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Abstract—The concept of positive invariance is central
to several problems in control theory, such as constrained
control, disturbance rejection and robustness analysis. This
paper considers two specific types of positively invariant sets,
known as the maximal output admissible set and reachable set,
determined for linear continuous-time system. In this paper, the
inner and outer approximations of both the maximal output
admissible set and reachable set are established by using the
forward Euler approximated system and the modified zero
order hold system. The main purpose is to show that there exists
the duality relation between the maximal output admissible
set and reachable set. An application of these two positively
invariant sets to characterizing the L?-induced norm of Hankel
operator is discussed.

I. INTRODUCTION

A subset of state space is said to be positively invariant
if it has the property that, if it contains the system state at
some time, then it will contain the state trajectory originating
from such state also in the future for any admissible control
function. Because of this significant property, the existence
and characterization of positively invariant sets are the funda-
mental tools in many control analysis and synthesis problems
[1], such as constrained control [2], [3], disturbance rejection
[4], robustness analysis [5], model predictive control and
switching control scheme [6] etc.

In particular, the positively invariant sets known as the
maximal output admissible set and reachable set are well-
known and extensively applied in various aspects of synthesis
and analysis for linear discrete-time systems. The maximal
output admissible set is usually defined as the largest set
of the initial state which makes resultant output trajectory
remain inside given polyhedral region consistently [2], [3]
which can be interpreted as a special case of our consider-
ations. On the other hand, the reachable set is the set of all
reachable states from the origin under the effect of unknown
but bounded exogenous inputs [7], [8].

To characterize such given constraints on state and control
variables, the °>° norm was typically employed in a number
of the previous papers [2], [3], [4], [S], [6], [7], [8], [9]. In
contrast with the other existing results, this paper considers
the maximal output admissible set and reachable set for
linear continuous-time systems and equips the constraints on
input and output signals with LP norm where p € [1,cc].
Accordingly, there are two crucial issues arising from the
transitions respectively from discrete-time to continuous-time
and from /°° norm to LP norm. The reason which makes the
construction of the positively invariant sets complicated even
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for simple systems is that there exists constraints applied to
the system variables continuously. The characterization of the
positively invariant sets for linear continuous-time system
naturally requires the intersection of an infinite number of
half spaces. Except in the case of L? norm, it is impossible
to construct the polyhedral invariant sets. Therefore, the
problem becomes how to approximate the sets appropriately.

Our previous results presented in [10] show that the
inclusion between the positively invariant sets of continuous-
time system and its forward Euler approximated discrete-
time system holds. In addition, the inclusion monotonically
holds in the case of the forward Euler approximated systems,
discretized by different sampling periods. The maximal out-
put admissible set for linear continuous-time system always
contains the maximal output admissible set of the corre-
sponding forward Euler approximated system as its subset.
The improved approximations are consistently obtainable
while the smaller sampling periods are applied. On the other
hand, the reachable set for a linear continuous-time system is
the subset of the reachable set of the corresponding forward
Euler approximated discrete-time system. The approximation
improves as long as the sampling period decreases.

The contributions of this paper are divided into three parts.
First, this paper examines the duality relation between the
maximal output admissible set and reachable set. Because the
(LP, ¢P) norm constraints those act on the control variables
are convex, the Hahn-Banach theorem [11] can be imple-
mented to derive the duality results which are necessary
in deriving other significant properties. Second, the outer
approximation of the maximal output admissible set and the
inner approximation of the reachable set for continuous-time
systems are established by utilizing the modified zero order
hold systems. Third, a characterization of the LP-induced
norm of Hankel operator based on the positively invariant
sets are proposed.

The remainder of this paper is organized as follows:
We define the positively invariant sets in consideration and
formulate the problem in Section 2. In Section 3, we review
the previous results presented in [10] and address the main
contributions of this paper in detail. Section 4 shows how
the results can be applied to the characterization of the LP-
induced norm of Hankel operator. Section 5 is devoted to the
numerical examples of the results proposed in Section 3.

Notations: Let I~ and I denote the set of negative and
positive integers. The set of positive real numbers and real
numbers are denoted by R* and R, respectively. Let | f||z»
denote the LP norm of function f € LP and ||g[¢ denote
the /P norm of function g € ¢P. Let A be a subset in R,
then int(A), cl(A) and conv(A) denote interior, closure and
convex hull of set A. Let A = {aa : a € A}, where o € R.
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II. DEFINITIONS AND PROBLEM FORMULATION

The linear continuous-time system under consideration is
expressed by the following state space equation:

.. {x(t) = Ax(t) + Bw(t),
L 2(t) = Ca(t).

The vector signals are defined as follows: w € R denotes
the exogenous input, z € R™ denotes the system state and
z € R denotes the controlled output.

We make the standing assumptions for the remainder
of the paper that ¢ is asymptotically stable. The pair
(A, B) is controllable and the pair (C,A) is observable.
For representing the system state = under the effect of an
exogenous input w and unforced output of system X°, let us
introduce operators % : LP — R", ¢ : R™ — LP as follows:

Buw = r} e Bw(€)de, (1)
0
Cx(t) = Cela. 2)

Remind that the dual system of the linear continuous-time
system ¢ can be represented as follows:

e [E(t) = ATz(t) + CTw(t),
" 2(t) = BTx(t).
The state under an exogenous input w and autonomous
output of system X°° are expressed by adjoint operators of
% and A, respectively.
Consider the forward Euler approximated system of sys-
tem X¢ with sampling period 7 > 0:
e [x(k+1) =+ 71A)2(k) + (TB)w(k),
T 2(k) = Cz(k).
We further assume that the forward Euler approximated
system is asymptotically stable i.e. |\;(I + 7A)| < 1, for
all ¢ € {1,---,n}. This implies that the sampling period
must be chosen within the following range:
—2R(\; (A
min <A2))) =:0.
ie{1,,n} [Ai(A)]

To express the state and output of system X, define the
operators A : (P — R", €5 :R" — (P, pe[l,00] as

0<7<

Bew = Y (I + 1A (rB)w(k), 3)
k=0
Cla(k) == C(I + 1A . 4

Now let us consider the modified zero order hold system of
3¢ with sampling period h > 0 expressed by the followings:
s | z(k +1) = e x(k) + E, Bw(k),

g 2(k) = Ch ' Epa(k).
where, E(h) := Sg e¢d¢. To designate the state and output

of system Y¢, define the operators 93,% : P — R”, ‘K,‘f :
R™ — (P p € [1,00] as follows:

Bjw =) "B, Bu(k), 5)
k=0
€lx(k) := Ch™ Epef 4y, (6)

Consider the dual systems of the linear discrete-time
systems ¢ and X¢ determined as follows:

se0 | {:C(k +1) =T +7AN2(k) + (tCTHw(k),
T 2(k) = B"z(k).

s { a(k +1) = e ha(k) + ELCTw(k),
b 2(k) = B'h ' ELa(k).

In fact, the above two systems are not the true dual systems of
>¢ and Zz, because the positions of the sampling parameters
7, h™1 are unaffected. However, for the purposes of this
paper we consider these systems to be the dual systems. Note
that it is possible to describe the state under exogenous input
w and unforced output of systems ¥¢° and ¥¢° by adjoint
operators of €¢, %¢, ¢! and %, respectively.

Let us consider the zero order hold of linear continuous-
time system >¢ with sampling period A > 0:

55 . z(k+1) = e"z(k) + E,Bw(k),
e z(k) = Cux(k).

It is obvious that it is possible to express the state of system
YJ; corresponding to an exogenous input w by utilizing the
operator % determined in (5). Let us define the linear
operators % : [P — R" as Biw := Blw and € : R" —
P, p€[l,00] as €a(k) := CelAly,

First, we recall the following definitions:

Definition 1 Let us consider the specified set of functions
W and the system:

Yia(t) = Acx(t)+ Bow(t), x(k+1) = Agz(k)+ Baw(k).

where, w € W. The set S is a positively invariant set of ¥
if (0) € S then x(t) = e?<tx(0) + Sé eAt=O) B aw(¢)de €
S for allw € W and all t € R". In the case of discrete-time
system, x(k) = Akz(0) + Z;:é Agﬂledw(j) € S for all
w € W and all k € I, respectively.

Now let us consider the two types of positively invariant
set known as the maximal output admissible set and reach-
able set.

A. Maximal Output Admissible Set

Consider linear systems X¢, X2, Ez and X7 with B = 0.
The set of initial state such that the corresponding output sat-
isfies given (LP,¢P) norm constraints is to be characterized
by the followings:

Definition 2 The output admissible set of system ¢ is the
set of initial states of the linear continuous-time system ¢
such that its corresponding output z satisfies the control
specification ||z|r» < 1, for fixed p € [1,00].

The maximal output admissible set is the union of all
output admissible sets. In other words, the maximal output
admissible set is the largest output admissible set and can be
expressed employing previously defined operators as follows:

Definition 3 The maximal output admissible set for linear
continuous-time system 3¢ is defined as

Mip(E°) :={z e R": |[€Cx|Lr <1}. (7
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The maximal output admissible set for discrete-time systems
¢, X7 and Ez are respectively determined by

Mo (3E) = {:17 € R™ : 77| € x| < 1} . ®
My (53) = {:17 ER" : hi €3] < 1} )
Mo (D) = {x €R™ : b7 |60z < 1}. (10)

For linear discrete-time systems, it is worth noting that
the constraints are configured by the ¢” norm of the output
multiplied by 7'/ or h'/? which are nothing but the LP-
induced norm of the hold operator.

Remark 1 The sets M1»(X°), Mw(ES), M (E5) and
M yp (ZZ) are (i) positively invariant for their corresponding
systems, (ii) closed, (iii) convex, (iv) balanced, (v) bounded,
and (vi) include the origin in their interior.

B. Reachable set

Next, we consider linear systems X¢, ¢ and %¢ with
C =0, 2(0) = 0 and unknown exogenous input w whose
(LP, ¢P) norm is limited.

Definition 4 The reachable set of systems 3¢, X2, and EZ
are defined as

RHre(X°) = {x € R" : there exists w s.t.
|wlzr <1 and 2 = Bw},
R (22) := {x € R™ : there exists w s.t.
T%Hpr <1 and x = Ziw}, (12)
Ren (E8) := {x € R™ : there exists w s.t.
h%Hpr <1and z = Blw}. (13)
Remark 2 The sets Z10(X°), Xen(X8) and R (S3) are
(i) invariant for corresponding systems, (ii) convex, (iii)

closed except 11 (3°), (iv) balanced, (v) bounded, and (vi)
include the origin in their interior.

(1D

Definition 5 The polar set of the set S C R" is defined as

S :={yeR":{(x,y) <1 for any x € S}.

The main problems are to represent the maximal output
admissible set by using the polar of reachable set and to
express the reachable set in terms of the polar of the maximal
output admissible set. Additionally, the approximations of
the sets approaching from the opposite directions of those
presented in [10] are concerned.

III. THE MAIN RESULTS

In this section, the duality relation between the maximal
output admissible set and reachable set is clarified. The
(LP?, ¢P) norm constraints those act on the control variables
are convex, he Hahn-Banach theorem [11] can be imple-
mented in deriving Theorem 1 and Remark 3. An important
result of this discovery is that if either one of the maximal
output admissible set or reachable set is constructed, the
other can be calculated through the duality results. Further-
more, the duality relations are necessary in deriving other
significant properties of the sets declared in Theorem 2 which
completes the inner and outer approximations of the afore-
mentioned positively invariant sets for linear continuous-time
system X°.

Theorem 1 The following duality relations hold.
(Z10(E2°))° = M1(E7), p € [1,00],
(M0 (X)) = ZLa(E7), p€[1,00),
(%Lm (Ec))o = Cl(e@Ll (ECO)).
where 1/p+1/q = 1.

Proof: Let us consider x € #q(X°) = {x € R" :
HBTeAT(l):erLq < 1} and y € Z1»(X°). We have that,

(@,y) = (x, Bwy = (B*z,w) < |w] | Ber | pa < 1.

Hence, .#1,4(3°) C (Zr»(X))°. Conversely, suppose that
x € (Zrr(X°))°\AM1a(X). Since A 1,.(X°°) is closed and
convex and Zp»(X) contains the origin as its interior, by
Hahn-Banach theorem, there exists d > 0 and y € Z»(X°)
such that (z,y) > d > Sup,,c_z, , (seo) (M, y). However,

{m, Bw)

sup  {m,y) =

meMraq(3°°)

sup

meMra(5°)
[w]r<1
= sup  {(F*m,w) = 1.
meMra(5°)
[w]zr<1

Therefore, there exists y € Zp»(X°) such that (z,y) > 1,
contradicting the fact that © € (Zr»(X))°. This implies
(Zrr(X9)° C Mpa(X°°). Since for any p € (1,00],
R (2°) is closed, convex and 0 € int(Zr»(X°)), then
(R (X))° = Rre(X€) = (Mpa(X°))°. After some
simple rearrangements, We can conclude that (.#;,»(3€))° =
Rra(X°), p € [1,00). Even though Z:(X°) is not
closed, it is straightforward to verify that (A~ (X¢))° =
cl(#r: (X9)). [

Remark 3 In the case of linear discrete-time system, the
duality relations are summarized as follows:

(M (X7))° = RHea(X77), (Rur(87))° = Ma (3577,
(M (55))° = Rea(B°), (Ber (B7))° = Mea(ST).

The above results can be verified in the same fashion as
described in the proof of Theorem 1. Additionally, it is
unnecessary to manipulate the case of the {* norm distinctly
because reachable sets %y (X¢) and %y (X4) are closed

inherently.

The inner and outer approximation among the maximal
output admissible sets and reachable set will be explicitly
exhibited in Theorem 2. In addition, the inclusions mono-
tonically hold in cases of discrete-time system, discretized
by different sampling periods. The improved inner and outer
approximations of the sets are consistently obtainable while
the smaller sampling period is applied.

Theorem 2 Let p € [1,00], 0 <o <711 <6, h > 0 and
N € I*. Then the inclusions

M yr (E:ﬁl) C Mr (E%) C Mrr(X°)

C /fzp (EZ/N) C «/%Ep (E%), (14)
Ryp (EZ) C %@(EZ/N) C Rrv (Ec)
C %@p(2i2) C Ryv (Ef_l). (15)
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hold. M (X5,) is an output admissible set for X%, and ¥°.
Moreover,

(| e (52)) = () Mer (55)

7>0 h>0

= Mo (3.

are satisfied. On the other hand, the reachable set %¢v (%))
is an invariant set for systems X7, and ¥°. Furthermore,

Cl(U %ZT—'( ﬂ%ﬂ? L@Lp( )a pe (1500]7
h>0 >0

(| 20 (29)) = () Zer (52) = cl(Z11 (5°)).
h>0 7>0

are satisfied.

Proof: As previously assumed in this paper, let sam-
pling periods satisfy 0 < 7o < 73 < 6. For convenience, let
us define the ratio of 75 and 71 as r := 12 /7 € (0, 1]. Since
1 + 1A can be expressed as

(1= +7r(I+7A). (16)

When r = 1, it is obvious that ./ (X5 ) C Mw(XS,)
holds. It was shown in [10] that for fixed p € [1, 00) and for
any z € R™ and r € (0, 1) the next inequality holds.

I+TQA=

CI+T2Ak$pT2
2O + )]

k=0
ook L
< Z Z < > (1—r)kipd ‘C(I + TlA)j:r’p rT1
k=0j=0 \J
= Z |C(I+T1A)kl'|p7'1.
k=0
Thus, we can conclude that 7'2/pH CLxller < Tll/pHCgfleng

holds. In the case of p = oo, it is also easy to show
that €5, x|le~ < |€F 2| s. Because we can take sampling
period 7 > 0 arbitrarily small, for p € [1,0], the rela-
tions |€x|p» < 7P| € x||er are inherited. Next, the outer
approximation of .#7»(X¢) will be considered. For fixed
p € [1,00) and any N € I'", the next inequality is satisfied.

Nh
—1 (J 8A£d€> ekANhZC
0

N-1 h p
C ejAhf eA£d§ oRANh .

p

p

oo

= (NR)'™? )
k=0
<

h
Cht ( f Afdg) F Ay
Hence, hEH%ﬁIngp < (h/N) ’H /N:ngp is verified. It is
possible to show that |€/lz|p < |72 InT[ese is satisfied.
As a result, for any p € [1, oo] the inclusions (14) hold. Due
to (16), if a state & € ///gp( . ) then for any sampling period
Tosuchthat) < 75 < 11 < 9 (I+12A)§ € Mew (XS, ) holds.
This implies .#;»(X¢,) is the positively invariant set for
systems X2 and %¢. Now we will show that if the sampling
period decreases, the approximated set converges to the max-
imal output admissible set of continuous-time system, i.e.

MU, oo M0 (22)) = Npoo e (38) = M0 (5°). Since
My (E°), M (22) are closed, for any 7 > 0, we have that
Mp(XE) C Mpp(X°). This implies cl(lU, .o e (3S)) C
Mrr(X°). To prove Mr»(X°) C l(U,wg Aer(E )) the
facts lim, o7/ € 2w = |€x|rr and A1»(2¢) =
cl({z € R"||€x|r < 1}) are employed. In cases of the
outer approximation, for each h > 0, .#1»(%¢) C ///gp (z4)
is satisfied. Therefore, .Z1»(X°) C (oo Aer (X )is de-
rived. In order to prove the 1nclu51on MNh=o .///gp( 4 c
M1 (5°), the following three facts are required. For any
h > 0, it can be shown that h'/?|%dz|w < |€z|L» and
limy, 0 h'/?| € x| » = |€x| 1> and there exists h > 0 such
that hl/pH‘to”dangp > 1 if |€x|rr > 1. These facts lead to
the desired results. Next, let us prove the inclusions (15).
By combining the inclusions among the maximal output ad-
missible set and the property of polar set that S; C So then,
S5 C 57, we can observe thatif 0 < 75 <7 <60, h > 0 and
N € I, the inclusions (A (28))° C (Mow (EZ/N))O C
(Mo () C (M (X5,))° C (Mew(X5,))° are immedi-
ately derived. Finally, when we consider the results presented
in Theorem 1 and Remark 3, % (X¢) C @gp(EZ/N) C
Rrp(X°) C Zw(X5,) C Zew(25), p € (1,00] are
satisfied. While p = 1, it is immediate that %y (X¢) C
K (EZ/N) C Ci(%Li (EC)) C Zpn (276'2) C Zpn (Ef_l) holds.
By concerning the above inclusions, the fact %1 (X¢) C
%@1( h/N) C %Ll (Ec) - %@1 (276.2) - e@gl (276.1) is
quite straightforward to understand. From the inclusions
(15), it is trivial that Z»(X¢ ) is an invariant set for
systems ¢ and X7 . Next, the convergent property of
the reachable set when sampling period is decreased will
be examined. It can be shown that for any set A, C
R", (Ur=0A,)° = N;=0A2. By using this fact together
with Cl(UT>0%gp (276.)) = %Lp (Ec), ﬂ7>0%gp (276.) =
Rre(2°), p € (1,00] and N;=0Zp (X2) = cl(Z1(29))
follow. Next, consider a closed, convex set containing the
origin as its interior A, C R", it can be shown that
(Nh=04p)" = cl(conv(Up=0A3)). By applying Theorem 1,
Remark 3, Zp(X8) C %uw (S Z/N) and Npo e (B9) =
M (X°), cl(Uh>0%gp(Ed)) R (), pe (1,00] and
AUpoo Zer (28)) = cl(Z11(2€)) can be ascertained. W

Remark 4 The outer approximations of #12(X°) and
Mpo(X°) can also be represented by Mp(35) and
Mo (33). Let 0 < hy < hg. Then
///gz(th) - .///gz( 22) - ///Lz(EC),
M (X)) C Mo ( Z/N) C Mi=(%;), Nel".
IV. THE CHARACTERIZATION OF THE LP-INDUCED NORM
OF HANKEL OPERATOR

Let G(s) = C(sI — A)™'B be the transfer function of
a strictly proper stable linear continuous-time system. Then

Hankel operator H : LP(—o0,0] — LP[0,0), p € [1, 0] is
represented by the following:
0
Huw(t) := Ce™t e~ Bw(€)de. (17)

— 00

For the sake of brevity, let us denote LP(—o0,0] and
LP[0, 00) by L” and L%, respectively. The LP-induced norm
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of Hankel operator is defined as

[Huwl s

|H|p := sup (18)

weL? HwHL’;

Next, consider the linear discrete time-invariant systems
e, Ez Hankel operators with relation to the above systems
HE: (P — (% He: (" — (% are defined as follows:

0
=C(I + 1A Z (I +71A)(rB

j=—oo

Jw(j),

)ekAn ZO: e TAME(h) Bw(j).

Jj=—0o0

where ¢” and (% are shorthand notations for ¢7(I~ U {0})
and (P(IT U {0}), respectively. Similarly, their ¢P-induced
norms are defined as follows:

HwaHzi

[wlle

Theorem 3 The following equations hold.

Hiw(k) := Ch ™ E(h

| Hiwller
s HHillp o= sup ———"-

| HZp := sup
weLP wel?

[wller

|H|lp, = inf{a : Zpp(X°) C ()}, (19)
|HE|, = inf{a: R (24) C atlew (L)}, (20)
[HE||, = inf{a: Zen(35) C ol (25)}. 1)

Proof: By the definition, it is obvious that |H |, < «
for all > 0 such that Zp»(2°) C a»(X°). In the
converse direction, for all £ > 0, there exists w € L such
that HHwHLi/HwHin > inf{a: Zre(X°) C ol (X°)} —
g, since Z1»(X°) is a reachable set. The linear discrete-time
cases can be proved in the same manner. [ ]

Remark 5 The following equations can be derived from
Theorem 1 and Theorem 3.

|H]p = inffo: o7 (A1o(3%))° C (ZL0 ()%}
=inf{a: Zr.«(X°) C adlr«(2°)}
= [ H*[ a-
where H* : LY — L% is the adjoint operator of Hankel

operator H and can be expressed by
0
H*2(t) = BTeAth e_ATECTz(ﬁ)df ; te(0,00).

This shows that we can represent the LP-induced norm of

Hankel operator |H |, in terms of Zr,«(X°°) and A 1,4 ().

Remark 6 By utilizing Theorem 3 and simple statement that
if A1y C Ay and By C By then of < «f holds, where
a? :=inf{a: B; C aA;}, we can prove that the following
inequalities are satisfied for fixed p € [1, 00].

2
|H3 ], < |Hlp < [HZ, Ip < [H7, llp-

These magnitude relations of the induced norms still hold,
even when exogenous inputs w and controlled outputs z are
taken from different L spaces. This follows from the fact that
the inclusions with relation to the maximal output admissible
set and the inclusions with relation to the reachable set hold
individually for any p € [1, o0].

| H5 nllp <

V. NUMERICAL EXAMPLES

Consider the following data to illustrate the inclusions
between the maximal output admissible sets. The compu-
tational results are given in Fig.1, Fig.2 and Fig.3.

a-|-

In Fig.1, Hankel singular value was utilized to construct
the polyhedral set that achieves the ¢! norm constraint [12].
In this set, when we construct a positively invariant set for
system X¢ by a standard algorithm proposed in [3], the
inner approximation of sets .41 (X¢), .#11(X°) which is
an output admissible set for systems X2 and X¢ can be
constructed. Even though the outer approximation is quite
difficult to construct directly, according to Theorem 2 and
Remark 3, the outer approximation can be obtained by
calculating the inner approximation of % (X¢°) using the
algorithm proposed in [9]. Then we can compute the polar of
Ko (X4°) to derive the outer approximation of .1 (%°).

It is well-known that we can employ the observabil-
ity grammian of the corresponding systems to construct
Mp2(36), Mp2(32) and M2 (24) shown in Fig.2.

Fig.3 is obtained by applying the algorithm introduced in
[3]. The detail that should be emphasized is that there are two
methods to construct the outer approximation from Theorem
2 and Remark 4. Experimentally, .#~(335) converges to
M1, (3¢) more rapidly than .#Zp=(3¢).

The following parameters are given for verifying that the
inclusions between the reachable sets presented in Section 3
hold. The results are shown in Fig.4, Fig.5, and Fig.6.

s [— —0.0479]  B- [0.3710].

—0.5598 0.2749

In general, it is quite hard to construct the reachable
set with relation to (L',¢') norm directly. According to
Theorem 1, Theorem 2, Remark 3 and Remark 4, we can
still derive the reachable set from computing the polar sets
of the sets .y (X3°) := {:v eR™: HBTeATh(')ngoo < 1},
M yos (Edo) and .- (X5°). Hence, the inner approximations
R (S, (My(35°))° of Zp1(5°) and the outer approx-
imation %1 (3¢) of Z11(X¢) are computable as in Fig.4.

The controllability grammian was employed to exhibit
Rr12(2°), Rp2(X¢) and Zy2(S4) in Fig.5.

By applying the algorithm proposed in [7], we can obtain
the inner approximation of % (X¢) which is also the
inner approximation of %~ (X¢), and the outer approxi-
mation of %y~ (X¢) which is the outer approximation of
A1 (2°) as shown in Fig.6. It is worth noting that the
outer approximation % (X°) which is an invariant set for
linear continuous-time system ¢ can be also effectively
constructed by calculating the polar set of ., (X5°).

The legends of the figures are given in the following
format. The first element denotes the system in consideration.
The second parameter determines the sampling period used
in discrete-time systems. The third argument, if it exists,
prescribes whether the inner (i) or the outer approximation
(o) of the sets characterized by the first two parameters is
represented.

1.3602
1.6656

0.1253

_0'6390], C=[1 3. @

0.3721

0.3878 (23)
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Fig.6: The inner and outer approximations of % (%)

VI. CONCLUSIONS

This paper has considered the maximal admissible set
and reachable set for linear continuous-time system. We
show that the inner and outer approximations are obtained
by employing the forward Euler approximated discrete-time
system and the modified zero order hold system. The inclu-
sions between the positively invariant sets of the continuous-
time system and the positively invariant sets of the discrete-
time systems hold. The approximated sets approach to the
positively invariant set of continuous-time system monotoni-
cally within arbitrary accuracy. The duality relations between

the

maximal output admissible set and reachable set for

each system are verified. This duality results provide us an
alternative computational method for the construction of the
positively invariant sets. Furthermore, the duality relations
are necessary in deriving other significant results. Finally, it
was prescribed that the LP-induced norm of Hankel operator
is the smallest scaling parameter such that the reachable set
is contained in the scaled maximal output admissible set.
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