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Synthesis of Output Feedback Controllers for Descriptor Systems
Satisfying Closed-Loop Dissipativity

Izumi Masubuchi

Abstract— This paper is concerned with synthesis of output
feedback controllers for descriptor systems to attain dissipa-
tivity of the closed-loop system. A necessary and sufficient
condition is provided in terms of LMIs for the existence of a
controller satisfying dissipativity and admissibility (an internal
stability) of the closed-loop system. Unlike previous results,
the condition does not depend on the choice of the descriptor
realization. The derived LMI condition with a rank constraint
for synthesis is a generalization of those for LMI-based H
control of state-space systems to descriptor systems.

I. INTRODUCTION

Descriptor representation of dynamical systems is more
general and often more natural than state-space systems (See
e.g., [5]). The descriptor form is useful to represent and to
handle systems such as mechanical systems, electric circuits,
interconnected systems, and so on. Moreover, descriptor
representation is utilized in some of recent results on analysis
of time-delay systems (e.g., [13]) and gain-scheduled control
based on linear parameter-varying systems [9], [10]. These
new applications exhibit further importance and usefulness
of descriptor systems.

Among basic notions of state-space systems generalized to
descriptor systems, dissipativity is one of the most important
properties of dynamical systems and plays crucial roles
in various problems of analysis and synthesis of control
systems, including positive and bounded realness. For state-
space systems, Kalman-Popov-Yakuvobich (KYP) Lemma
and related results provide characterization of positive or
bounded realness in terms of the state-space realization [1],
[19], [11]. Also for descriptor systems there have been
proposed several criteria for positive or bounded realness [2],
[6], [12], [14], [17], [18], [20]. However, most of existing
results require a certain assumption or restriction on the
realization of descriptor systems, while KYP Lemma for
state-space systems is valid independently of the choice of
the realization. On the other hand, a new matrix inequality
condition is proposed recently that is necessary and sufficient
for dissipativity of a descriptor system with any realization
(71, [8].

In this paper, we consider output feedback controller
synthesis for descriptor systems to attain dissipativity of the
closed-loop system. Based on the criterion proposed in [7],
[8], a necessary and sufficient condition is derived in terms
of LMIs with a rank constraint for existence of a controller
satisfying dissipativity and admissibility' of the closed-loop
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system. Unlike previous results, the proposed condition does
not depend on the choice of the descriptor realization.

The derivation of the existence criterion is based on the
‘variable elimination’ methodology, which is a key technique
in H, synthesis of state-space systems [3], [4]. However, the
LMI of the dissipativity criterion [7], [8] that our results are
based on has structure for which output feedback synthesis
has never been considered before. Hence we provide methods
to handle the new LMI for synthesis of descriptor systems.
The proposed LMI condition for synthesis is a generalization
of the results for state-space systems [3], [4] to descriptor
systems.

Notation. For a matrix X, we denote by X -1 xT x-T
and X * the inverse, the transpose, the inverse of the transpose
and the conjugate transpose of X, respectively. Let X be
a square matrix, HeX stands for X + X T. In addition,
X = (*)T and X + (*)T mean X = XT and X + XT,
respectively. For a symmetric matrix represented blockwise,

such as X = XlTl X1 , offdiagonal blocks can be
X12 Xoo
abbreviated with ‘*’, as X = X X ] For a matrix
* XQQ

M € R™ "™ with m > n, let M+ be a matrix satisfying
ML (MH)T M ] =[1 0] For M € R™" with
m < n, define M+ := ((MT)+)T. The n x n identity matrix
is represented by [,,. The zero matrix of the size m x n is

OmX’ﬂ'

II. PRELIMINARIES

Consider the following descriptor system:

Er =
z =

where x € R™ is the descriptor variable, w € R"™ is the
input and z € RP is the output of the system. Let £ € R™*"™
and rankF =r.

Definition 1: (1°) The pencil sE — A is regular if
det(sE — A) is not identically zero. (2°) Suppose that
sE — A is regular. The exponential modes of sE — A are
the finite eigenvalues of sFE — A, namely, s € C such that
det(sE — A) = 0. (3°) Let a vector vy satisfy Fv; = 0.
Then the infinite eigenvalues associated with the generalized
eigenvectors vy, satisfying Fv, = Avg—1, k = 2,3,4,...
are impulsive modes of (E, A). (4°) The descriptor system
(1) is impulse-free if the pencil sE — A is regular and has
no impulsive modes. (5°) The pencil sE — A is said to be
admissible if the pencil sE — A is regular, impulse-free and
has no unstable exponential modes.

Az + Bw, o
Cz + Dw,
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Next, let S = ST e R("+P)x(m+p) and consider the
following quadratic form of (w, 2):

wo=[1]s[1]. e

which defines a supply rate.

Definition 2: The descriptor system (1) is said to be dissi-
pative with respect to the supply rate s(-, ) if the descriptor
system (1) is impulse-free and for any w € L2[0,T] it holds
that

/T stw(t), 2()dE <0, YT>0  (3)
0

provided z(0) = 0.
The time-domain condition (3) is equivalent to the follow-
ing condition in the frequency-domain:

{ G(gw) }S{ Géw) } <0, Yw € RU {oc},(4)

where G(s) = C(sE — A)™'B + D.
Let the descriptor system (1) be admissible. Then H .,
norm condition ||G||« < 7 is represented via (4) by setting
2
_| 1L 0
S = { 0 I } . 4

When m = p, the extended strict positive realness (ESPR in
short) [20] with admissibility is yielded with

0o -1
S = { I 0 ] . (6)
Assumption 1: Denoting

S = [ gi g;; ] . SneR™™ (D
we assume that Soo > 0.

Note that the supply rates for these two important specific
dissipativity conditions of ., norm and positive realness
meet Assumption 1.

There have been proposed several LMI criteria for H
norm condition or positive realness for descriptor systems
[2], [6], [12], [14], [17], [18], [20]. e.g., as follows:

Lemma 1: Suppose that ||D|| s < . Then the descriptor
system (1) is admissible and its H., norm is less than ~ if
and only if there exists a matrix X € R"™*"™ that satisfies
the following LMI:

ETX=XTE >0, (8)
ATX+XTA4 X™B (CT

* —~I DT | <0. (9
* * —~1

This lemma assumes that ||Dl||o < 7. However, it can
be violated by choosing descriptor realization of G(s). For
example, consider the following descriptor system:

1 0 0 0 1 0
E=]1010]|, A=]| -3 -2 1 ;
10 0 0 0 0 -1

[0
B=| 0|, C:[2 5 l—m}, D=k,
1

where k is a scalar. For every k,

s2+7s+5
s24+25+3
and ||G||ec = 3.5551. Nevertheless, the LMI condition (8)—
(9) does not hold when descriptor realization is chosen so
that |D| = || > [|G]|s [7], [8].
This drawback of existing criteria is removed in the recent
result for admissibility and dissipativity shown in [7], [8]:
Lemma 2: The following two conditions are equivalent:

G(s)=C(sE—-A)"'B+D=

(i) The descriptor system (1) is admissible and satisfies

[ Géw) ]S[ Géw) } <0 (10

for any w € R U {c0}.
(ii) There exist matrices X € R™ ™ and W € R™*™

satisfying
E'X=X"E>0, E'W =0, (11)
T
M + [ I;(/T ] [A B]+(»"<0, (12
where
N
0 I 0 I
M=, p S{C D] (13)
|

Proof: See [7], [8] for the proof.
Remark 1: From Assumption 1, the LMI (12) implies
ATX 4+ XTA <0 and hence X is nonsingular.
By using this lemma, e.g., an H,, norm criterion is given
independent of the choice of the descriptor realization by the
following LMI:

E'X=XTE>0, E"W =0, (14)
ATX +XTA ATW +X'B ol

% B"W+WTB—~I DT | <0.
* * —~1

(15)

III. MAIN RESULTS
A. Control system in the descriptor form

Based on the new criterion for admissibility and dissipa-
tivity of descriptor systems shown in the previous section,
we consider synthesis of an output feedback controller to
attain admissibility and dissipativity of a control system in
the descriptor form. Let us represent the plant as follows:

EFz = Az + Blw + BQ'LL,
z = Ciz+ Diw+ Digu, (16)
y = Cyr+ Dyw,

where x € R"™ is the descriptor variable, w € R™! is the
external input, v € R™? is the control input, z € RP! is
the controlled output and y € RP? is the measured output.
Let £ € R™*" and rankFE = r. We consider the following
output feedback controller:
{ E.i. = Acx.+ By,
u =

Ceze + Dey, a7
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where E. € R™”*"™ with rankE,., = 7, and z. € R"e.
Connecting this controller to the plant (16) yields the closed-
loop system as follows:

Aclxcl + Bclw7

Ecl:tcl =
{ z = Cyze + Dqw, (18)
where z¢(t) = [ z(t)T  zc(t)T }T € R™, ng =n+ne.
and
[E 0
Ecl - | O E(; } ) (19)
. [ A+ ByD.Cy B>C.
Acl - I B(;CQ Ac ) (20)
[ Bi+ BaD.Da;
Bcl - | BCD21 :| 9 (21)
Coa=[ C1+ D12D.Cy D12C. |, (22)
D¢ = D11+ D12D:Do;. (23)

B. Problem statement

Let us consider the supply rate (2) for S €
R(m1+p1)x(m1+p1) and partition (7) with S1; € R™1 %71,
Assume the following without loss of generality.

Assumption 2: 1) [ DB 2 ] has full column rank.
21

2) | Cy Dig ] has full row rank.

3) 512 has full column rank.

Sao

Note that when the third assumption is not satisfied one
can always redefine the controlled output z so that the same
supply rate is defined for the new z with a new S satisfying
the assumption.

Now the synthesis problem is stated as follows: given a
plant in the descriptor form (16) and a quadratic supply rate
(2), find a controller (17) for which the closed-loop system
(18) is admissible and satisfies dissipativity with respect to
the supply rate.

Let Ty € RY*P1 be a matrix satisfying S = To5Tho.
It is easy to see from Lemma 2 that the synthesis problem
is solvable if and only if there exist matrices X and W,
satisfying

ElXy=XJEy>0, EJWg=0, (24
0,0 _ 0 _
HeUx + 01511 0 <0, (25)
0' o0 -I
where
0, X/} .
Ux = | St W[ [
zw22 ! O cl , cl
0 In, O
SR AP Y

This LMI condition is equivalent to (11)-(12) in Lemma
2 applied to the closed-loop system (18) and is derived via

simple manipulations. Since X ; is nonsingular if (25) holds,
the condition (24)—(25) is equivalent to the following:

EaYg =YaEL >0, EaZl=0, (27
0,0 0
HeUy + 01511 0 <0, (28)
0 ' 0 -1
where
O ; Incl
Uy = | $15170 [_gcl_;_%l_}
T22 : 0 cl cl
[ 0y Im, __Q__}
ViU 25 Onaxq
and Y, Z.; are set by
Yu=X,", Za=-WiX,". (29)

The matrix inequalities (24) and (25) are congruent to (27)
and (28), respectively. It is easy to see that the equality
E,Z}, =0 is equivalent to EL,W, = 0.

C. Existence condition

In this subsection, we show the existence condition of
a controller satisfying admissibility and dissipativity of the
closed-loop system. Under Assumptions 1 and 2, define the
following matrices from S

NT
M= [ S12 } [ S12 ] )
Ta2 T2
[N Ny |==[T1 0]MT. 3D
Hy Hip | ., 1| S1 O T
[HL HQQ]_M [ ! _I}M .(32)
S12

Note that 512 } has full column rank iff so does

T2 Sao

The following theorem provides an existence condition of
a controller that solves the synthesis problem stated in the
previous subsection. The criterion is given in terms LMIs
and a rank condition.

Theorem 1: The following statements (I) and (II) are
equivalent:

(D) There exists a controller (17) for which the closed-loop
system (18) is admissible and satisfies dissipativity for the
supply rate (2).

(II) There exist matrices X, Y, W, Z with appropriate
sizes satisfying the following LMIs and rank condition:

)
R e e

rank[%T g][)l( YIT]<T+TC7 (34)
E'W =0, EZ"=0, (35)
Np(Lp+ L5+ Hp)NE <0, (36)
N&(Le + LE + Ho)Ne <0, (37)
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where
1
N, 0 B
Np = ——(?O—I—I—],NBO =[D2 ] .3
[N, : 0 1
N = |- —OCQ:—I—} , Neo:=[ Co Dy |7,
- (39)
S ]
Ll lalr
él—i-AZ :
Lot [aiml )
[070]
XTA
Lo = | SiCi+ WA
T52C4
X'B, . 0
S12Di + WTBy 10 |, @D
TooD1q "o
[0 0 .0
Hp:= | 0 Hu Hip |, (42)
| 0 H, | Ha
0 0.0
HC = 0 511 0 (43)
00 '=I

If the conditions (33)—(37) are fulfilled, a controller in
the descriptor form (17) with rankE. < r. solving the
synthesis problem is constructed from a solution X, Y, W,
Z . Furthermore, also a controller in the state-space form with
order no more than r. is derived from the solution.

We provide the procedure to obtain a controller satisfying
the condition (I) in Subsection III-D, which also proves the
sufficiency. The proof of the necessity is based on the matrix
elimination lemma applied to LMIs (24)—-(25) and (27)-(28).
Detail of the necessity proof is omitted.

Remark 2: For matrix S shown in (5) and (6), the matrices
M, N;, H;; are defined as follows:

e S of (5) (for H, norm condition):

_Jo 1 NTT o0
we[5 ] [Br]=17]
H11 ng o -1 0

HQQ - O —’}/21 ’

H,
e S of (6) (for ESPR condition):

[ -1 0 NIl [ -1
e A
Hy Hi | |0 O

HY, Hw | |0 —I|

Hereby we see that for Ho, synthesis (with S of (5)), the

inequalities (36) and (37) become

AYT4+YTA yCT |
NB ClyT —I |
B+ ZAT DT+ ZzCelr T
B+ AZT
Dy +Ci1Z7 | Nj <0, (44)
_7?]
H({XTA XTBlJ_ Lo 0 };
NS wTA WTB 0 —2I |
- [¢& Da] T
*
% | Ne <0, (45
-y

respectively. For synthesis of a controller satisfying closed-
loop ESPR (with S of (6)), we can easily see that the
conditions (36) and (37) are equivalent to

AYT (B + AZT)

NBoHe[ O YT —(Dyy + 0y 27

:| NgO < 0)
(46)

XTA
-C1 + wTA

X', N
—Dy +WTB; @0
<0, @0

Nty He [

respectively.

Remark 3: The inequalities of existence condition for H
synthesis are similar to those in previous results for de-
scriptor systems. The largest difference is that our inequality
condition has variables W and Z. With these variables the
LMI condition (33)—(37) is equivalent to the solvability of
the synthesis problem without depending on the realization
of the plant. Actually, denoting by * the infimum of H,
norm from w to z that the closed-loop system can attain via
feedback (17), we see that (44) and (45) never hold if W
and Z are set zero and the realization of (16) is such that
[[D11]]eo > 7*; see Section IV.

As in the state-space case, the order of the dynamic part
of the controller corresponds to the rank condition (34). This
makes the whole inequality condition nonconvex. When the
order 7. is not required to be less than r, the rank condition
(34) is removed and the other inequalities are convex.

Lastly, when £ = I, the existence condition (33)-(37)
coincides with that for state-space systems [3], [4], where
(35) implies that W and Z vanish for £ = [.

D. Construction of a controller

Here we show a procedure to derive a controller satisfying
admissibility and dissipativity of the closed-loop system
when the conditions (33)—(37) hold. Without loss of gen-
erality, we assume that

I, 0 _
E_{O OSXS], r+s=n. (48)
We seek a controller with setting E. as follows:
I, 0 _
EC - |: O OSCXSC } ) TC + SC - nC' (49)
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(Step 1.) According to the above block form, the variables
X, Y, W, Z satisfying the equality conditions (33) and (35)
are represented as:

Xpll 0 Yll Y12

=X P p =Y,
KXp21 Xp22 ] ’ [ 0 Yoo }
{4;:;1 =W, [ Omixr Zp2 | =2

(50)

with X,11, Y11 € R™*" being symmetric. Then we see that
the submatrices X 22 and Yj22 can always be chosen to be
nonsingular [6]; though solving (33)—(37) results singular
X200 and/or Y2, one can replace them with X 99 + el
and/or Y99 + €1, respectively, without violating the condi-
tions (33)—(37), where ¢ is a scalar to be chosen appropri-
ately. This is due to the fact that X 22 and Y,22 appear only
in strict inequalities (36), (37), and hence they remain to
hold in spite of small perturbation of X 25 and Y22, and
that there exists an interval (0,&) such that Ve € (0,¢),
det(Xpoo + eI) det(Ypoo +€I) # 0.

(Step 2.) Let us consider the condition (33) and (34). The
above block structure of ' implies that the condition (33)—
(34) is equivalent to:

Xpn =Xy, Y=Y, (51)
X1 I

>0, 52

|: I Ypll :| - ( )

rank { X_Z;H Yg‘)rll } <r4re. (53)

As in the state-space case, we see that X1, Y,11 and
Xp11 —Ypﬂ is positive semidefinite and rank(X 11 —Yp’li) =
r.. Let L € R"*" be a full rank decomposition such that
Xp11 — Y, = LLT. Then the equality

Xp11 Xpern Youu Ypenn | _ | Lr O
Xept1 Xenn Youu Yenn 0 I,
(54)
holds for
chll - X(-;I;;ll - L7 Xcll - Irca (55)
Yper1 = Y11 = =YpulL, Yer =1+ LY, L.
(56)

These matrices form a controller in the next step.

(Step 3.) The synthesis problem is equivalent to solving
the matrix inequality (24)—(25), or equivalently (27)-(28),
shown in Subsection III-B. It is proven in the following
section that when the condition (33)—(37) holds there exists
a controller (17) with s, = s in (49) satisfying (24)-(25)
and (27)-(28) for the following (X ., W) and (Y, Z.),

respectively:
Xpi1 0 | Xpen 0
Xpo1 Xpao | Xpear Xpeoo
)(c — p p V4 Y4 , 57
! chll 0 Xcll 0 ( )
Xepar Xepoa | Xear Xeoo
Wa=[0 WhL|o wh]', (58)
Ypll Yp12 ‘ chll chl?
0 Y, 22 0 Y, c22
Y. P P , 59
! Yopi1 Yepio | Yer  Yero (59)
0 Yoo 0 Yeoo
ch = [ 0 Zp2 | 0 Zc2 } P (60)
where
chQl = Oa
ch22 = Isa
ch21 = _(YpEQXP21 + Yp—I;QA}_’T)’
ch22 = Is - Yp_—%QXpQZ T
Xea1 = YpTwTA;_/ Yc;nchl )
chzz = —Yp09,
Y12 =0,
Yp_|(_:12 = _(XP21Yp-ElT+ XP22Yp-52)7
Yp_|(_:22 =1, - XP12_2Yp22’
YcT12 = _Xp21ch11a
Yoo = _Xp22a
Wer = =(Zp2 + Yoo Wia),
Zl = —(Xp20Z55 + Wpo)

with Ay = Y11 — Ype11Y, 1 Yep11 (> 0). The other subma-
trices have been defined above in (50), (55) and (56).

(Step 4.) It is guaranteed that the LMIs (24)-(25) and
(27)—(28) hold for some A, B.,C., D. with E., (X, W)
and (Y, Z.) as determined in Step 3 (See the proof of
the sufficiency). Therefore we can seek A, B.,C., D. by
solving an LMI (25) or (28) regarding A ., B, C., D, as the
decision variable with F., (X, Wy) and (Yo, Ze) fixed.
We can also derive A, B., C., D, via the Parrott’s Theorem.

(Step 5.) According to E. in (49), denote

Acll
A, =
|: A(:21

Ac12

62
Ac22 ( )

] s Acll € R"e*"e,
If Acoo is nonsingular, the obtained controller in the de-
scriptor form is reduced to a state-space one by eliminating
the static part of the descriptor variable z.. Otherwise one
can perturb A oo such that it becomes nonsingular and still
satisfies the LMI (25). Such perturbation is always available
for the same reason as stated in Step 1. Thus we obtain
a proper (impulse-free) controller satisfying the closed-loop
admissibility and dissipativity.

IV. NUMERICAL EXAMPLES

Let us consider the plant (16) with E = diag{Is, O2x2}
and the following coefficient matrices:

5016



0o 1 0 0 0 0 0]
2 5 0 0 0 0 0
0O 0 0 0 0 0 1
A=l 0 0o 0 0 1 0 0],
0 1 0 -3 -2 1 0
0O 0 0 0 0 -1 0
0 0 -1 0 1 0 0]
s _[00000 107"
=10 00000 0]"”
B,=[0 10010 1],
o000 21 1-k0
1o o0o o000 0 o0}
Co=[0 0000 0 1]
.
0 0
Du:{ ]Dm—[l], D21_[1], 4]

where x is a scalar. This system has an identical transfer

function independent of x as shown below: (5]

s2+35+5 0 ; 34852 +14s5+4 [6

P s24+2s5+3 | s34+ 7s3+1552+19s5+6
--l= 0 0 1
N e

=

9(9 F8s5+2152 +215+46)
s14753415524195+6

[7

—

s24254+3 ,
Thus the optimal H., norm of the controlled system should
be the same in spite of different values of k.

We solved the LMI condition in Theorem 1 without the
rank constraint for integer £ from —10 to 10 and obtained
the same optimal value v* = 1.7064 along with state-space
controllers satisfying the ., norm condition with closed-
loop admissibility. On the other hand, solving LMIs with
W =0 and Z = 0, which corresponds to the case of using
conventional H,, norm conditions, yields values of optimal
~v larger than v* when ||D||o > ~*. These results of optimal
~ for each k via the conventional and proposed methods are
plotted in Fig. 1.

[8

[t}

[9

—

[10]

[11]

[12]

V. CONCLUSIONS [13]

In this paper, we considered a synthesis problem of output
feedback controllers for descriptor systems to attain closed-
loop dissipativity and admissibility. We provided a necessary
and sufficient condition for the existence of such a controller,
based on the recent result on the dissipativity analysis of
descriptor systems [7], [8]. The proposed LMI condition is
a generalization of the widely-known results for state-space
systems [3], [4], and it is inherit from [7], [8] that the LMI
condition does not depend on the choice of realization of the
plant in the descriptor form.

[14]

[15]

[16]

(17]

[18]
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