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Abstract— This paper deals with the problem of system
identification and state estimation for nonlinear uncertain
stochastic systems, in the discrete-time framework. By suit-
ably extending the state space with the inclusion of the un-
known vector of parameters, the filtering and identification
problems are simultaneously solved. The algorithm here pro-
posed applies the optimal polynomial filter of a chosen degree
[ to the Carleman approximation of the same degree of the
extended nonlinear system. Simulations support theoretical
results.

Index Terms—Polynomial methods, Filtering problems, Pa-
rameter estimation, System identification.

I. INTRODUCTION

This work investigates the problem of simultaneous fil-
tering and parameters identification for nonlinear un-
certain stochastic system of the type:

z(k+1) = f(0,z(k)) +v(k),
y(k) = h(0,z(k)) +w(k),

x(0) = xo,

keZt, M)
where x(k) € IR™ is the system state, y(k) € IR? is the
measured output, § € IR™ is the vector of unknown
parameters, {v(k)} and {w(k)} are sequences of zero-
mean, auto and mutually independent random vectors,
o is a random variable, independent of both the se-
quences {v(k)} and {w(k)}. The state and output tran-
sition maps f : IR™ X IR™ +— IR"™ and h : IR™ < IR"™ — IRY
are nonlinear maps, smooth with respect to both the pa-
rameter and the state vectors.

The most popular real time algorithm for simulta-
neous state and parameter estimation is the Extended
Kalman Filter (EKF) applied to the extended system,
whose state is made of the original state and the pa-
rameter vector [4]. The diffusion of the EKF is due
to its simplicity and to the fact that in many applica-
tions it provides good estimates. The EKF applies the
optimal linear estimate to the linear approximation of
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a nonlinear system around the current estimate, and
therefore it performs well in those cases in which the
initial state estimate is good and the noises have low
variance and approximately gaussian distribution. In
such cases the state estimate remains close to the true
state and the first-order Taylor expansion around such
estimate remains a good approximation of the system
dynamics. However, in the presence of high level non
gaussian noises the state estimate deteriorates and the
first-order approximation is no more a good model for
the nonlinear system. Other estimation algorithms exist
in the literature, most of them based on clever applica-
tions of the Recursive Least Squares (see e.g. [8]). Most
works deal with the estimation problem for the class of
nonlinear systems with the transition and output maps
that are affine functions of the unknown parameters [8,
11].

The starting point of the estimation algorithm here
proposed is the same of the EKF: the original state is
extended by adding the unknown parameters as a new
component, ie. X (k) = [zT(k) HT(k:)}T Being con-
stant the parameter 6, the update equation considered
is 8(k + 1) = 6(k). Next, the Polynomial Extended
Kalman Filter (PEKF) presented in [6, 7] is adopted
for the estimation of the extended state. The PEKF
is obtained by the application of the optimal polyno-
mial filter [2, 3] to the Carleman approximation of a
nonlinear system [9]. In the stochastic discrete-time
framework the u-degree Carleman approximated system
consists of a bilinear system (linear drift/multiplicative
noise) with respect to an augmented state made up of
all the Kronecker of the original state powers up to the
degree . Defining in the same way an augmented out-
put, it turns out that this can be expressed as a linear
function of the augmented state, corrupted by multi-
plicative noise. Once the approximation is obtained,
the recursive equations of the optimal polynomial filter
of order u can be constructed with no further approxi-
mations. When p = 1 the PEKF reduces to the classical
EKF'. As in the case of the classical EKF, the PEKF is
a time-varying recursive algorithm whose performances
depend on the specific application. A better behavior
with respect to the classical EKF is expected because
a higher degree of approximation of the nonlinear sys-
tem is adopted and the optimal polynomial estimate is
implemented, instead of the linear estimate of the EKF.
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II. CARLEMAN APPROXIMATION

As previously mentioned, the unknown parameters vec-
tor # can be treated as a further state component gov-
erned by the equation §(k + 1) = 0(k), so that system
(1) becomes:

X(kJrl):fe(X(k))Jrve(k)a | ®o
y(k) = he(X(0) +wlk), T { 0 } @

where f. : R™ — IR", h, : R™ — IRY, with n, =
n + m, are such that:

fo(X) = {f(X;(,QXl)} k) = {v(k)

he(X) = h(Xs, X1).

The p-degree Carleman approximation is applied to the
extended system (2). As a first step, consider the se-
quences of the Kronecker powers X[4(k) and yl(k), for
i=1,...,pu (for a quick survey on the Kronecker alge-
bra see [3]). The update equations for these sequences
are

xX(k+1) = (fe(X(k)) +ve(k))[i]7
yk) = (he(X (k) + w(k))m

Under standard analyticity hypotheses the nonlinear
functions (f. +v.)? and (he+w)!" are approximated in
a suitable neighborhood of a given point X using Taylor
polynomials of degree p, so that the right hand terms
in (4) are replaced by:

N FSX)(X(R) - )4 - (X (k)
=0

(4)

§=0
- SN 1]
> H(X)( X)) e (X (k) - X)),
j=0 j=0
_ N (5)
with ¢; ; = ¢; (X, ve(k)) and ¥, ; = ¢, ; (X, w(k)) are
suitably defined polynomials of v.(k) and w(k), and
Vil & £l vl @ pli
Fij(X)= <Xj—!)7 H;;(X)= <Xj—,), (6)

the operator VL? )

R is defined as
Vileg=9, Vitlee=v.eVilce, (7)

with V, = [0/0x1 -+ 0/0x,]. Note that V, ® ¢ is the
standard Jacobian of the vector function ¢.

Remark 1: From a computational point of view,
the Carleman coefficients Fy; and H;; are directly
achieved from the original maps:

[J] ® f(9 x)
v[;{] ®0

® applied to a function ¢(z) : R™ —

Fij(X) = % C®)

(X2,X1)

(0,2)=

L (ol
1,j< ) ]' <VX ® ( ’x)>(0,w):(X27X1)7 ( )
with
07 for ]: Oa
V[)](] & 0= [Omxn Im}’ for j - 1’ (10)
Omxnﬁ" for j>1.

In the Appendix it is shown that all the Carleman coef-
ficients related to the powers of f. and h, can be com-
puted from Fi ; and H; ;, and therefore from (8) and
(9). °

The expansion of the powers of binomials in the sum-
mations in eq.s (5) allows to write these as polynomials
of X (k) of degree 1 [6, 7]. The substitution of the j-th
power of X (k) in the summations with a vector X} (k) of
the same dimension (recall that XVl(k) € IR™), and of
the i-th power of y(k) with a vector Y} (k) € IR?" in the
output equations, yield the equations of the Carleman
approximation of order p around X:

XE(k+1) = z £ ()X R) () + ot (),

Y (k) =Y Ol (X)X (k) + 4 (k) + wl (k)

(11)
with X/(0) = Xg’]. {u'(k)}, {~(k)} are deterministic
sequences while {v!'}, {w!'} are stochastic sequences, all

depending on X. The 2 equations (11) of the Carleman
approximation of system (2) can be put in the following
compact form

XH(k+1)
Y#(k)

= A (X) XH (k) + UM (k) + V()
= CM(X) X" (k) + T (k) + W (k);

the augmented state X*(k) € R™, n, = Y5 nl,
the augmented output Y*(k) € R%», q, = Z’;:l ¢,
the matrices A*(X), C#(X), the deterministic sequences
{U*(k)}, {T#(k)} and the augmented noises {V*(k)},
{W#(k)} easily come as the aggregate of the terms in
(11) fori=1,..., p.

(12)

According to eq.’s (A.7-8) in Appendix, the noises
V#(k) and W#(k) are bilinear functions of the aug-
mented state X*(k) and of zero-mean random vec-
tors uncorrelated with X*(k) of the type (vgl](k) -
E{vg'](k)}) and (w" (k) — E{w!™(k)}) (note that these
are white sequences). This fact allows to state that
the Carleman approximation (12) has a bilinear struc-
ture with respect to an augmented white noise sequence.
Moreover, exploiting the same arguments used in [2, 3],
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it is not difficult, though tedious, to prove that {V#(k)}
and {W#(k)} are uncorrelated sequences of zero mean
uncorrelated random vectors, and that the extended
state X*(k) is uncorrelated with W*(j) Vj and with
VH(j) for k < j (this result is a direct consequence of
the fact that the noises v(k) and w(k) in the original sys-
tem (1) are independent and white, and that the original
state (k) is independent of w(j) Vj and independent of
v(j) for k < j).

To ensure that all random vectors in (12) (X*(k),
YH(k), V*(k) and W#(k)) have finite means and co-
variances, it is necessary to assume that the noises and
the initial extended state X, have finite and available
moments up to order 2u:

B{oll(k)} = ¢ < o,

(i
E{X{'} <, BLull()} = €7 < oo,

(13)

for ¢ = 1,...,2u. It follows that a stochastic charac-
terization should be given also to the vector of param-
eters 6. A very frequent case found in the literature is
the case of interval systems [1], [10], i.e. uncertain sys-
tems where each component of the vector of unknown
parameters belongs to a known interval. In the case of
bounded intervals the uniform probability density could
be used. If no a priori bound is known for a parameter,
a normal distribution can be used for its description,
with known mean and variance.

The moments (13) are needed for the recursive com-
putation of the covariances V" (k) and UW" (k) of the
augmented noises. The mean and covariance of the aug-
mented state X#(k), also needed for the computation of
TV" (k) and ¥"W" (k), can be recursively computed using
standard formulas for bilinear systems [3]. Details on
the computation of the system matrices and sequences
involved in (11), and of the augmented noise statistics
are reported in Appendix.

III. THE FILTERING ALGORITHM

As previously mentioned the p-degree Carleman approx-
imation of a stochastic nonlinear system is a bilinear
system driven by white noise, eq.’s (12). Then the op-
timal linear filter (linear w.r.t. the augmented measure-
ments Y#) provides the optimal p-degree polynomial
filter w.r.t. the original measurements, and is obtained
without any further approximation [3]. Since the aug-
mented noises {V#(k)} and {W#(k)} are sequences of
uncorrelated random vectors, as previously discussed,
the optimal linear filter is implemented by the stan-
dard Kalman filter equations. According to the same
philosophy of the EKF, the system matrices and the
covariances needed in the Riccati equations are com-
puted using, at each step, the equations of the Carle-
man approximation around the current state estimate

and prediction, instead of X. In particular, the state
estimate is used for A*, U* and ¥V" while the state
prediction is used for C#, T* and ¥W" according to
the formulas reported in the Appendix. The estimate
X (k) and prediction X (k + 1|k) of the extended state
X (k) are achieved by selecting the first n, components
from the estimate and prediction of the augmented state
XH(k):

)?(k) = [Ine Onex(n#fne)p?#(k)v (14)
X(k+11k) = [In, Onox(ny—no)) X"k + 1|k);

the original state and parameter estimate are then si-
multaneously achieved by selecting from X (k) the first
n and the last m components:

k) =L, OpxmlX(k), 0(k)=[Omxn Im)X(k).
(15)
The steps of the PEKF are summarized below:
Polynomial Extended Kalman Filter

I) Filter initialization:

X#(0| —1) = E{X*(0)}, Pp(0) = Cov(X"(0)),
k= -1,
IT) Computation of the matrices of the p-degree ap-

proximation of the augmented output equation around
X(k+1|k) (.e. CH(k+1), Tk + 1), TV (k4 1));

ITT) Prediction of the augmented output:
Yk + 1)k)=C"(k + DX*(k + 1|k) + T*(k + 1)} (16)
IV) Computation of the Kalman gain:

K(k+1)=Pp(k + 1)C*(k + 1)T<C“(k +1)
(17)
- Pp(k+1)CHk+ DT +0"" (k + 1))T;

V) Computation of the error covariance matrix:

P(k+1)= (]nu —K(k+1)C"(k + 1)) Pp(k+1); (18)

VI) Estimation of the augmented state:

Xtk +1) = XP(k+1|k) + K(k+1)
: (w(k $1) - YRk + 1|k:)),
of )A((k; + 1) and of the estimates &(k + 1), 8(k + 1) of

the original state and of the unknown parameter with
(14) and (15);
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VII) Increment of the counter: k =k + 1;

VIII) Computation of the matrices of the p-degree ap-
proximation of the augmented state equation around

X (k) (e. A# (), U (), BV (k);
IX) Prediction of the augmented state:

X¥(k + 1) = A“(k) X (k) +U" (k) (20)
X) Computation of the one-step prediction error covari-
ance matrix:

Pp(k+1) = A*(k)P(k)A* (k)T + 0V (k);  (21)

XI) GOTO STEP II.

Remark 2: For consistency with all the developments
made in the paper, the PEKF algorithm has been here
presented in a form that is not computationally opti-
mized, in that the Kronecker powers contain redundant
components (if X € IR™ then X/ € IR™, but only
n; = (”Siifl) monomials are independent). Such re-
dundancies can be avoided through the definition of
reduced Kronecker powers, containing the independent
components of ordinary Kronecker powers [3]. .

IV. SIMULATION RESULTS

Some significative results are here reported in order to
show the effectiveness of the proposed algorithm. Con-
sider the following nonlinear system:

z1(k + )=ax1(k)+z1(k)x2(k)+0.140.01v (k).
Qfg(k‘ + 1): 15.132(]43)—&31(]6).132(]47)4—01+001U2(/{}),
y(k) = z2(k) + 0.04w(k),

(22)
with a unknown parameter and vy, vy, w zero-mean
independent white noises, obeying the following discrete
distributions:

P, (1) =06, P,(~1)=08, P,(-7)=0.3,
P, (0) =02, P,(4)=0.2, P,(3)=0.7.
P, (3) =02,

(23)

The initial state 2(0) is a Gaussian standard random
vector (zero-mean, identity covariance matrix), inde-
pendent of both the state and output noises.

a is the unknown parameter of system (22) to be
estimated. The only a priori knowledge assumed on «
is its definition interval

a € [-0.8,0.8], (24)
that guarantees stability of the system (22). In order

to develop a robust parameter estimator, such that at
each time step the estimated parameter remains inside

its definition interval, it is convenient to consider « as
a bounded function of an auxiliary variable 6:

0

0) = 0.8 ——,
O =08

RS [_9M79M] (25)

with 6y such that 6p/+/1+4 63, =~ 1. The estimation
of 6 instead of « leads to more robust filters, in that the
structure of (25) is such that whatever the estimate of
0, a(0) always remains inside its definition interval (24).
This reduces the possibility of instability of the filtering
algorithm. In the simulations presented the true value
of the parameter 0 is 4.2, while the value 8; = 10.

For the purpose of providing the filtering algorithm
with all the moments required, 6 is assumed uniformly
distributed in the interval [0y, 0]

Simulations are reported comparing the standard
first and second order EKF [5] with the quadratic (u =
2) and cubic (p = 3) version of the proposed PEKF. The
sample error variances computed in a typical simulation
over a 1000 points horizon, are the following:

EKF: 07 =915-107% 02, =175-107"
2ndEKF: o2 =1.00-107% 07 =1.76-10"3
PEKF,_»: 02 =745-10"% 02 =1.30-107°
PEKF,—3: o2 =4.75-107% 02 =4.28-10~*

In this example the quadratic and cubic PEKF perform
better than the standard EKF and its second order ver-
sion, which have a very similar behavior. In particular,
the quadratic PEKF achieves 18% and 25% reduction
of the error variance of the two state components w.r.t.
standard EKF, while the cubic PEKF achieves 48% and
75% variance reduction. Fig.’s 1 and 2 report the true
states and their estimates using the second order EKF,
the quadratic and the cubic PEKF (for the clarity of
the representation, only a window of 30 time steps is
reported).

1.5 — true state
——————— PEKF (quadratic estimate)
1.45} e PEKEF (cubic estimate)
—— second order EKF
1.4 A A

1.35

1.3

1.25

f '\wiif‘”ﬁ Y%/;/\W/ ¥l

450 455 460 465 470 475 480
Fig. 1 — True and estimated state: x.
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0.3
— true state
-- PEKF (quadratic estimate)
- PEKF (cubic estimate)
0.25H —— second order EKF

0.2

0.15}

0.11Y
450 455 460

465 470 475

Fig. 2 — True and estimated state: xs.

As for what concerns the parameter identification,
figure 3 shows the improvements of the quadratic and
cubic PEKF with respect to the 2nd order EKF over all
1.000 simulation steps.

|1.| — true state X . Y
------- PEKF (quadratic estimate) \4\
o R PEKF (cubic estimate) i
—— second order EKF w J
0 200 400 600 800 1000

Fig. 3 — True and estimated parameter 6.

V. CONCLUSIONS

The problem of simultaneous state estimation and pa-
rameter identification for a nonlinear stochastic system
has been solved by means of the Polynomial Extended
Kalman Filter [6, 7], applied to the extended state con-
taining the uncertain parameter among its components.
According to the polynomial filtering approach, by in-
creasing the order p of the filter a better behavior is
expected. Numerical simulations confirm this feature.

APPENDIX

This Appendix reports the expressions of the main
terms needed for the PEKF implementation. The
derivation of these equations takes advantage of a for-
malism that allows to expand the Kronecker powers of
a sums of v+ 1 vectors z; € IRP, i =0,1,...,v, by using

a multi-index t = {tg,t1,--- t,} € (Z+)y+1:

(&)

with a suitable definition of the matrix coefficients M} €

IRP’ %P’ [3]. The symbol |t| denotes the modulus of a
multi-index (i.e. |[t| =to+t1 4+ ---t,) while [ denotes
the Kronecker products of indexed vectors [6, 7].

Lemma A.1: The matriz A} ()?) in
puted as follows:

= Z MP lélzz[t"'],

=i =0

(A1)

(11) can be com-

DM F (MG @8, ) (L © (= X)),
7‘672“,
(A.2)
while matriz C’Z ()?) is computed as:
Z MQH Ine ® 57‘#«{»1) ( ] ® ( )[a(r)_]])7
TER“
(A.3)
with r = {ro,-~-,7‘ﬂ+1} a multi-index in (

)H+2
afr) = Y srs and Rfj = {r e (Z*)”Jr2 [r] =

i, j < a(r) < p}; the matrices F,, H, in (A.2), (A.3)

are:

~ H [7‘] - I [7’;1.+1]
F=r® = (Hedm)e [ or |7

H, = <1§[ H" ) ® Iyrutr.
(A.4)
The deterministic drifts ul', ¢ in (11) are:
ul =y MPF(X) (Xl e ), (AB)
rer,
W= MIEL(XO)(X e ), (A6
rerL,
and the random sequences {v!'}, {w!'} are:
a(r)
SN A <Xu®( rusa) _ ;ﬁl)), (A7)
reRY s=0
3 Z o7, (Xu ® (wlwri) — f%l))r (A8)

reRf, s=0

respectively, with Af (X ) defined as:

My (M2

a(r)—s,s

(In: ® (—X)[a(r)—S]) ® InZ”“)’
(A.9)
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and @ZTS(X') defined as:
MO, (M2 (g & (X0 & 1,0
(A.10)

Proof. The Carleman approximation of a generic non-
linear stochastic system has been presented in [6, 7).
Here it is reported the way to define such a derivation
for the nonlinear functions f. and h.. According to the
extended noise v, defined in (3), from [6, 7]:

Z]V[nﬁ (IZ&) —3J

reR;;
I [ru+1] ~ ]
®<{Omnm} . ?«ﬁ,.H))(fng ® (X))
(A.11)

with F,.(X) = ( v Fl X )) ®1I,7+1. By substitut-
X) in (A.11) and taking into account the Kro-
necker product properties, eq. (A.2) comes with fr()N()
as in (A.4). Analogously, eq.’s (A.5), (A.7), with (A.9),
readily come. The approximate output equation, i.e.
the terms involved in the eq.’s (A.3), (A.4), (A.6), (A.8),
(A.10), are straightforward from [6, 7]. O

The following proposition reports the expressions of
the covariance matrices UV" and ¥"" of the random
vectors V# and W* affecting the augmented system
(12). Computations, although easy to obtain, are omit-
ted for the sake of brevity.

Proposition A.2: Let ‘IJV“

ing in F,.(

(k)=E{v}' (k)v}(k)"} and

\I!E/’( ]E{wZ T}, the entries bf V" and
YW Then:
. a(r) a .
-3 Y S Ao

reRY, teERY, s=0 1=0

© St; Ny <(£t“+1+rﬂ+1 ftﬂ+1 ® §r“+1 ))) A;,l ()N()j:
(A.12)

%) ((w% (k)

ftqul ® gTLHrl))) q);l(X),I:
(A.13)
where st;i is the inverse of the stack operator, giving
matrices in IRY*P. \Iif]('(k) = B{X/'(k)X} ()"} are
the blocks of the second order moments matriz of the
augmented state, computed by the recursive equation:

a(r) alt)
HRUED DD D BB N
s=0 [=0

3 nog—
TERjOtERiU =

1 w
®Stq qJ<( Tt 4+rut

T (k+1) = ATX (k) AT + UV (k)

+ A“Z“(k)M“T + Z/{“Z“(k:)TA“T + Z/{“Z/{“T,
(A.14)

with Z*(k) = E{X"(k)} the mean value of the aug-
mented state, computed as:
ZM(k+1) = AM (k) ZH (k) + UM (k). (A.15)

The initialization of (A.14) and (A.15) are:

eX'(0)=B{x{ (X)) =t (B,

' (A.16)
= E{X([)z]} given by

[4] [i—J]
} © [O;:Lm} )(@Q ® G )

with Z"(0)

: I
2 n
> M ({O
=0

mXn
. (A.17)
where C]Q = E{mg]} and CJQ = E{Qm}.
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