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Feedback-Invariant Subspaces in Infinite-Dimensional Systems

Kirsten Morris and Richard Rebarber

Abstract— We consider single-input single-output systems on
a Hilbert space X, with infinitesimal generator A, bounded
control element b, and bounded observation element c. Let ¢+
be the subspace of X perpendicular to c. We consider the
problem of finding the largest feedback-invariant subspace of
ct. If bisin c', and ¢ ¢ D(A*), a largest feedback-invariant
subspace does not exist in general.

I. INTRODUCTION

A subspace V' is invariant for a linear system if for all
initial conditions in V' there exists a control that keeps the
state in V' for all times. If this is the case, the control can be
a constant state feedback. Let V* be the largest feedback
invariant subspace. The zeros of the original system are
the eigenvalues of the controlled system restricted to V™.
Furthermore, a disturbance can be decoupled from the output
if and only if it lies inside a feedback invariant subspace
contained in the kernel of the observation operator [14].

In this paper we consider feedback invariance for
single-input single-output infinite-dimensional systems with
bounded control and observation. Let X be a Hilbert space
with inner product (-,-) and norm || - ||. Let A be the
infinitesimal generator of a Cp-semigroup 7'(¢) on X. Let
b and ¢ be elements of X. Let U =Y = C and u(t) € U.
We consider the following system in X:

z(t) = Ax(t) + bu(t) (1.1)
with the observation
y(t) = Cx(t) := (z(t),c). (1.2)

)

We sometimes refer to this system as (A, b, c). The transfer

function is G(s) where G(s) = (R(s, A)b, c).
We denote the kernel of C' by

cti={z e X | (x,c)=0}.

When b ¢ ¢!, we show that the largest feedback-invariant
subspace in ¢ exists, and is ¢ itself. We give an explicit
representation of a feedback operator K for which ¢t is
A + bK-invariant. When ¢ ¢ D(A*), the operator K is
not bounded, so semigroup generation of A + bK is not
guaranteed.

If (b,c) = 0 then the theory is quite different. A number
of situations may occur, depending on the nature of b and
c. In particular, if ¢ ¢ D(A*), then in general no largest
feedback-invariant subspace exists. This is in contrast to the
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finite-dimensional case, where a largest feedback invariant
subspace always exists [14]. However, as in the finite-
dimensional case, the spectrum of A + bK is identical to
the invariant zeros of the system.

This work builds on the results of Curtain and Zwart in
the 1980’s, see [3], [16], [17], [18]. In [16], [17] there is
a standing assumption that (A, b) is such that A + bK is a
generator of a Cp-semigroup for any A-bounded K, which is
a strong restriction on b. This paper also extends the results
in [1], where it is assumed that b € D(A), ¢ € D(A%)
and (b,c) # 0. We remove the restrictions b € D(A) and
¢ € D(A*), and, most significantly, also examine the case
where (b, c) = 0.

We should note that even though in most infinite-
dimensional systems analysis the assumption that b and c
are in X makes the analysis easier, the zeros for partial
differential equations with boundary control and observation
(which yields unbounded control and observation operators)
is often more easily analyzed, see [11].

II. INVARIANCE CONCEPTS
For w € R, let

C,={2€C|Re z>w}.

Let R(s, A) = (sI — A)~!, and let w € R be such that C,, is
a subset of p(A). For \g > w, R(\g, A) exists as a bounded
operator from X into X.

Definition 2.1: A subspace Z of X is feedback invariant
if it is closed and there exists an A-bounded feedback K
such that (A + bK)(ZND(A)) C Z.

The operator K is not specified as unique in the above
theorem. However, if b ¢ Z, and there are two operators K
and K that are both (A,b)-invariant on Z, then b(K;x —
Ksx) € Z and so Kyx = Kyx for all x € Z.

The following result shows that feedback invariance is
equivalent to (A, b)-invariance, which is sometimes easier
to work with.

Theorem 2.2: [17, Thm.I1.26] A closed subspace Z is
feedback-invariant if and only if it is (A, b)-invariant, that
is,

A(ZND(A)) C Z + span{b}.

Theorem 2.3: If Z C ¢t is a feedback-invariant subspace
and b € Z then the system transfer function is identically
Zero.

Proof: Since Z is feedback-invariant,

A(ZND(A)) C Z + span{b} C Z.

This implies that Z is A-invariant. This implies that every
z € Z can be written z = (sI—A)&(s) where £(s) € D(A)N

2475



Z [17, Lem. L4], and s € [r,00) for some r € R. Since
be Z, (s — A)~1b € Z for all s € [r,00). Since Z C c*,
the system transfer function G(s) is zero for s € [r,o0].
Since G is analytic on p(A), it must be identically zero on
p(A). O

ITII. NICE CASES

If b ¢ ct, the largest feedback-invariant subspace con-
tained in ¢t is ¢t .
Theorem 3.1: [9] Suppose (b, ¢) # 0. Define

(A, ¢)
b.c)

and define (A + bK)x = Az + bKx for x € D(A+bK) =
D(A). Then (A+bK)(ct N D(A)) C ¢t and so the largest
feedback-invariant subspace in ¢t is ¢t itself.

Definition 3.2: A closed subspace Z of X is closed-loop
invariant if the closure of ZND(A) in X is Z and there exists
an A-bounded feedback K such that (A+bK)(ZND(A)) C
Z and A + bK generates a Cy semigroup T on Z.

The condition that (A + bK)(Z N D(A)) C Z allows
arbitrary elements of X \ D(A) to be appended to Z. The
additional condition that the closure of Z N D(A) is Z
eliminates this ambiguity.

In general, A+ bK does not generate a Cy-semigroup. In
this case ¢ is not closed-loop invariant.

There are many results in the literature that give sufficient
conditions for a relatively bounded perturbation of a genera-
tor of a Cyy-semigroup to be the generator of a Cy-semigroup.
For instance, if K is an admissible output element [12, Chap.
5], or if A generates an analytic semigroup [7, Chap. 9, sect.
2.2], then A + bK generates a Cjy semigroup.

Theorem 3.3: [9] In addition to the assumptions of Theo-
rem 3.1, assume that A + 0K generates a Cyp-semigroup on
X. Then it generates a Co-semigroup on ¢, hence ct is
closed-loop invariant under A 4+ bK.

If (b,c) = 0, we can still find the largest feedback-
invariant subspace in many cases.

We first give a definition of the relative degree of (A, b, c),
which is a generalization of the standard finite dimensional
definition, see for example [5, pg. 99].

Definition 3.4: (A,b,c) is of relative degree n € ZT if

1) the function (s"G(s)) " "isin HS°(C) for some y € R;

2) lim RSjG(s) =0forj=1,2,...(n—1).

s—00, SE
In finite dimensions condition (1) in Definition 3.4 is equiv-

alent to

Ko =— (3.3)

lim s"G(s) #0.
§—00, SE
The above definition of relative degree seems to be the
most general definition for infinite dimensional systems that
guarantees some (limited) regularity of closed loop solutions,
see [9].
Define

Zy=ct (A%t (Aot

The existence of a largest feedback invariant subspace de-
pends on whether ¢ € D(A*™), where n + 1 is the relative
degree of the system.

Theorem 3.5: [9] Suppose n € Z* is such that

c € D(A™), be Z,_1 (3.4)

and

(b, A*c) # 0. (3.5)

Then the largest feedback-invariant subspace Z in c* is Z,,.

We can use this to prove the following:

Theorem 3.6: Suppose n € ZTU{0} is such that (A, b, c)
is of relative degree n+ 1 and ¢ € D(A*"). Then the largest
feedback-invariant subspace Z in ¢t is Z,.

Closed-loop invariance of Z,, exists under conditions
similar to those for the case (b,c) # 0 . That is, if Z, is
feedback-invariant under the operator A+bK,,, and A+bK,,
generates a C,-semigroup on the original space X, then Z,
is also closed-loop invariant [9].

IV. NOT SO NICE CASE

The following example illustrates that if (b,c) = 0 and
¢ ¢ D(A*) a largest feedback-invariant subspace as defined
in Definition 2.1 might not exist.

Example 1V.1. The following example of a controlled
delay equation first appeared in Pandolfi [10]:

Z1(t) = xa(t) —z2(t —1)
ia(t) = wl(t) (4.6)
y(t) = z(b).
The transfer function for this system is
1—e5
G(s) = —— @7

52
The system of equations (4.6) can be written in a standard
state-space form (1.1, 1.2), see [4]. Choose the state-space
X = R? x Ly(—1,0) x Ly(—1,0).

A state-space realization on X is

b=(0 1 0 0), c=(1 00 0).
Define D(A) to be [r1, 72, ¢1,d2]7 € X such that
#1(0) = r1, ¢2(0) = 79,1 € H (—1,0), 2 € H*(—1,0).
For [ry,72, ¢1, ¢2]T € D(A),

$a(t) — P2t — 1)

0

o

b2
In this example (b,c) = 0 and ¢ € D(A*). From the transfer
function (4.7) we can see that the system has relative degree
2.

Pandolfi [10] showed that the largest feedback-invariant
subspace Z C c*t, if it exists, is not a delay system. We

A(T1,T27¢17¢2) =
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now show that this system does not have a largest feedback-
invariant subspace in c*. Define

0
0 e D(A)Nct.
exp(2mikt)

For each k the subspace span{ey} is (A, b)-invariant and
hence feedback-invariant (Thm. 2.2). Define

Vi, = Span_,, < p<n€k-

Each subspace V,, is feedback-invariant. Define also the
union of all finite linear combinations of e,

V=V
27'rikt}oo

By well-known properties of the exponentials {e he in
L?(0,1), the closure of {exp(2mikt)} is L?(0,1). Consider
a sequence of elements in V, [0, 1,0, z,] where z,(0) =1
and lim,,_, - 2z, = 0. This sequence converges to [0,1,0,0]
and so we see that the closure of V in X is V = 0 x
R x 0 x La(—1,0). If there is a largest feedback-invariant
subspace Z in c¢*, then Z O V. The important point now is
that although b ¢ V, b € V. Since b cannot be contained
in any feedback invariant subspace (Theorem 2.3), V is
not feedback-invariant. Hence no largest feedback-invariant
subspace exists for this system. (]

Assume (b, ¢) = 0. Theorem 2.2 implies that any element
x € D(A) of an (A, b)-invariant subspace of ¢! is contained
in the set

Z={z€ctND(A) | (Azc) = 0}. (4.8)

The closure of Z is a natural candidate for the largest
feedback-invariant subspace of c¢t. When ¢ € D(A*), the
closure of Z is Z; = ¢t N (A*e)t. If (b, A*c) # 0, this
is the largest feedback-invariant subspace in ¢* (Thm. 3.6).
The situation when ¢ ¢ D(A*) is quite different.

Theorem 4.1: If ¢ ¢ D(A*), the set Z is dense in c*.
Furthermore, Z # ¢+ N D(A).

Proof: This will be proven by showing that if Z is not
dense in ¢t then ¢ € D(A*). Let A € p(A) and Ay =
A — M, so D(A)) = D(A). D(A) is a Hilbert space with
the graph norm, and the graph norm is equivalent to

]l = [ Axz]]. “.9)
The corresponding inner product on D(A) is
(x,y)1 := (Axz, Ary). (4.10)

Define e = (A,*)"'c € X. For z € D(A), the condition
(e, x) = 0 can be written

0= <I‘,C> = <A)\.23,€> = <A)\.13,A>\A)\716> = <$,A)\71€>1-

4.11)
For x € ¢t N D(A)), the condition (Az,c) = 0 is equivalent
to (Axx,c) = 0. Hence for such = we have

0= (Ayz,c) = (Ayz, AxAy"te) = (z, Ay 'e)1. (4.12)

We can write Z as
{z € D(A)| (x,Ax"te); =0 and (z, A\ "'c); = 0}.
We now introduce the notation

()i = {x € D(A) | (z,y)1 = 0}.

Using this notation,
Z = (Akile)f‘ N (A,\ilc)f_.

Now suppose that Z is not dense in ¢~ (as a subspace of
X). Then there exists v € ¢+ such that (x,v) = 0 for all
x € Z. Define w = (A,*)"1v. As in (4.11), for x € D(A),
the condition (z,v) = 0 is equivalent to

(z, Ay tw), =0. (4.13)

Hence we see that

Z C(Axte)t (A tw)t. (4.14)

Let R be the orthogonal projection from D(A) onto
(Ax"'e)i (using the inner product (-,-);). Then

7 = (14)\_16)1L N (RA)\_IC)lL
and
(14)\_16)1L N (A)\_l’u))lL = (14)\_18)1L N (RA)\_lw)lL.
Hence (4.14) becomes

(14,\_16)1L N (RA,\_lc)lL - (A,\_le)lL N (RA,\_lw)ll.
(4.15)
This implies that there is a scalar v such that

RA,lc= VRAA_lw.
We obtain that
Ay"re = ady"tw + BAL e,
Applying A to both sides of this equation,
c = aw + fe.

Since w = (A,*) v and e = (A,*) e, we see that ¢ €
D(A\*) = D(A*). Thus, if Z is not dense in c¢* in ¢ then
c € D(A*).

Now assume that Z = ¢t N D(A). Then (Ay 'e)i N
(Ax"te)f = (Ax"te)f, so, as above, ¢ = Be, which would
imply that ¢ € D(A*). O

Corollary 4.2: Suppose that ¢ € X and ¢ € D(A*). Then
gt N Z is dense in ¢ N c¢*. Furthermore, ¢~ N Z # ¢+ N
ct N D(A).

Proof: If ¢ = \c for some scalar \, then ¢* NZ = Z
and qJ- N et = ¢+, and the result follows immediately from
Theorem 4.1.

Assume now that ¢ is not parallel to c. Let P be the
orthogonal projection of X onto ¢*, and § = Pgq, so § # 0.
Let X = ¢, and let  be the orthogonal projection of X
onto ¢+. By construction, ¢ = Qc € X. Let

= QAlg, D(A) =D(A)NX,
= {zeD(A) ]| (z,¢) =0 and (Az,c) = 0}.

N
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We wish to show that ¢ ¢ D(A*). Note that for z € X,
(Az,¢) = (QAz,c) = (Ax,Qc) = (Ax,c). (4.16)

Therefore ¢ ¢ D(A*) if the functional x — (Az,c) is
unbounded on X. To show this let by € D(A) N X and
let Q¢ be the (possibly not orthogonal) projection onto X
given by

(z,q)

<C]07 d) 1

Then (Az, ¢) is unbounded on X if (AQqx, ¢) is unbounded
on X. Since

(z, )
(AQox,c) = (Az,c) ) (Aqo, c).
The second term on the right is clearly bounded on X, and
the first term on the right is unbounded on X since ¢ ¢
D(A*), so (AQoz, ¢) is not a bounded operator on X, hence
c & D(A*).

Now we can apply Theorem 4.1 to X, A, ¢ and Z and
conclude that X N Z is dense in X N ¢t and X N Z #
X NnetnD(A).

For x € ¢t, (z, Pq) = (z

Qor = —

,q) and so

XNnet = {re X |(x,c)=0, (z,Pq) =0}
= {zeX|(z,0)=0, (z,q) =0}
= qJ-ﬂcJ‘.
Similarly,
XNZ={xe DA | (z,¢)=0, (x,q9) =0, (Az,c) = 0}.

4.17)
This can be written

XnZ = {zxeDA)|(z,¢)=0(x,q) =0,(Az,c) = 0}
= ¢tnZz.
Thus we have shown that ¢ N Z is dense in ¢ N ¢, and

that the two spaces are not equal. []
If (b,c) =0, c € D(A*), and (b, A*c) # 0, the largest
invariant subspace in ¢t is Z; = ¢t N (A*c)t. Defining

= G
A+bK = A+ ab{Az,A%c), with
D(A+bK) = {zec-nND(A)|(Azc) =0},

is Zp-invariant. In many cases, this operator generates a Cy-
semigroup on Z;. It is tempting to hope, that even if ¢ ¢
D(A*), the operator (with some value of «)

A+bK = A+ab(A%zc),
DA+bK) = {zectnD(A?) |(Azc) =0}
is a generator, or has an extension which is a generator.
However, we see from the next result that this operator is
not closable, so that no extension of it is a generator of a
Cy-semigroup.
Theorem 4.3: Suppose b € X and ¢ ¢ D(A*). Then the
operator
AFJJ
D(Ar) =

Az +b(A%z, ¢),
{z € ¢t N D(A?) | (Az,c) = 0}

is not closable.

Proof: Let A € p(A) and Ay = A — AI, as above.
From Corollary 4.2 we see that ((A')*c)* N Z is dense in
(AYH*e)t net. Let

Tz := (Ayz,c), D(T) = (A e)= Nnet N D(A).

We will now show that 7" is not closable. From Corollary 4.2,
((AyY)*e) N Z # D(T). Thus we can choose f € D(T)
such that f ¢ ((Ay")*c)* N Z, and there exists (f,) C
((AxY)*e)* N Z such that lim f,, = f. From the definition
of Z, Tf, =0 for all n. Let z,, = f — f,, so

limz, =0, and limTx, =Tf # 0, (4.18)

which shows that 7" is not closable [15, Section I1.6, Propo-
sition 2]. It then follows that I 4+ b7 with domain D(T) is
not closable.

Now note that y € D(Ap) if and only if Ayy € D(T),
and that for y € D(Ap)

Apy = (I +bT)A\y + My,

so Ap is closable if and only if (I 4+ bT)A), is closable.
Using the sequence (z,,) C D(T) defined above, define y,, =
A 'z, Note that (y,,) C D(Ar) and

limy, =0 and Um(I + bT) Ay, = bTf # 0.

Hence (I +bT")A, is not closable, so Ap is not closable. [J
Definition 4.4: The invariant zeros of (1.1), (1.2) are the
set of all A such that

0t 1]

has a solution for u € U and non-zero z € D(A).

One of the important properties of a largest invariant sub-
space, is the following well-known result. A proof for
infinite-dimensional system can be found in, for instance,
[9].

Theorem 4.5: Assume a largest feedback-invariant sub-
space Z of (A,b,c) exists and G(s) is not identically zero,
and let K be an operator such that A 4+ bK is Z-invariant.
Then the eigenvalues of (A + bK)|z are the invariant zeros
of the system.

We now show that, for a large class of relative degree 2
systems we can find a feedback K and a subspace of c*
that is (A + bK)-invariant. In general, such a A + bK is
not closable on the original Hilbert space, hence does not
generate a Cp-semigroup in the original norm. However, the
spectrum of A + bK does yield the invariant zeros. In order
to define this space we need to extend (A-,¢) to a larger set
than D(A). Define

(4.19)

Cazr= lim (sAR(s,A)x,c) (4.20)

s—00,s€R

with domain

D(Cy)={x € X| lim R(sAR(s,A)x,c) exists}.

§—00,5€
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(This is the same as (C'A)y where the L-extension is given
by [13, Defn. 5.6].) It is straightforward to verify that
D(Cy4) D D(A). If x € D(A), then C4(z) = (Az, c). Also,
if c€ D(A*), then D(C4) = X and Cyz = (x, A*c).

Proposition 4.6: Assume that (A, b, ¢) has relative degree
at least 2. Then lim, .., s2G(s) exists for real s if and only
if b€ D(C,). In this case,

lim s?G(s) = Cxb. 4.21)

Proof: First note that since the relative degree of the
systems is at least 2, lim_,~, sG(s) = 0. But,

lim sG(s) = lim (s(sI — A)~'b,c) = (b, c)
and so (b, c) = 0. Since

s2G(s) = (s(sI — A)(sI — A)"tb,c) + (sA(sT — A)~'b,¢),

we obtain
lim s°G(s) = lim s(b,c) + lim (sA(sI — A)"'b,c)

= lim (sA(sI — A)~'b,¢).

The result follows. [J
Using the operator C 4, the space Z defined above in (4.8)
can be extended to

Za={x €ctnND(Cy)|Caz = 0}.

If c € D(A*), then Z4 = Z;.

The following theorem is now straightforward, so we omit
the proof.

Theorem 4.7: Assume that a system (A, b, ¢) has relative
degree 2 and lim, ., s>G(s) exists. Define on c*

Agr = Ar + bKz, (4.22)
where Coa(Az)
__valir)

Kz = Cb (4.23)

with domain
D(Ag) = {z € D(A)Nct|Az € D(Cy),Cax = 0}.

The space Z 4 is invariant under Ag.

The operator K in this theorem is in general not A-
bounded. If ¢ € D(A*), then K is the same A—bounded
operator defined above. For the general case, we need the
extension of (A-,¢) to C'4 in order to define K.

Theorem 4.8: Assume that the system (A, b, ¢) has rela-
tive degree 2 and lim;_, . s2G/(s) exists. The invariant zeros
of (A,b,c) are the eigenvalues of Ag, where Ak is as
defined in (4.22, 4.23).

Proof: First assume that X is an eigenvalue of Ax with
eigenvector v. Note that v € D(A) N ¢t, so set z = v and
u = —Kwv in (4.19) to obtain that \ is an invariant zero of
the original system.

Now assume that A\ is an invariant zero. That is, there
exists u € R and v # 0 such that v € ¢ N D(A) and

Av — Av + bu = 0.

We need to first show that v € D(Ag). First, note that
Av = v — bu.

Since limg_. o, s2G(s) exists, b € D(C4) and since D(A) C
D(CA), Av € D(CA> Also,

Cav = (Av,c)
= Auv,c) +u(b,c)
= 0+0.
Thus, v € D(Ak). It follows that

M —Ag b v 10
[ c 0}[K0+u}_[0]'
Since b ¢ Z4, Kv+u =0 and XA is an eigenvalue of Ag
on ¢ with the given domain. [

The following result follows immediately from Theorem
4.3.

Corollary 4.9: Suppose (A4, b, ¢) has relative degree 2 and
lim,_ oo $2G(s) exists. If ¢ ¢ D(A*) then the operator A
with domain D(A) defined in (4.22) is not closable.

It is shown in the next example that, in general, it is not
possible to restrict D(Ax ) to D(A?) and obtain the invariant

ZETos.

Example IV.1 continued. Recall that this controlled de-
lay system has no largest feedback-invariant subspace. A
straightforward calculation shows that the invariant zeros of
this control system are i2nm, where n is any integer. We now
verify that these are the eigenvalues of Ax on c*.

We can calculate C'y4 from its definition to be

0
Cpax =ry — lim se_s/ e~ T da(T)dr.
5§—00 1

Denote the limiting value of

0
lim 5675/ e *TY(T)dr

§—00 1

by E_1%, when this limit exists. (If the value of ¢ at —1
exists, F_1¢ = ¢)(—1).) Then

D(Ca) = {[r1i,r2,61,¢2)" € X; E_16; defined}
O {lr1,r2, 61, ¢2)" € X2 € Hi(—1,0)}.
We have C4b =1 and Ax = A + bK, where
Kz =—Cu(Az) = E_1¢9, (4.24)
with D(Ak)

{(0,72, ¢1, #2); $1(0) = 0, $2(0) = ¢a2(—1) =72,
¢1 € Hi(—1,0),¢09 € Hi(—1,0), E_1 ¢ defined}.

When Axz = Az, x € D(Ak), we obtain

0 = 0
E_1¢s = Ay

b1 = A

G2 = Moo
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This system of equations has a non-trivial solution in D(Af)
for A = i2nm with

o ei2n7rt

Thus, the invariant zeros of this system are i2nm. These are
exactly the invariant zeros. Suppose we restrict the domain
D(Ak) to the more obvious

D(Ag) = {z € D(A) N ¢t |Az € D(A), (Az, ¢) = 0}.

This yields that Ay is invariant on Z as defined in (4.8).
For this example, D(Af) is

{0,792, ¢1, 92); $1(0) = 0#’2(9) = ¢>2(—1? =Ty,
¢1 S HQ(—1,0)7¢2 S Hg(—l,O),¢1(O) = O,¢2(0) = O}

However, with this choice of domain, Ay does not have any
eigenvalues. [

The feedback (4.24) matches that obtained in [18] by
direct calculation on the delay differential equation. How-
ever, not only do we now have a general definition of the
appropriate feedback, we have an rigorous definition of its
domain.

Example IV.2 We give here a system (A, b, ¢) for which there
is no largest feedback invariant subspace of ct. Let X be
the Hilbert space ¢, with index set N. Let h = [1,1,1,...],
0= [0,0,0,0...]7 and D = diag{A2, A3, \s...}, where
Aj =—j for j =2,3,.... Define

A{_} h

§ D], ¢=1,0,0,0,...]",

and, for any fixed integer N > 2,

N
b=1[0,b3,b5...bx5,0,0,...]", where > b; #0.

=2

It is easy to verify that (b, ¢) = 0 and ¢ ¢ D(A*). Also, since
b € D(A), Cab = (Ab,c) = E;VZQ b; # 0. For positive
integers n > N, define the subspace of X

Vo ={[0,22,...,2,,0,.. ] 25 = 0if j > n, Y ap = 0};
k=2

For z € V,,, define

1 .
K,z = —OAbJZ:;]ajj.

It is easy to verify that V,, is A 4+ bK,-invariant. Define
V = UHGNV’n°

Any largest feedback-invariant subspace must contain V. It
is clear that V' is dense in

Z = {[z;)jen € D(A) |21 =0, Y w; =0}
jEN
Since Z can also be written as (4.8), Theorem (4.1) implies
that V is dense in ¢t. However, b € ¢t and so, from
Theorem 2.3 the closure of V' is not feedback invariant.
Hence, no largest feedback-invariant subspace exists. (]
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