Proceedings of the

44th IEEE Conference on Decision and Control, and
the European Control Conference 2005

Seville, Spain, December 12-15, 2005

ThC14.6

Input-to-state stabilization of linear systems with quantized feedback

Daniel Liberzon and Dragan NeSi¢

Abstract— We consider the problem of achieving input-
to-state stability (ISS) with respect to external disturbances
for control systems with linear dynamics and quantized
state measurements. Quantizers considered in this paper
take finitely many values and have an adjustable ‘“zoom”
parameter. Building on an approach applied previously to
systems with no disturbances, we develop a control method-
ology that counteracts an unknown disturbance by switching
repeatedly between ‘“zooming out” and ‘zooming in”. Two
specific control strategies that yield ISS are presented. The first
one is implemented in continuous time, while the second one
incorporates time sampling. We discover that in the presence
of disturbances, time-sampling implementation requires an
additional modification which has not been considered in
previous work.

I. INTRODUCTION

The subject of this paper is feedback control of lin-
ear continuous-time systems with quantized state measure-
ments. Control problems of this kind are motivated by
numerous applications where communication between the
plant and the controller is limited due to capacity or security
constraints. This is a very active and expanding research
area [11, [2], [3], [4], [5], [6], [7], [8], [9], [10], [11].

The starting point for this paper is the approach developed
in [3], [9] (see also [12, Chap. 5]) which we now briefly
recall. The quantizer is assumed to take a finite set of values
and incorporates an adjustable “zoom” parameter. The con-
trol strategy is composed of two stages. The first, “zooming-
out” stage consists in increasing the range of the quantizer
until the state of the system can be adequately measured; at
this stage, the system is open-loop. The second, “zooming-
in” stage involves applying feedback and at the same time
decreasing the quantization error in such a way as to drive
the state to the origin. This results in a hybrid control law,
in which discrete transitions are triggered by the values of
a suitable Lyapunov function.

The method of [3], [9] was shown to achieve global
asymptotic stability (GAS). The focus of the present work
is on achieving robustness with respect to disturbances. We
characterize the desired robustness by an ISS-like property
(see [13]) which involves bounded nonlinear gains from the
initial state and the supremum norm of the disturbance to the
supremum norm of the state and also from the supremum
limit of the disturbance to the supremum limit of the state.

D. Liberzon is with Coordinated Science Laboratory, University
of Illinois at Urbana-Champaign, Urbana, IL 61801, USA. Email:
liberzon@uiuc.edu. Supported by NSF ECS-0134115 CAR and
DARPA/AFOSR MURI F49620-02-1-0325 Awards.

D. Nesi¢ is with Department of Electrical and Electronic Engineering,
University of Melbourne, Parkville, 3052, Victoria, Australia. Email:
d.nesiclee.unimelb.edu.au. Supported by the Australian
Research Council under the Discovery Grants and Australian Professorial
Fellow schemes.

0-7803-9568-9/05/$20.00 ©2005 IEEE

In [8], [5], state boundedness in the presence of bounded
disturbances is achieved by using the knowledge of a
disturbance bound. In [11], mean square stability is obtained
by utilizing statistical information about the disturbance
(a bound on its appropriate moment). In contrast to these
works, here we assume the disturbance to be completely
unknown to the controller.

Our first main result (Theorem 1 in Section II) is that
the ISS property in the presence of disturbances can be
achieved by extending the method of [3], [9]. An extension
is necessary because an unknown disturbance may force
the state outside the range of the quantizer after it has
already been inside. Thus we develop a control strategy
that switches multiple times between the zooming-out and
zooming-in stages. This strategy is still Lyapunov-based,
and its analysis is similar in spirit to that from [9] but
is significantly more difficult. When no disturbances are
present, the earlier stabilization result is recovered from our
new result as a special case.

Next, we turn to the problem of achieving the same
robustness property using sampled-data quantized feedback.
Time-sampling implementation is important because it guar-
antees a finite data rate (cf. [7]) and exposes the issue of
robustness with respect to time delays. We demonstrate that
unless proper care is taken, the straightforward sampled-
data adaptation of the continuous-time control strategy in
general fails to provide ISS (Section III-B). We then proceed
to describe a modified version of the zooming-out procedure
which yields ISS in the time-sampling context, obtaining
our second main result (Theorem 5 in Section III-C).

The proof of Theorem 5 sharply differs from that of
Theorem 1 in that it does not use a Lyapunov function
and instead is based entirely on trajectory analysis. Thus
another principal contribution of this work is a novel
alternative method for analyzing stability and robustness
of quantized feedback control schemes (this method can
be applied in continuous time as well). In particular, an
important component of this time-based analysis consists in
recognizing and utilizing a cascade structure! of the hybrid
closed-loop system. Due to space constraints, the proofs are
omitted and can be found in the full on-line version [15].

II. LYAPUNOV-BASED CONTINUOUS-TIME APPROACH
We consider the linear system

& =Ax+ Bu+ Dd 1)

where z € R” is the state, u € R™ is the control input, and
d € R? is a disturbance (u and d are taken to be Lebesgue

IThis can be viewed as a special instance of the general small-gain
approach to stability analysis of hybrid systems proposed in [14].
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measurable and locally bounded). We assume that A is a
nonzero, non-Hurwitz matrix. We assume this system is
stabilizable, so there exist matrices K and P = PT > 0
such that A + BK is Hurwitz and

(A+BK)'P+ P(A+ BK) < —2I. )

Let Apin () and A\pax () denote the smallest and the largest
eigenvalue of a symmetric matrix, respectively. In what
follows, | - | denotes the Euclidean norm, || - || denotes the
corresponding matrix induced norm, and ||-||; denotes the
supremum norm of a signal on an interval J. For z € R",
[x] is the smallest integer z € N such that z > z. A
continuous function ¢ : R>g — R>¢ is of class K if it is
zero at zero, strictly increasing, and unbounded.

A quantizer is a piecewise constant function ¢ : R” — Q,
where Q is a finite subset of R™. We assume that there
exist real numbers M > A > 0 such that the following two
conditions hold:

2] <M =q(z) — 2| < A 3

and
lz| > M = |q(2)| > M — A. )

The first condition gives a bound on the quantization error
when the quantizer does not saturate, while the second one
provides a way to detect the possibility of saturation. We
will refer to M and A as the range and the error of the
quantizer, respectively. We also assume that ¢(z) = 0 on
some neighborhood of the origin:

Assumption 1 There exists a number Ag > 0 such that for
all |z| < Ay we have q(z) = 0.

We will be using the one-parameter family of quantizers

qu () = MQ(%)» pw>0.

Here p is an adjustable parameter, which can be viewed as a
“zoom” variable. At each time ¢, the quantized measurement
qu(t) (x(t)) will represent the information about x(¢) which
is available to the controller. This quantity takes on a
finite number of values (equal to the cardinality of the set
Q). Geometrically, R™ is divided into a finite number of
quantization regions (each corresponding to a fixed value of
q) and the controller knows which of these regions contains
the state = at every time. The variable ;1 is an adjustable
parameter which we will vary in a discrete fashion in order
to extract more information about the state (cf. [3], [9]).

The problem of interest is to design a quantized feedback
control law and a scheme for updating p to achieve the
following goal: there exist functions 71, 72,73 € Ko such
that for every initial condition zy = x(¢p) and every
bounded disturbance d we have

[2(®)] < n(lzol) + 72 (ldlg00)  YE>t0 (5
and
lim sup |z (¢)| < 'yg(lim sup |d(t)|) . (6)
t—o0 t—o0

We note that the gain functions 71, 72, y3 may depend on the
choice of the initial value pg = u(to) of the zoom variable
1, but do not depend on x( or d. Since the closed-loop
dynamics will not explicitly depend on time ¢, all bounds
will also be uniform with respect to the initial time %.

We know that for continuous systems of the form = =
f(z,d), the property expressed by the two inequalities (5)
and (6) is equivalent to input-to-state stability (ISS) with
respect to d [13]. In the present case, the closed-loop system
will be a hybrid system, as it will contain an additional
discrete state p. With some abuse of terminology, we will
refer to the above property as ISS of continuous closed-loop
dynamics.

This ISS property also implies that in the disturbance-
free case (d = 0), the origin is a GAS equilibrium of the
continuous closed-loop dynamics (for a fixed pg). Thus
we recover as a special case the property achieved by
the algorithms developed in [3], [9] for the case of no
disturbances. In fact, the algorithm presented next is a
natural extension of the ones from [3], [9].

The hybrid closed-loop system will contain continuous
states (states taking values in a continuum) and discrete
states (states taking values in a discrete set). Both contin-
uous and discrete states will be functions of the contin-
uous time ¢ € [tg,00). The continuous variables will be
comprised of the system state = and two auxiliary reset
clock variables 74, and Tj,, both initialized at 0. They will
take values in the intervals [0, Ty and [0, T3], respectively,
where Ty, > T > 0.

The discrete variables will be comprised of the zoom
variable p and an auxiliary logical variable capt. The
variable p will be initialized at some pp > 0 and will take
values in a discrete subset of (0, c0) which depends on (.
The variable capt will take values in the set {“yes”, “no”
and will be initialized at “no”; it is needed to distinguish
between the “capture” (open-loop) stage and the control
(closed-loop) stage. The control law is defined by

if capt = “no”
, wgaer . D
if capt = “yes

0
ue) = {qu) (2(1))

The state dynamics describing the evolution of the system
variables with respect to time are composed of continuous
evolution and discrete events. During continuous evolution
(i.e., while no discrete events occur), p is held constant, x
satisfies (1) with u defined by (7), and the clocks satisfy

. 1 . 1
Tin = Tout =
0 0

We now describe the discrete events. Given an arbitrary
time ¢, we will denote by p~ (), or simply by x~ when the
time arguments are omitted, the quantity lim, ~ p(s), and
similarly for all other variables. All system variables will
be continuous from the right by construction. Let numbers
Qoue > 1, Uiy € (0,1), T, € (0, Tou/2), and Loy > i > 0
be given. The discrete events are of three types. They are

if 7 <Tiy
it 7 =T ,

it Tou < Tou

it Tou = Tou
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governed by the following rules, which we write in the
form “if <conditions> then <actions>". The conditions are
mutually exclusive and are checked continuously in time.
Zoom-out: If

(Tout = Tout and capt™ = “no”) or ®
(lgu- (@) = Lowp™ and capt ™ = “yes”)
then let p = Qoup~ and 7oy = 0.
Capture: If
g, ()] < Llowpt™, Tou € [Te, Tow—Te] and capt™ = “no”
9
then let p = Qqup~ and capt="yes”.
Zoom-in: If
g~ ()| < linpt™, Tou = Ty = Tin and capt ™ = “yes”
(10)

then let 4 = Qpuu~ and 7, = 0.

The functioning of the clocks can be understood as
follows. While capt = “no”, we wait at least 7o, units
of time after a zoom-out before executing another zoom-
out. Moreover, we wait at least 7}, units of time after the
last zoom-in or zoom-out before executing another zoom-in.
For convenience, the clock 7y, is also used to ensure that
the capture event is separated in time from the zoom-outs.

For each fixed value of p, chattering on the boundaries
between the quantization regions may occur, and solutions
are to be interpreted in the sense of Filippov (this issue
does not affect the Lyapunov-based analysis). Solutions
of the overall hybrid system are defined as usual, from
one discrete event to the next. The only potential issue
is the possibility of infinitely many zoom-in/out events in
finite time (Zeno behavior), which in principle can happen
since a minimal time between zoom-outs is not enforced
while capt = “yes”. However, when the disturbance is
bounded, such behavior is ruled out by the next result,
which guarantees that p remains bounded for all time.

Theorem 1 Consider the system (1). Pick matrices K and
P = PT > 0 satisfying (2). Let q be a quantizer satisfying
the conditions (3) and (4), where M and A satisfy

Amax(P) | Amax(P)
)\min(P) )\min(P)

M > (2—1—2 + PBK|>A. (11)
Let the control be defined by (7) and let the evolution of . be
as described above, with an arbitrary fixed initial condition
Ho = /J(tO) > 0. Let Qin, Qout, Tiny Tou, I be positive
numbers satisfying the inequalities Qin < 1, Te < Tou /2,

Tout < ].Og Qout/”AH?
A (P)

)\min(P)
Qiny [ 222 (A — 2A) — 2A PBK]||A,
12)
Amax (P)M
Qou > £ 13)

Amin (P)(M — 2A)

(Tin > 0 is arbitrary). Define

)\min(P)

low := M=A, lin := Qin m

(M-2A)—A. (14)
Then there exist functions 7y1,7v2,73 € Ko such that
Sor every initial state Ty = x(tg) and every bounded
disturbance d the closed-loop system has the properties that
w remains bounded and the continuous dynamics are ISS in
the sense of satisfying (5) and (6).

Remark 1 It is straightforward to verify that the inequal-
ity (11) ensures the existence of all subsequently defined
quantities. The intuitive meaning of this inequality is that
the quantizer takes sufficiently many values so that its range
M is large enough compared to the error A. O

Remark 2 As a corollary, we have that if d = 0 then the
continuous closed-loop dynamics are GAS. In fact, the rate
of convergence of z(t) to 0 is exponential. O

Note that a zoom-out is triggered immediately when the
second condition in (8) becomes true. It is clear that this
aspect of the above scheme makes it sensitive to time
delays and renders it not implementable in the sampled-
data framework. Also, in general we cannot rule out Zeno
behavior if the disturbance is not bounded. Thus the issue of
designing a suitable zooming-out procedure will be central
as we turn to the time-sampling scenario in the next section.

III. TRAJECTORY-BASED SAMPLED-DATA APPROACH

In this section, we introduce a new sampled-data stabi-
lization scheme which can be regarded as an alternative
to the scheme from the previous section. We first discuss
the simpler disturbance-free case to illustrate the approach.
Then, we study an example of a controller and zooming
protocol that do not have robustness in an ISS sense. Finally,
in the last part of the section we present a result on ISS of
the closed-loop system with respect to disturbances with a
modified zooming protocol.

A. Disturbance-free case

We consider the continuous-time linear system (1) and
assume that A is a non-zero non-Hurwitz matrix. In this
subsection, we assume that d(-) = 0. We will control this
system with quantized hybrid feedback that is defined next.
Let T > 0 be a given sampling period and let ¢; := kT for

k € N. We define z(tx) := x and a sequence zg, ..., Tk

is denoted as x[g ). Our closed-loop dynamics will be:
Plant: ©(t) = Az(t) + Bu(t), ©(0) = zo € R" (15)
Controller: u(t) = U(Qy, i, ), t € [tk,tkr1)  (16)
Protocol: ppy1 = G(Q, pr, T1), po € Rso (17

Switching law: Qp = H(Qx—1, ttg, k), Q-1 = Qour
(18)
Let £y > fin > 0 be strictly positive numbers to be defined
below. To simplify the notation, we introduce gy, := q,,, (zx)
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for arbitrary k € N, where ¢, (-) is the one-parameter family
of quantizers defined in the previous section. The variable
) determines the switching rules for the controller and the
zooming protocol. It can only take two values 4, and iy,
with the initial value €2_; = Q.. Then, we define the
following hysteresis control law and zooming protocol:

0 if Qp = Qo
U (e pes 1) = L C19)
Kq, if Qp =Q
Q if Qp=9Q
G(Qk, L, xk) — out Mk 1 k out (20)
Qinpi if Qp =Q,
Qout if qr > éout,ufk
H(Qp— 1, piey v) = § Qi i g < binpie 2D
Qp—1 i g € [linper, Courtin]

where (), and (), are strictly positive constants to be
defined below. We introduce some notation. Note that for all
k > 0 we have that Q = Quy or Q = Q. In the former
case, we say that the zoom-out condition is triggered at time
k and in the latter case we say that the zoom-in condition
is triggered at time k. Given an initial condition (and a
disturbance), there is a sequence of intervals on which we
zoom in or out, i.e., we can introduce k; € N such that

Qk = Qout
Qk = Qin

if ke [ka,koiv1 —1],
if k€ [kait1, kot —1].

The above system induces the following discrete-time
system that is more amenable to analysis:

Tpr1 = Pxp +TU(Qg, p,xzr) x(0) =2x0 (22)

per1 = G, pg, Tr) po € Ryo (23)

Q1 = H(Qp—1, e, k) Q1 = Qou 24
where

T
o:=eAT, T ::/ e**Bds.
0

Note that the switching between the zoom-in and zoom-
out stages is determined by the variable & := z—i Hence,
the dynamical equations that describe how & changes are
important for understanding the operation of the system.
For instance, during the zoom-out stage we have &1 =
D&y, /Qow- During the zoom-in stage we have

1

(25)

1
§er1 = = (@ +TK)& + QfFKVk

n m
where vy = q(&x) — £k. We can state the following two
standard results.

Lemma 1 Suppose that ®+T K is Schur. Then, there exists
Qf € (0,1), such that for all iy € [QF, 1),

n’

(@ + TK) /S (26)

is Schur. Moreover, for any such Q,, there exist strictly
positive L1, A1, v1 such that the solutions of the system (25)
satisfy the following:

|Sk] < Ly exp(=A1k)[€o| + 71 [l

Note that Lemma 1 imposes a lower bound on €);,, which
is similar to the condition (12) from the previous section.

vk >0.

Corollary 2 Let Q4 come from Lemma 1. Then, there exist
strictly positive M, A and Ay, with Ay — A > 0 such
that whenever |&o| < Ay and ||v|| < A, we have

Qi (@) < (M — A)pg, and |E| < M VkE>0. (27)

Corollary 2 has an appropriate interpretation via Lyapunov
functions that links results of this section with the previous
section. Indeed, since we assume that Qim (P+T'K) is Schur,
there exists a quadratic Lyapunov function V (£) := ¢T P¢
such that for some a > 0 the solutions of the system (25)
satisfy || > a|vk] = V(€ky1) < V(&). Suppose that A

is given. Then, one possible choice of M, Aps, A is
Ay > max{1,a}A (28)

and

M —2A > \/Amax(P)//\min(P) . AM . (29)

A geometrical interpretation of (29) is that the smallest level
set of V' containing the ball of radius Ajps is inside the
largest level set of V' contained in the ball of radius M —2A.
If (28) holds, then V' decreases for £ in the annulus between
these two level sets as long as ||v|| is smaller than A. Hence
for vy, = q(&) — & the conditions (27) are satisfied because
&y stays within the range of g. The inequalities (28) and (29)
basically say that M should be large enough compared to
A, which is similar to the condition (11).

Theorem 3 Consider the system (15) and suppose Assump-
tion I holds. Suppose that for the given T > 0 the pair
(®,T) is stabilizable. Let K be such that (P+TK) is Schur.
Let i, be such that (26) is Schur and let Qoy > |P| Let
the range M of the quantizer be sufficiently larger than
the error A of the quantizer so that Corollary 2 holds
with M, A and some Ay;. Define oy := M — A and
bin := Apr — A in (21). Then, iy, is bounded for all k > 0
and the system (15), (16), (17), (18), (19), (20), (21) is
globally asymptotically stable. More precisely, there exists
¢ : R>g x R>g — Rxq which is of class K in its first
argument for any fixed value of its second argument and
such that for all xy € R™ and any pg we have

|zl < @(lzols o) VEZ0 (30)

and limy_. . |zr| = 0, exponentially fast.

Remark 3 It is not hard to show that the stability bound
valid only at the sampling instants ¢, provided by Theorem
3, can be extended to all ¢ > 0. The same is true for our
ISS results in Section III-C. For similar results, see [16]. [
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A more general result for the disturbance case is pre-
sented in Section III-C. The control law and protocol (19),
(20), (21) are novel in that hysteresis switching is used
to switch between the zoom-in and zoom-out stages. This
switching strategy simplifies analysis of the time-driven
sampling scheme. In particular, the underlying cascaded
structure of the system during the zoom-in stage is obtained
and used for the first time to establish stability.

While it can be shown that for any fixed ;1 > 0 we
can take (-, 1) € Ko in Theorem 3, we have at the
same time that for any fixed s > 0 the following holds:
lim,, .o ¢(s,n) = oo. Hence, the overshoot of the z-
subsystem is non-uniform in small zo. While initializing the
system at a particular p gives a constant overshoot for the
z variable and one can prove stability of the z-subsystem,
the lack of uniformity of the overshoot leads to an inherent
lack of robustness, as the following example illustrates.

B. Example: lack of robustness

Consider the plant
Tr+1 = Pxg + Tuy + wy,

with (16), (17), (19), (20) and suppose that all conditions
of Theorem 3 hold for this closed-loop system. Note that
we assume that the system is controllable from disturbance
in one step to simplify the analysis.

We show that the closed-loop system does not have a
finite ISS gain from an additive plant disturbance to x. We
do this by showing that for any C; > 0, any ¢ > 0, any
xo € R™ and any po > O there exists an additive plant
disturbance w® such that ||w®|| < ¢ and the following holds:
lim supy,_, o |a:(k,xo,u0,wfo7k])\ > C;. Let ¢4 > 0 and
€ > 0 be arbitrary. Suppose without loss of generality that
there is a positive real eigenvalue \,, of ® larger than one
and let ¢, be its corresponding eigenvector with |,,| = 1.
Let £ > 0 and £; > 0 be such that

Z (| +TK|+|TK|A) +é<e. (31)
Let C and é generate
T In(\) |
Let T generate Cy > 0 via
C 14 ta 14 33
2 > max 4 tip - T y Yout (- (33)
Let C5 and é generate &5 as follows:
€
Sp 1= . 34
€2 01 Cs (34)
Finally, using £; and &, define
€ := min{éy,&}. (35)

Note that since the system without disturbance is stable,
as shown in the previous section, then for any zo € R”,
o > 0 there exists kj > 0 such that with w, = 0 we have

(36)

max{|p |, prg } < € and [§gx| < M.

We now start the construction of the disturbance. Let the
disturbance satisfy

wi =0 kel0ki—1] 37)

Hence, (36) holds. Let now
Wiy = —(®+ TK)wry — DK g (qrg — Erg) + EGm -

This disturbance will yield zy: 11 = (. The conditions
(31) and (35) guarantee that |w,‘€CO < &. The conditions (34)
and (35) guarantee that

Thy+1 é

Qinfir

= (%, (38)

|&kz 11| = 0.5
and hence at time kg1 the zoom-out condition is triggered.
Since the ¢ dynamics with wi = 0 evolve according to

Ehr1 = P&/ Qour

there exists an integer k7 such that if w; = 0 for all k£ €
[k§ +1,k} — 1], then |&k:| < /iy and the zoom-in condition
is triggered at £ = kj. Moreover, from (32) and (33) we
have k} — ki — 1 > T, which implies together with (38)
that

ki —ki—1 ~ T A
)\77% 0 Cmg 2 )\Z@E Z Cl .

| s

Again via stability of the disturbance-free (x, 41) system,
there exists k3 such that if wf = 0 for all k € [k}, k5 — 1],
then we have

max{|zp; |, prg } < & and [Ez| < M. 39)

Continuing in a similar manner, we construct the distur-
bance which satisfies ||w®|| < e and yields

|>Cl Vi e N.

The possible non-robustness of the control law in the
above example actually holds for a large class of plants,
control laws, and zooming protocols. Indeed, the crucial
ingredients of closed-loop systems that will exhibit this type
of non-robustness are as follows:

ek,

1) The closed-loop system has to have the property that
in the absence of disturbances, both = and p converge
to zero. Moreover, given any initial conditions zy and
1o > 0 the zoom-out stage is bounded;

2) The closed-loop system is such that the x component
is completely controllable locally around the origin
with arbitrarily small disturbances ||w]|| < ¢;

3) For all £ > 0, the zooming protocol takes the form
tk+1 = ~k(ur) where v are continuous, zero at
zero, locally invertible and uniformly lower and upper
bounded;

4) If the measurement overflows,
switched off.

the controller is
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Hence, a suitable modification in the zooming-out procedure
needs to be adopted in order to achieve ISS. We will
provide a modification of the zooming-out procedure (see
(43) below) and the closed-loop system with the modified
scheme will be ISS. In particular, our modification violates
the above item 3 and this is sufficient to achieve ISS.

C. Input-to-state stability

Consider the plant with disturbance (1), together with the
controller and zooming protocol introduced in Section III-
A. The corresponding discrete-time system is

g1 = Pag + TU(Qu, o, ) + wp, 2(0) =29 (40)
HEk+1 = G(kaﬂkvwk); Ho >0 (41)
Qp = H(Qp—1, e k), Qo1 = Qo 42)

where U and H are defined in (19), (21) and wi :=
fk(;H)T eA+DT=5) Dil(s)ds. We use a new protocol:

lf Qk == QOUI

if Qp = Qi

Qout [Mk + C]

G(kaﬂk,xk) = 0 1
ink

(43)
where ¢ > 0. The use of this constant ¢ violates item 3
above, and this will be shown to fix the problem.

Next we introduce a discrete-time version of the def-
inition of ISS. This will suffice for our analysis in this
section since the discrete-time ISS can be used to prove an
appropriate version of continuous-time ISS that takes inter-
sample behavior into account (see Remark 3). The system
(40), (41) is said to be ISS if there exist v1, 72,73 € Koo
such that the solutions of the system satisfy the following
for all o € R™ and all w:

lzx| < 71(|zo) + y2(Jw]) VE >0,

lim supy,_. oo | < 3 (lim supy_ e ) -

(44)
(45)

We note that the functions 71, 2, vs depend on py > 0 but
are independent of zy or w.

Again, we consider the dynamics of the variable &, :=
%. During the zoom-in stage we have that:

1 1 1
Ehv1 = Q—_(@ +K)&k + Qg T+ oG, (46)

in in Qin
where vy := q(&x) — & and (i = %

Lemma 2 Suppose that o (®+T'K) is Schur’. Then, there
exist strictly positive L1, \1,71,72 such that the solutions
of the system (46) satisfy the following:

[Sk] < Ly exp(=Ak)[&o| + 71 vl + 22 (I VE=0.

Corollary 4 Let )y, come from Lemma 2. Then, there exist
strictly positive A, Ay and DAy, with Apyp — A > 0 such
that whenever || < Ay, |lV]| < A and |[C]] < Ay, we
have

q(pg, zr) < (M — A)py and |€| < M

Vk>0.

%In Lemma 1 we showed that we can find an appropriate Q;, € (0, 1)
so that this holds whenever (® + I'K) is Schur.

Theorem 5 Consider the system (40), (41), (42) and sup-
pose that Assumption 1 holds. Suppose that for the given
T > 0 the pair (®,T) is stabilizable. Let K be such that
(P+TK) is Schur. Let Qi be such that (26) is Schur and let
Qout > |®|. Let the range M of the quantizer be sufficiently
larger than the error A of the quantizer so that Corollary 4
holds with M, A and some Ay, Ay,. Define £y := M — A
and Uiy, := Apy — A in (21). Then, uy is bounded for all
k > 0 and the system (40), (41), (42) is ISS.

Remark 4 It is worth noting that the modified zooming
protocol of the form (43) can be used in the event-based
scheme and it would not change the ISS properties of the
system. Actually, this modification would have the added
benefits of reducing the number of zoom-outs and providing
robustness of the event-based scheme to time delays. [l

REFERENCES

[1] D. F. Delchamps, “Stabilizing a linear system with quantized state
feedback,” IEEE Trans. Automat. Control, vol. 35, pp. 916-924,
1990.

[2] W. S. Wong and R. W. Brockett, “Systems with finite communica-
tion bandwidth constraints II: stabilization with limited information
feedback,” IEEE Trans. Automat. Control, vol. 44, pp. 1049-1053,
1999.

[3] R. W. Brockett and D. Liberzon, “Quantized feedback stabilization
of linear systems,” IEEE Trans. Automat. Control, vol. 45, pp. 1279—
1289, 2000.

[4] N. Elia and S. K. Mitter, “Stabilization of linear systems with limited
information,” IEEE Trans. Automat. Control, vol. 46, pp. 1384-1400,
2001.

[5] S. Tatikonda and S. K. Mitter, “Control under communication con-
straints,” IEEE Trans. Automat. Control, vol. 49, pp. 1056-1068,
2004.

[6] 1. R. Petersen and A. V. Savkin, “Multi-rate stabilization of multi-
variable discrete-time linear systems via a limited capacity communi-
cation channel,” in Proc. 40th IEEE Conf. on Decision and Control,
2001, pp. 304-309.

[7]1 H. Ishii and B. A. Francis, “Stabilizing a linear system by switching
control with dwell time,” IEEE Trans. Automat. Control, vol. 47, pp.
1962-1973, 2002.

[8] J. P. Hespanha, A. Ortega, and L. Vasudevan, “Towards the control
of linear systems with minimum bit-rate,” in Proc. 15th Int. Symp.
on Mathematical Theory of Networks and Systems (MTNS), 2002.

[9] D. Liberzon, “Hybrid feedback stabilization of systems with quan-
tized signals,” Automatica, vol. 39, pp. 1543-1554, 2003.

, “On stabilization of linear systems with limited information,”
IEEE Trans. Automat. Control, vol. 48, pp. 304-307, 2003.

[11] G. N. Nair and R. J. Evans, “Stabilizability of stochastic linear

systems with finite feedback data rates,” SIAM J. Control Optim.,
vol. 43, pp. 413-436, 2004.

[12] D. Liberzon, Switching in Systems and Control. Boston: Birkhiduser,
2003.

[13] E. D. Sontag and Y. Wang, “New characterizations of input-to-state
stability,” IEEE Trans. Automat. Control, vol. 41, pp. 1283-1294,
1996.

[14] D. Nesi¢ and D. Liberzon, “A small-gain approach to stability
analysis of hybrid systems,” in Proc. 44th IEEE Conf. on
Decision and Control, 2005, to appear. [Online]. Available:
http://decision.csl.uiuc.edu/ liberzon/publications.html

[15] D. Liberzon and D. Nesi¢, “Input-to-state stabilization of linear
systems with quantized feedback,” 2005, preprint. [Online].
Available: http://decision.csl.uiuc.edu/ liberzon/publications.html

[16] D. Nesié, A. R. Teel, and E. D. Sontag, “Formulas relating L stabil-
ity estimates of discrete-time and sampled-data nonlinear systems,”
Systems Control Lett., vol. 38, pp. 49-60, 1999.

[10]

8202



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




