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Abstract— The high gain observer for dynamical systems
described by ordinary differential equations is widely dis-
cussed in the literature, see for instance [1], [2], [3], [4],[5],
[6], [7], [8], [9], [10], [11], [12]. The aim of this paper is
to extend this observer design to a class of differential-
algebraic systems. In practice, the computation of solutions
of differential-algebraic equations requires the combination of
an ordinary differential equations (O.D.E.) routine together
with an optimization algorithm. Therefore, a natural way
permitting to estimate the state of such a system is to design
a procedure based on a similar numerical algorithm. Beside
some numerical difficulties, the drawback of such a method
lies in the fact that it is not easy to establish a rigorous proof
of the convergence of the observer. The main result of this
paper is stated in section 3. It consists in showing that the
state estimation problem for a class of differential-algebraic
systems can be achieved by using an observer having an O.D.E.
structure on some R,

Keywords: Nonlinear system, implicit system, high gain
observer.
I. INTRODUCTION AND PROBLEM STATEMENT

In this paper, the following class of implicit systems is
considered:

fol(@,2) + Zuifi(xv z)

i} =

i= 1
p(r,2) =0 1 W
y = h(z,2)

where y € R, u = (u1,...,Un) € R™, (z,2) € R™ x

R?, the f;’s, h and ¢ = (p1,...,0q)" are assumed to be
sufficiently smooth and:
0
aﬁ is of full rank V(z, 2) € M )
z x,z
where M is the set of zeros of ¢:
M= {(z,2) € R" xR?, s.t. p(z,2) =0} 3)

Remark 1: Condition (2) implies:
i) the local uniqueness of solutions z of p(z,z) = 0,
for every x.
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ii) M is a smooth submanifold of R™ x R<.
In the case where the solution z of ¢(z,z) = 0 can be
explicitly expressed as z = v¥(z), system (1) becomes a
system of O.D.E. Hence, an observer can be formulated as
a system of O.D.E. Otherwise, one may ask if there exists
an observer that can be described by ordinary differential
equations. In the sequel, we will use the following defini-
tion.

Definition 1: A non initialized (resp. an initialized)
exponential observer for system (1), with input u and
output y, is a dynamical system of the form:

w=T(w,u,y)
{ w(0) € Q C RN @)

for which there exists a map = = (Z;,Z,) from RY
into R” x R such that ||Z;(w(t)) — x(t)|| together with
IE2(w(t)) — z(¢)|| exponentially converge to 0, as ¢ — oo,
where € is such that Z(€2) contains an open set containing
M (resp. Z(Q2) = M).

Noticing that in practice, an initialized observer only works
if the measurements are not noisy, and that the initial state
of the observer satisfies the constraint ¢(Z(w)) = 0.

This paper is organized as follows: In section 2, we will give
an initialized high gain observer. This observer construction
is based on a triangular structure containing this proposed
in [8], [12]. In section 3, we robustify the above observer
in order to obtain a non initialized one.

II. INITIALIZED HIGH GAIN OBSERVER BASED ON A
TRIANGULAR STRUCTURE

Given a nonlinear system:

m

{=F(Cu) = Fo(¢) + Zwﬂ(é)

y = H(C)

where the input v € R™, the state ( € N a smooth manifold
of dimension n, the output y € RP, F' is a smooth vector
field with respect to these arguments.

Noticing that the class of systems (1) forms a particular

(&)
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class of (5). Indeed, solutions (z(t), z(¢)) of system (1) are
identical to those of the system :

¢ =F(Cu)
y=H(() = h(z,z) )
-(2)en
where,
1
Fic = ( e ) ™
with .
F' (¢ u) = fo(z,2) + Y wifi(x, 2)

F?(Gu) = —(52 lo.2) 7 (S lo)[fo(@, 2) + ) wifilz, 2)]

Based on a triangular structure, in this sectiz(;rll we will give
a sufficient condition which allows to design an initialized
high gain observer for system (5).

Recall that system (5) is said to be uniformly observable
(see [8]) if for every initial state ¢(0) # ¢’(0) and every
input v defined on any interval [0,7]; there exist ¢ €
[0, T, such that H(((t)) # H({'(t)). For the single output
systems, the authors in [8], [9] have shown that uniformly
observable systems can be characterized by a canonical
form. This canonical form is next used to design a high
gain observer. Many extensions to multi-output systems are
established in the literature (see for instance [2], [5], [6],
(71, (101, [12D.

In this section, we restrict ourselves to the class of system
(5) that can be transformed by a diffeomorphism to the
following triangular structure:

= A+ l(E )
ﬁf = A8 +9I(E ) ®)
£ = AP +yP(E,u) .
y = C&=[Ci,...,Cpe?]
where
¢ ¢l
E= | €= € R™, where nj > 2
& i
P (€ u) = zZﬂ‘(é) + 459 (€)u, with
PY(§) = ~ 0
5, ()

and the n; x m matrices ¥’(£) satisfy the following

structure:

For 1<j<p; 1<i<n;—1, ¢ =¢/(&, - .¢)

B €))
Otherwise, w%j may depend on all components of &.
Finally,

0 1 0

: 1

0 -+ -+ 0

A geometric condition permitting to characterize control
affine system (5) that can be transformed into the above
triangular structure is as follows:

F;, « = 0,1,--- ;m, are the vector fields of system (5),
there exist p integers nq > 2, ---, n, > 2 such that:

Hi1(¢)

LY (H) ()
H ¢S :
H(0)

is a diffeomorphism from

LN, ()

N into @(ﬁ? ).
2 { Forl<i<n;—1L1<j<m;1<I1<p
dLp, (L' (H)) AdH, ... AdLy ' (H) = 0

where A denotes the exterior product of differential forms.

Claim 1: Under the conditions 1), 2), the map ® trans-
forms system (5) into the triangular structure (8)-(9)-(10).
The proof of the claim is straightforward.
A hight gain observer based on the above triangular struc-
ture can be synthesized as follows:
Assume that the 1/7’s are global Lipschitz w.rt. & (ie
107 (&, u) = (€, u)|| < c||€—&]|, for some positive constant
c), then an exponential observer for system (8) takes the
form:

& = A+ 9l u) + AJK (Ci€ — )
: 1D
& = AL +uP(E ) + AJK,(CoEP —yp)
6% 0
where A) = . , K is such that
0 0m3%
A; + K;C; is Hurwitz and 6 is a positive constant which
may be large. 0y > 0, ---, §, > 0 are integer numbers
which satisfy the following linear program:
—njéj +mnid; < 5j
{ 1<4,j<p (12
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More precisely, we can state:
Theorem 1: Let u be any bounded input, then there
exists a constant 6y > 0 such that for every 6 > 6y, we have:

I(8) = <Ol < AlIC0) = ¢(0)] exp(—put)

where A > 0 and > 0 are constant.

The proof of theorem 1 is based on similar technics that
we will use for the non initialized observer ( see proof of
theorem 2 below).

Now an initialized high gain observer for system (6)-(7) can
be designed as follows:

Let ® be the diffeomorphism which transforms (6)-(7) into
the form (8)-(9)-(10), here N' = M = {(z,2); p(z,2) =
0}. Set Y(z) the implicit solution of o(z,2) = 0 and
®(z) = &(z,Y(x)), we obtain:

Lemma 1: Assuming that ||®(¢) — ()| > All< — |,
for some constant A\ > 0 and that the nonlinear terms 17’s
are global Lipschitz w.r.t. £, then an initialized high gain
observer for system (6)-(7) takes the following form:

&= fo(@2)+ Y uifi(#2)
i=1

(2 )TN K (h(3, 5) —
(52 |3) P AgK (h(&,2) — y) a3
P (82 ae) (22 .0
©(2(0),2(0)) =0
where
K, 0 Ags, 0
K = . ) AQ = ’
0 K, 0 AP,

with K, Ag are defined above.
The proof of this lemma is straightforward. Indeed, let

(t)
(o)
of system (6)-(7). From Theorem (1), we know that é(t)
exponentially converges to &(t).

igg = 8(t) = -L((t)), it is easy to verify
that ((t) satisfies (13).
Finally, the condition ||®(¢) — ®(C)| > A||¢ — || implies
that é (t) exponentially converges to the unknown trajectory
¢(t) of system (6)-(7).

Remark 2: Although Y(x) cannot be explicitly ex-
pressed, (g—i |#)~! can be calculated. Indeed, one can verify

% |z) only requires the knowledge
%
9z 1(&,2)"

S . ¢y 8
of ox |(11z)’ 0z |(11z)’ ox ‘(z,z) and 0z
III. NON INITIALIZED HIGH GAIN OBSERVER

= ((t) = ®71(£(t)) be an unknown trajectory

Now set

that the computation of (

In the above section, an initialized high gain observer
has been proposed. This observer works if the following
conditions hold:

i) The constraint ©(Z(0), 2(0)) = 0 is satisfied.
ii) The system is not disturbed and the measurements are
not noisy.

In order to robustify the above observer, we will propose a
non initialized observer: the state of our candidate observer
can be initialized outside the manifold M.

Using the same notations as in section 2 and considering
the extension of system (6)-(7) on the wall space R™ x R%:

(= F(Gu)=F(Q)+> uifi©Q)

j=1 (14)
y = H(() =h(z,z2)
¢ € R*xR?

The following map plays an important role in the non
initialized observer construction:

_( 2
() = ( (0 ) (15)
2'(¢) H;
where, ®(() = with ®F — : :

@7(C) L™ (H,)

n; are positive integers such that ny + ... +n, = n.

In order to design a non initialized high gain observer, we
will make the following assumption:

H1)

i) X is a diffeomorphism from a tubular neighborhood
Q. = {(2,2) € R" xR? / |lp(z, 2)|| < e} of M

ii) @ transforms the restriction of system (14) to M into
the form (8), (9) and (10).

i) |12(¢,n) — 2] = oll(¢ — ¢, —7)| for some
constant o > 0.

Remark 3: Assumption H1)-ii) has been assumed in sec-
tion 2. This means that the restriction of system (14) to the
manifold M is uniformly observable. But it doesn’t imply
in general uniform observability of system (14) restricted
of Q..

Now combining assumptions H1)-i) and H1)-ii), it follows
that ¥ transforms system (14) restricted to ). into the
following form:

él = Algl + ¢1(£a m, u)
& = AL v 1s)
no o= 0
y = [Gg Cer 1"
51

where < i ) = %(¢) with £ = ; €0 = ®I(¢) and

¢p
n = ¢(¢). The A;’s and C;’s are as in (10).
Our candidate non initialized observer for system (6)-(7)
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takes the following form:

j::

fol@,2) + > uifi(#,2)
=1

+313 (2, 2)£0K(h(@, 2) —v)
. _212(93'72)/\()0('%72)
z = —(%f |@,5)71(%‘£ |2,2)[fo(Z, 2) (17)

+321 (&, 2) Ao K (h(, 2) = y)
_222(i‘7 2)A<p(§j, 2)

where y(t) is the output measurement of system (6)-(7).

K, 0
K= such that A; + K;C; is Hurwitz,
0 K,
A} 0 0% 0
AVES . ; Ajé = ,
0 Ab 0 R
6 is a positive constant. ;1 > 0, -+, §, > 0 are as in (12)

and A is a d x d symmetric positive definite (S.P.D) matrix.
E}H(i',é) gu(iaé) _ [672 |A h)]—l
Yo1(d,2) Boo(d,2) | Oz T

As in the high gain observer theory [2], [8], [10], [9],[11],
[12], the proof of the convergence of our candidate observer
requires the following technical assumption:

H2) The nonlinear terms 7 (&, 7n,u) are assumed to be
global Lipschitz functions with respect to (£, ), namely:
For every bounded input u; for every (£,7), (£,7) belonging
to some bounded subset of R?, there exists a constant a such
that: ||W(fﬂ77 u) - ’L/)j(g?ﬁa U)H < G(H§ - g” + ||77 - ﬁ”)
Now, we can state our main result.

Theorem 2: Let u be a bounded input and assume that
hypotheses H1) and H2) hold, then system (17) becomes a
non initialized observer for system (6)-(7). More precisely,
let g > 0 be such that the following neighborhood of M
defined by Q. ={(¢(x,2))TAp(x,2) < o} is contained in
the set €. given in H1), then:
6, > 0; VO 3 0o; doq
V(£(0), 2(0)) € Q.,, we have:
[(@(t) — x(t), 2(t) — ()| < ore”72"||(2(0) — z(0), 2(0) —

Finally,

> 0; doy > 0, such that

z(0))|
The following notations will be used:
¢! ¢l
=1 ¢ €= | b =(ah) 1 (EF &), where
& é
el
e= :
ok

The proof of the theorem will be based on the following
technical lemma:
Lemma 2: Under hypotheses, H1), H2) and (12), the

following holds:

Vr>0;VYueR™,  |ul| <7 3R> 0;V0 > 1; V& VE,
we have : [|(AF) (¥ (€, 0,u) — (&, 0,u))|| < Rl|e"|
From hypothesis H1-ii)), the ith component of
(AL (F(€,0,u) — ¥ (€,0,u)) takes the form

O~ 0k (R (€ €F 0, u) — F(ER, ... €F,0,u)). Now, let
a be the Lipschitz constant of ¢ (see hypothesis H2)), it
follows that:

For 1 <3 gnk —Al, we have:

|0~k (W (€7, - &F,0,u) — 7 (EF, ... €F,0,u))| <

ab =0\ J(E — b2 4t (€ b <

av/(ef)? + ...+ (e})2

since 6 > 1.

For i = ng, we obtain: .
670 (5 (€,0, ) — O (€, 0,w)| < a0 [I€ - €)] <
af(—ndrt+max{n;d6;; 1<j<p, j#k})HeH.

From inequality (12), it follows that (—ngd; +
max{n;0;; 1<j<p, j#k}) <O0.Now taking § > 1,
this ends the proof of lemma (2).

Proof: Proof of theorem (2)

From above, we know that system (6)-(7) coincides with
the restriction of system (14) to M and that > transforms
the restriction of system (14) to M (ie system (6)-(7) into
the restriction of system (16) to the affine space n = 0).
Moreover (X) transforms system (17) into the following
form:

o

A+ (€ h, u) + AFKH(C1EY — 1)

& = AP +uP(§,0,u) + AGKP(Cpe? —yp)
o= —Aj

(18)
Consequently, to show that system (17) forms an expo-
nential observer for system (6)-(7), it suffices to show that
system (18) forms an exponential observer for system (16)
restricted to the space 1 = 0.
Let £(t) be a trajectory of system (16) in which n = 0
and é (t) its corresponding estimation following from system
(18).
Set el(t) = ((A5)TUE(K) — (1), and oI =
W€, 7, u) — 97 (€,0,u), we get:

& = 0% (Aj + K;C))ed + (A)) 1oy (19)
Since (A4; + K;C;) is Hurwitz, there exists a S.P.D. matrix
PJ which is the solution of the algebraic Lyapunov equa-

tion:

(Aj + K;C))T P! + PI(A; + K;C)) = —1,,
Set V(t) = Vi(t) + ... + Vp(t) with Vj(t) =
(e’ (t))TPiel(t) and W = ||)(t)]|?, in the sequel, we will
show that there exists 6y > 1 such that for every 6 > 6,

and every S.P.D. matrix A, the functions V(¢) and W (t)
exponentially converge to 0.

(20)
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1- For W = [|i(t)||*:
From (18), we obtain:
W = —27TA7

where A (A) denotes the smallest eigenvalue of A.
Thus,

()% < e~ [l7(0)1?

where 8 = 2\ (A).

Now let us show that V' (¢) exponentially converges to
0.

From (19) and (20), we get:

2y

Vi = 07|67 +2(e?)T P (A)) oy
< —0% e[| + 2 P77 | [|(Ag) =" oy
(22)

Now using the global Lipschitz condition of 1 (see
hypothesis H2) together with lemma (2) and inequality
(21), then the following inequalities hold for 8 > 1:

1A T18 | < [1(AY) (W7 (€, i) — 7 (€,0,))]|
H(A) T (€, 0,w) — (&, 0,u))|
< cullnll + eallel
(23)

where ¢, is a constant which doesn’t depend on 6.
Thus,

Vi < —0% || + 2¢1|| P |||e7| ]

» 24
+265]| P2 e o0

Set § = min{d;, 1 < j < p}, we obtain:

Vo< (0% 1€ 2er [P
+202Hfj||||€JH2)
< —ellell* + AlleflInll
(25)
But ||n(¢)|| exponentially converges to 0. This ends the
proof.

|

IV. CONCLUSION

Based on triangular structure, a high gain observer is
proposed for a class of multi-output uniformly observable
systems. This observer synthesis can be used to solve the
observer problem for a class of implicit systems. Two
observers are proposed. The first one is an initialized ob-
server which requires an initialisation condition (%, 2) =0
which render it non robust with respect to disturbances and
noises. The second one is a non initialized observer can be
initialized from a tubular neighborhood of the submanifold
M = {(z,2)/¢(z,2) = 0} of R x R4,

(1]

(2]

(3]
(4]
(5]

(6]

(71

(8]

(91

[10]

11]

[12]
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