman-
Yakubovich-Popov lemma [23] and Theorem 2.1 presents its
nonlinear extensions. In the case where ¢ = 0, Theorem
2.1 specializes to the extended nonlinear Kalman-Yakubovic
-Popov conditions given in [3], [4].

III. DYNAMIC DISSIPATIVE SYSTEMS

In this section we introduce the notion of dynamic dissipa-
tivity. A system is said to be dynamic dissipative if the system

cascaded with another given dynamic system is dissipative.
Specifically, we consider a cascade interconnection of the
dynamical system G given by (1), (2) and a system X (see
Figure 1) given by

2(t) = fu(@(t) + Gx, (@()u(t) + Gz, (£(t))y(t),
z(0)=0, t>0, (10)
2(t) = hx(2(1)) + Iz, (2(1))u(t) + Jx, (2(1)y(t), A1)
WhereﬁceRﬁ,yeRl,zERl,uERm,fg:Rﬁ—>RﬁA,
Gy, : R — R"xm, Gy, : R? — R hy o R — RE

Jg, : R" — Rlxm, and Jx : R® — R™! We assume that
fg( ) =(+), hx(-), and Jg( ) are continuously differentiable
mappings and fx(0) = 0 and hx(0) = 0. The overall cascade
system consisting of G and ¥ is given by

o(t) = f(a(t) + G(a)u(®), #(0) =Fo, t>0, (12)
2(t) = h(z(t)) + J(@(1))u(t), (13)
where T = [ 2 ] and
7 f(z())
fEw) = [ Fo(@(1) + G, (@(t)h(a(t)) } ’
)~ G(x)
ce) | Gs. ) + oy |
hz(t) = he(@(t) + Js, (@(1)h(x(t)),
J@t) = Js, (&) + I, (@) (x(t))
DI A
Fig. 1. Interconnection of G and X
Definition 3.1: A dynamical system G is (%,Q)-

exponentially dissipative if the interconnection of G and
> given by (12), (13) is exponentially dissipative with respect

to the supply rate zTQz where z is the output of the cascaded

system and Q € S’. Furthermore, G is (%, Q) dissipative if
the interconnection of G and ¥ is dissipative with respect to

the supply rate 2T Qz.
Remark 3.1: Note that (3,Q)-dissipativity is a time-

domain nonlinear analog to 1QCs [21] and is also a dynamic
extension of dissipativity with respect to a quadratic supply
rate. To see this, note that if G is (2, Q)-dissipative, where
Y is a linear dynamical system given by the transfer function

G(s), then
] dw >0,

I
(14)

where U(s) and Y (s), s € C, are the Laplace transforms
of u(t) and y(t), respectively. Alternatively, let p = | + m
and let the dynamical system ¥ be such that z = [uT yT]T.

| e tmacie | T4
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R ST l Ixm
g Q],whereQeS,SeR ,
and R = RT € R™*™_In this case, G is (¥, Q)-dissipative
if and only if G is dissipative with respect to the quadratic
supply rate r(u,y) = y*Qy + 2y Su + uT Ru.

The following theorem is now immediate.

Furthermore, let Q = [

Theorem 3.1: Consider the nonlinear dynamical systems G
and % given by (1), (2) and (10), (11) respectively. G is (¥, Q)-
exponentially dissipative (resp (¥, Q)-dissipative) if and only
if there exist functions V; : R* — R, ¢/ : R®" — RP, and
W : R" — RPX™ and a scalar € > 0 (resp., € = 0), such
that Vi(+) is continuously differentiable and positive definite,
Vi(0) = 0, and, for all ¥ € R, where 7 = n + 7,

O—V( )f (@ )+6V( ) — WY (2)Qh(2) + (1 (2)0(%), (15)
0= §V (#)G(F) — ( )QJ (&) + £ (2)W (%), (16)
0=JT(@)QJ (&) - W (@)W(&). (17)

Remark 3.2: Theorem 3.1 is an extension of the nonlinear
Kalman-Yakubovich-Popov conditions given in Theorem 2.1
to dynamic dissipative systems.

The following result provides a necessary and sufficient

condition for (X, Q)-dissipativity of G in the case where

G and X are linear dynamical systems. Specifically, let G
A| B

and ¥ be given by transfer functions G(s) ~ oD ]

Al B
CA’ =
B ¢ Rnxm’ C € Rlxn’ D c Rlxrn’ A c RﬁXﬁ, B c

RA*(U+m) ¢ e RPX7 and D € RP*(H™) In this case, the
interconnection of G and X as shown in Figure 1 is given by

and G(s) ~ , respectively, where A € R"*",

N Al B
the transfer function G(s) ~ |—=——=—|, where
C|D
~ A 0 - B
A{Byc A}’ B{Bymgu}’ (18)
¢=[b,C C, D=D,+D,D, (19)

where B,, € R?*™, B e R*¥! D, € RP*™, andD € Rpx!
are such that B = [B,, B,] and D = [D,, D,)].

Corollary 3.1: Consider the dynamical system G given by

A A
the transfer function G(s) ~ { 1ol let Q € SP, and
let ¥ be a linear dynamical system given by the transfer

R A|B R
function G(s) ~ & . Then, G is (¥, Q)-exponentially
dissipative if and only if there exists a nonnegative-definite
matrix P € S*™" and a scalar £ > 0 such that

AP+ PA+eP PB CT 1 AT~ =
[ BTP 0 ot | @l D eo
Furthermore, G is (3, Q)- dissipative if and only if there exists

a nonnegative-definite matrix P € S™+7 such that (20) holds
with ¢ = 0.

Remark 3.3: Note that, in Corollary 3.1, if é(s) min

Al B .
e 5 ] , then G is (X, Q))-exponentially dissipative if and

only if there exists a positive-definite matrix P such that (20)
holds.

Ga

Fig. 2. Feedback interconnection of G and Gg

Next, we present the main result of this paper on the stability
of a negative feedback interconnection of two dynamic dis-
sipative systems. Specifically, consider the negative feedback
interconnection of dynamical system G with a feedback system
Ga, which is given by

tq(t) = fa(za(t))+ Ga(xa(t))ua(t),
a:d(O) =xq0, t>0, (@21
ya(t) = ha(za(?)) + Ja(za(t))ua(t), (22)

where 4 € R™, uq € R™, yq € Rla, £y : R™ — R™, Gq:
R — RMa*™Md, g : R™ — R, and J : R™ — Rlaxma,
Note that with the feedback interconnection given in Figure
2, w = —yq and ugq = y. Furthermore, consider a dynamical
system X4, given by

2a(t) = fe(@a(t)) + Gy, (2a(t)ua(t) — G, (Fa(t))ya(t),
24(0)=0, t>0, (23)

(t)ua(t) — Jx, (Ea(t))ya(t),
(24)

za(t) = hs(2a(t)) + Jx, (24

where 24 € R?, yq € R™, uq € R! and z4 € R It should
be noted that the system X4 is identical to the system 3, with
u = —yq and uq = y.

Theorem 3.2: Let Q,Qq € SP. Consider the negative feed-
back interconnection of G and G4 with input-output pairs (u,y)
and (uq,ya), respectively, and with ug = y and u = —yq.
Assume that G and Gq are (X, Q)-dissipative and (3q, Qq)-
d1s31pat1ve with CO storage functions V; : R” x R” — R and
Via : R™ x R" — R, respectively, such that V;(0,0) = 0,
Vsd(O, 0) =0, and

a(llzl) < Vs(z,2), (z,2) € R" x R”, (25)
ag(|lzall) < Vaa(za, 2a), (za,%a) € R™ x R™, (26)
where a,aq : [0,00) — [0,00) are class Ko functions.

Furthermore, assume there exists a scalar ¢ > 0 such that
@ + 0Qq < 0. Then the following statements hold:

i) The negative feedback interconnection of G and G4 is
Lyapunov stable.

i) If G is (X, Q)-exponentially dissipative, then the nega-
tive feedback interconnection of G and G4 is Lyapunov
stable and for every x(0) € R™, ||z(¢)|] — 0 as t — oo.

Proof: The proof follows from standard Lyapunov theory
and invariant set arguments [23]. See [2], [3] for similar proofs.
Specifically, note that w = —yq, uq = y, and since Ty = T4, =
0, Z(t) = z4(t) and z4(t) = z(t), t > 0. Hence, the state of the
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overall interconnection of G, G4, and ¥ (see Figure 3) is given
by [zT, 2T, #T]T. Now, consider the Lyapunov function
candidate V(m,xd,fc) = Vi(z, %) + oVSd(di,:E) and since
G and Gy are (X, (Q)-dissipative and (3g4, Qq)-dissipative,
respectively, it follows that

V(z(t), za(t), &(t))

Via(), 2(0) + oVa(ra(t),
L)(Q +0Qa)z(t) < 0.

Now, Lyapunov stability follows from standard arguments.

(1))

IN

Next, if G is (2, Q)-exponentially dissipative, then it can
be shown as above that for every zyp € R™ and x40 € R™9,

V(x(t), za(t), 2(t)) < —eVi(a, &) < —ea(|z]]) <0,

where € > 0. Hence, V (x(t), za(t), £(t)), t > 0, is a monoton-
ically decreasing function and since V (-, -, -) is lower bounded
it follows that ¢ = limy_, . V (z(t), zq(t), #(t)) > 0 exists.
Next it follows from LaSalle’s invariant set theorem [23] that
the positive limit set w(xo, 240, 0) is nonempty and invariant.
Thus, V(z(t),zq(t),z(t)) = 0, ¢ > 0, (x(0),24(0),0) €
w(xg, Zdo,0), which further implies that ||z(¢)|| = 0, ¢t > 0,
(2(0),24(0),0) € w(xo,xq0,0). Hence, ||z(t)]|] — O as
t — oo. |

Ga

Ya Ud

Fig. 3. Interconnection of G, G4, and

The following specialization to linear dynamical systems is
immediate.

Corollary 3.2: Let Q,Qq € SP and let G and Gyq be
linear dynamical systems given by transfer functions G =

min A| B min Ad Bd

G(S) |: clD D and gd Gd(s) |: Cd :|
respectively. Consider the feedback system consisting of G and
Gq with input-output pairs (u,y) and (ug,yq), respectively,
and with uq = y and u = —yq. Assume that there exist a
scalar ¢ > 0 and matrices P € S™ and Py € S"¢ such that
P > block-diag|al,,0], Py > block-diagagl,,, 0] where
a,aq > 0, and

{ APy PA-CTQC +eP PB-CTQD } Iy

BTP - DTQC —-DTQD
27
O PRV ST A - o~ - ST A -
Aq PdT+ PyAq4 —TCd QaCq PaBg _TCd QaDq <0
By Py —Dgq QaCq —Dg QaDq B
(28)
where
A, 2 | A 0 g e Ba
d -B,Cq A|” 7Y | =BuDy+B, |’
éd é [*Dqu CA’]’ ﬁd é Dy - ZA)uDd

Furthermore, assume there exists a scalar ¢ > 0 such that
@ + 0Qq < 0. Then the following statements hold:

i) If e = 0, then the negative feedback interconnection of
G and G4 is Lyapunov stable.

ii) If € > 0, then the negative feedback interconnection of
G and G4 is Lyapunov stable and for every z(0) € R",
[|z(t)]| — 0 as t — oo.

Proof: The proof is a direct consequence of Theorem
3.2 and Corollary 3.1, and hence is omitted. [ |

IV. THE ABSOLUTE STABILITY PROBLEM

In this section we present applications of dynamic dissipa-
tivity theory to the absolute stability problem [12-14], [23].
Specifically, consider the nonlinear dynamical system given
by

#(t) = Ax(t) + Bo(Ca(t)), «(0)=zo, t>0  (29)

where A € R"*", B € R™™ (C € R™*™ and ¢(-) € ¢

and where & = {¢ : R™ — R™ : ¢(0) = 0}. The absolute
stability problem deals with deriving sufficient conditions on

A

oo of (29) so that the zero
solution to (29) is asymptotically stable for all ¢(-) € @,
where ® C @ is a given set. The case where ¢ contains
nonlinear operators that are either passive or nonexpansive
(more generally, dissipative) has been thoroughly addressed
in the literature based on dissipativity theory [1]. However, if
® contains operators that are dissipative and satisfy additional
conditions such as monotonicity of the functions then classical
dissipativity theory is not sufficient. The absolute stability
problem for nonlinearities with additional restrictions such
as monotonicity has been addressed in the literature using
the multiplier theory (see [12], for example) wherein an
additional dynamical system is introduced in the feedback loop
and then the dissipativity theory is applied to the feedback
interconnection of a modified plant and modified nonlinearities
(see Figure 4). In this section, we show that the multiplier

the linear part G(s) ~

()

Fig. 4. Feedback interconnection of G and ¢(-) with multipliers

theory considered in the literature is a special case of dynamic
dissipativity theory. Specifically, we show that nonlinearities
that are dissipative and satisfy additional restrictions such as
monotonicity are all dynamic dissipative. In this paper, we
restrict our focus on the absolute stability problem for passive,
monotonic nonlinearities. Extensions to other nonlinearities
considered in the literature are straightforward and will not
be addressed here due to lack of space. Specifically, consider
the set of nonlinearities

paN

o = {¢ :R™ — R™ ¢( ) [¢1( )7~-~;¢m(ym)]T7
¢(0) =0, ¢" (y)[¢(y) — My] <0,
dei(y:)
and a; >0, 1 ..,m}, (30)
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where, M € R™*™ M = diag[M,...,M,], M; > 0,
i = 1,...,m. Note that it follows from (30) that the scalar
constraint 0 < y;¢;(y;) < M;y?, is satisfied for i = 1,...,m,
and

1

M@(%))@(%) >0, i=1,... 31

(yi — ,m.

Next, we show that there for every ¢(-) € @, there
exists a linear system X4 and a matrix (Qq such that ¢(-)

s (24, Qq)-dissipative. For the following result, let 34 be
a linear system glven by the transfer function Gd( ) o~
Aq | By, — By
Cd' Dq, — Dq,
Bd S Rmxm Cd
R2MXm gre given by

1|, where Aqg € R™*"™, Bdu € Rmxm,

€ R>™*m, Dy, € R¥™X™ and Dy, €

Aq = block-diag[A;,..., Ay, (32)
By, = block-diag|K,..., Ky, (33)
34, = block-diag[Ly,...,Ln), (34)
Gy = block—diag[Ny, ..., Ny ] 7 (35)
L OmX’ﬁl
I } : (36)
) L Omxm
roa 1 1
Ddu _ dlag[EQL ce m(Jm} } ’ 37)
' L I,
and where
Ai é diag[_nila sy _nimi]v 1= 1a . ,m,
T
2 ;1 Qimy; .
Ki é |: gy 7’:| s Z:].,...,T)’L7
Bia Bim,
1 [apn (e T
L, & — { do ’”} . i=1,...,m,
Bi Bim,
Ni é [aﬂ,...,aimi], iil,...,m,
qi é ai0+zaij; i:]-v"'vma
and @50, az]» 67,]7 Nij > 0 are such that 7’]”6” Qj > 0,
j=1t....m;p 1t =1....,m m; >0,¢%=1,...,m and
m = i:l m;.

td () P

Yq

Fig. 5. Interconnection of ¢(-) and Xq

Proposition 4.1: Let ¢(-) € ® where ® is given by (30), let
Aq ‘ Ba, Bd
S | Ca | D4, — Dq,
Ba,, Cq, Dgq, and Dy, are given by (32)—(36), and let

34 be given by éd(s) ~ , where Aq,

Bq

u?

0 I, .
L. 0 }Then o(-) is

Qd c R2mx2m pe given by Qd = |:
(34, Qa)-dissipative with (X4, Qq)-storage function

m  m;

i
—23" S g, / 6i(0)do,  (38)
i=1 j=1
where &4 = [2] ,...,2] | and &4, = [Zq,,,...,%a,,] . i =
1 m. '

geeey

Proof: Note that the interconnection of ¥4 and ¢(-) is
given by (see Figure 5)

2q(t) = Aqda(t) + Ba,ua(t) — Ba,ya(t),
24(0) = Zqo, t >0, (39)
2a(t) = Cada(t) + Da,ua(t) — Da,da(t)- (40)

Note that ya(t) = ¢(ua(t)). In this case, the Lyapunov

derivative of Vq(-) along the solutions to (39), (40) is given
by

. ) m m; o
Vsa (xd t = 2 Z Z /B’Lj |: nzjxd” ( ) + ﬁj Ud, (t)
1=1 j=1 Y

1 Q5

- 3E S 0)] (6., (1)

Next, since ‘151 >0,7=1,...,m, it follows that
[¢z‘(yi(t1)) — ¢i(yi(t2))][yi(t1) — yi(t2)] > 0, 41
for all i = 1,...,m, and tl,tg > 0. Now, using (31), (41),
and the facts qbz(yl)yl 2 0,i=1...,m, ;B — aij >0,
j=1...,m;,t=1,...,m, it can be shown that
Vaa(#a(t) < 23 ()Qazalt), t >0, (42)

which proves the result. |

The following result reported in [15] (and references
therein) can now be shown to be a direct consequence of
dynamic dissipativity theory.

Theorem 4.1: Consider the nonlinear dynamical system
given by (29) and where ¢ € ®, which is given by (30).
Assume there exists a nonnegative matrix P and scalars ¢, 7
> 0 such that P > block-diag[nl,, Oaxa,0axa] and (20)
holds where

- A 0 ~ B
i oo nl 2=l ] @
C = [D4,C C4q], D=Dy,, (44)

where Ad, Bd Bd , C’d, Dd and Dd are glven by (32)-
(36). Then the nonhnear dynam1cal system (29) is asymptoti-
cally stable for all ¢ € ®.

Proof: The proof is a direct consequence of Corollary
3.1 and Proposition 4.1 and hence is omitted. |

V. STABILITY ANALYSIS OF LINEAR SYSTEMS WITH
STRUCTURED UNCERTAINTIES

In this section, we apply the dynamic dissipativity theory
to the problem of robust stability analysis of linear systems
perturbed by a structured uncertainty. Robust stability analysis
with structured uncertainty has been extensively studied in the
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literature ( [15-18], [24], [25] and references within). Specif-
ically, consider the linear, uncertain, time-invariant dynamical
system G given by

z(t) = (A+ BAC)x(t), 2(0) = xo,

t>0, (45)

where z(t) € R", A € R™*", B € R"™, and C € R™*"
are known matrices, A € R™*™ is an unknown matrix that
belongs to the set

A £ {AeR™™: gnu(A) <1,
A= blOCk_diag[(SlIm,la Tty 5klmkaAk+17 Tt Ap]a
Ai e R‘rrb]H,i ><'mk+i}7 (46)
where m;, i = 1,...,k + p, are such that ijlp = m. Note

that (45) may be written as a negative feedback interconnection
of the linear dynamical system G given by the transfer function

Q:G(S)N{A

ol o and the linear uncertainty operator

Ga = A(+) (see Figure 2).

Next, we present a result to show that every A € A is dy-
namic dissipative. For this result, let >4 be a linear dynamical

. A4 | B
system given by the transfer function G4(s) ~ CA—d’Did
a | Da

i | A0 s [0 —-B o

where Aq = { 0 A },Bd = [Bl 0 :|,Cd —
Cl 0 ~ _ 0 —D1

[ e }, and Dy = {Dl 0 } and where A; €

R"*" B; € R"™*™ () € R™*" and D; € R™*™ are such
that A; is Hurwitz, D1A = ADy, A € A, and M;(s)A =
AM,(s), A € A, with My (s) = Cy(sI — A;) " By.

The following results are now immediate. The proofs are
omitted due to space limitations.

Lemma 5.1: Let A € A, Qq = block—diag[—1I,1] and X4
be a linear dynamical system given by the transfer function

A Aq | B A
Ga(s) ~ T?’Ti . Then A is (X4, Qq)-dissipative.

Theorem 5.1: Consider the linear uncertain dynamical sys-
tem given by (45) where A € A and where A is given

by (46). Let Qq = block—diag[—1, I]. Assume there exists
a nonnegative-definite matrix P and scalars €, 7 > 0 such that
(20) holds and P > block-diag[nl,, Osxn, Oaxal, where

A 0 O B

A = 0 A, 0 |, B=| B |, @
BC 0 Ay 0

_— 0 C; 0 - [ D

C = DO 0 Cl:|7 D{O} (48)

Then the linear uncertain dynamical system given by (45) is
asymptotically stable for all A € A.

Remark 5.1: Theorem 5.1 provides an LMI condition for
checking whether the complex structured singular value upper
bound [24] is less than unity. This idea has been explored
and extended to control design as well (see [26] for example).
However, dynamic dissipativity theory provides additionally
a method to construct Lyapunov-type functionals for proving
stability.
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