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I. INTRODUCTION

The model matching problem for discrete systems,
has been the subject of work for many scientists, the last
years. In the linear case the problem is well understood
[1]. The nonlinear case is still under research and many
papers have been written towards this direction, see for
instance [2],[3],[4],[6],[11] to mention but a few. In this
paper we study the model matching problem (mmp), for
nonlinear discrete systems of the form:

y(t) + Y ay(t—i) + > aiy(t — i)yt —j) + -
+3 iyt — i) oyt — i) =
= biu(t—i)+ Y biju(t —i)u(t — j)+
e Y biy gt — i) u(t—dn) (D)

These systems arise when we transform nonlinear sys-
tems from the state-space to an input - output form
[8], and can be applied in certain nonlinear adaptive
control problems [7]. The present approach is along
the path of an old research of the author, presenting
in [6], and concerning nonlinear discrete systems with
linear input. The novelty of the current work is that we
introduce an algorithm, relied on symbolic computation
methods, which can provide us with a class of causal
feedback-laws solving the mmp for the systems (1),
where the input is involved nonlinearly. This algorithm
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is based on a special division operation, with respect
to the notions of the d-operator and the star-product.
Specifically, we first factorize the input and the output
parts of the original nonlinear system, so that to ’dig up”
the linear systems, they contain and finally we tranform
the mmp of the original nonlinear system to a mmp for
those linear systems. The whole methodology is analog
to the Ritt’s method for solving polynomial differential
equations and to the algorithms of Computational Al-
gebra for obtaining Grobner bases. A proper software,
by means of the MATHEMATICA package is already
available. An extension of this method, devoted to to
nonlinear discrete systems with products among input
and output sequences is now under revision,[5].

II. THE ALGEBRAIC BACKGROUND

Let k£ be a positive integer. A subset of the set
Uk_,Z™ is called a set of indices and it is denoted
by I. A set of indices may be finite or not. We
denote the elements of I by i = (i1,42,...,0y).
A set I of indices may be ordered in a lexico-
graphical way as follows. Let i = (i1,i2,...,0,)
be an index, i.e. a vector with positive integers
as elements. We define o3, = max{i1,i3,...,in},
Oin—1 = max{{il,ig, ey Zn} — {Ui,n}}v - Oin—k =
max{{i1,d2,...,in} — {Gi,7L7 Oin—1y---» Ui,n—(k—l)}}
, k = 1,...,n — 1. We say now that the index
i = (i1,42,...,0,) is 7less” than the index j =
(J1,725---,7s), and we write i < j iff, either n < ¢
or n = ¢ and 0y, < 0jm,, for some positive integer
m,1 <m <n.Lety(t) be a real sequence. Let i be an
integer. We define the d; operator as the i-shift 6; : F —
F, 0i{y(t)} = {y(w —i)}. The operator J; : F — F,
i = (i1,%2,...,%y) an index, is defined as &;{y(¢)} =
61’161'251’3 ce 5im{y(t>} = y(t—’il)y(t—lﬁ) tee y(t—im).
By convention we define §.{y(t)} = {1}. The set of J-
operators is denoted by A. Given d;, 6; € A we define
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their sum as {d&; + 05 }y(t) = diy(t) + dy(t). We define
an order among J-operators as follows d; < dj iff i < j.
For the further development of our theory we need the
notion of §-polynomials. These are expressions of the
form A =, ; a;d;, I a finite set of indices. Usually we
write them as follows A = a;,d;, +ai, 6i, +- - - +ai_ di,,
where the indices have been arranged in an increasing
order ip < i; < --- < iz. The term J;,, where i is
the “largest” index, is called the leading term of A,
whilst the term d;, is called the minimum term. By
deg(A) we mean the size of the largest index of A.
It is called degree of the J-polynomial A. By d(A)
we denote the smallest component of the indices i,
appeared in A. If the indices in the above expression
are simple integers then we get the linear J-polynomial.
In other words A is linear if A =}, ;- a;d;. The
algorithms presented in this paper are mainly based
on the operation of the star-product. The star-product
among a d-operator d; and a d-polynomiaf A, is defined
as follows: d; % A = 0;, 04, - -+ 05, *x A=A, A, -+ Ay,
where by A;, we mean A;, = >, ;aidyq, . itip =
(i1 41k, i2+1ik, . .., in+1ix). Variants of the star-product
and its extensions, as well as some interest formulas,
can be found in [6],[9]. There, we explained that the
star-product is the substitution of one polynomial into
another, actually (A*xB)y(t) = (AoB)y(t) = A(By(t))
where the J-polynomials A and B are considered as
functions, mapping sequences to sequences. We also
indicate that the set (A, *,+) is NOT a ring.

III. THE FORMAL 0 L-FACTORIZATION

We say that a given d-polynomial A has a Formal
0 L-Factorization, if it can be written in the form: A =
>0 _o ek(wij)di, * Ly + R, where ¢ (w;;) are functions
of the undetermined parameters w;;, L and R are linear
and nonlinear §-polynomials correspondingly, with some
of their coefficients being functions of the undetermined
parameters w;; as well. Furthermore, the §-polynomial
R, which is called the remainder, must contain only
zero terms, i.e. terms of the form d0¢d;, ...d;,, where
some of the indices i1,...,74, or all of them, may be
equal to zero. The Formal §L-Factorization of a given
polynomial A is denoted by Formal[A]. The following
algorithm describes a procedure for finding a formal
0L-Analysis. It is along the path of Ritt’s remainder
algorithm [3] and it is based on a kind of division with
respect to the star-product [9].

The F'¢L-Algorithm.

Input: A nonlinear §-polynomial A.

Initial Condctions: The index j = 0.

DO
STEP 1: Let S = ¢;0; = Ci5i15iz 5% be
the maximum non zero term of A, and ¢

its coefficient. (In the first iteration of the
algorithm ¢; is always a real number, after
that it becomes a function of the unknown
variables w;;.)

STEP 2: We set j = j + 1 and m = d(S5),
i.e. the smallest component of i.

STEP 3: We form the linear é-polynomial

Lj = ’LUQj(SO + ’LU1j51 + w2j52 4+ -+

where wo;, wi;, ... are unknown variayles
taking values in C.
STEP 4: We calculate the quantity:

Rj =A- Ci(silfm(;h,m e (Sin,y * Lj

=A- ci6ij * Lj

Step 5: We replace the polynomial A with
the polynomial R;.
UNTIL All the terms of A become zero terms.
The Remainder: We rename the last value of A as
R and we call it the remainder.
Output: The quantities ¢;, , i, Lx, R, k=1,...,9.

Theorem 3.1: [10] The F§L-Algorithm terminates

after a fynite number of steps. If ¢, , d;,, Lk, R are the
its outputs, then A = Y7_, ¢;, 5, * Ly, + R is a formal
0 L-Factorization of the given polynomial A.
Let A be a given nonlinear §-polynomial. As we men-
tioned before, the remainder R, obtained in the Formal
Factorization, contains only zero terms. This means that
we can factorize R as follows R = 68 . R, 0 a positive
integer. If R is not a linear d-polynomial then we can
repeat the procedure, working with R instead of A
and so on. The whole method is called the Successive
Formal Factorization of A and it is described in details
via the following algorithm. The result is denoted by
S — Formal[A].

The SF¢§L-Algorithm.

Input: A nonlinear §-polynomial A.
Initial Conditions: We set s = 1 and we rename A
as RO = A.

STEP 1: We decompose Rs~1) as follows:
~(s— ~(s—1 ~(s—1

where R*~" R"*~Y are the linear and the

nonlinear parts of R(*~1) correspondingly.
STEP 2: Using the F'§L-Algorithm we ana-
lyze RS as follows:

s
Rislfl) — ch(cs)(w(;))élié) % L](:) n R(S)
k=1
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STEP 3: We find the maximum positive
integer 6, such that

R — 50 . R

and R is a §-polynomial not containing a
constant term.

STEP 4: IF R is linear THEN go to the
output ELSE put A = R®), s = s + 1 and
go to the STEP 1.

Output: Give as output the set of §-linear polynomi-
als: £ = {Rl(f),L,(cf)} and the quantities c,(cf), 85
p

50, f=1,2,3,...,sandk=1,2,...,g5.
Theorem 3.2: The above algorithm terminates after a
finite number of steps. Furthermore,

g1

S — Formal[A] = E c,(:)(wg))éi(l) * L,(cl)-i-
k
k=1

g2
50 (B + 3 o (i )se « L+
k=1 )

85 (R® 4460 - R ..

Proof: We can easily see that the F'd L-Algorithm guar-
antees that deg(R) < deg(A). We also know that the
remainder R contains only zero terms. This means that
the operation R = (58 - R has always meaning and
furthermore deg(R) < deg(R) < deg(A). This nesting
implies the termination of the algorithm. The formula is
proved through direct substitution. e

The set L, consisting from formal linear J-
polynomials of the form goo(wl(;), wg), N wg))éo +
T wk(wg;), wg), S ,wg))ék is called the set of the
Formal Linear Factors of A. Let A be a §-polynomial
and Formal[A], its formal oL-Factorization. If the
undetermined parameters w;; take values according
to a set of substitution rules N, we say that the
Formal[A] is evaluated over the set N and we write:

Formal[A] |N. Specifically, let W = {w;;,i =
0,...,7, j =1,...,6} be a set of parameters. We
say that these parameters follow the rule ” r ”, and
we write W = r, if the following substitutions are valid
{wijzaij,aijER,i:O,...,r, j:l,...,@}.Let
N be a set of rules, i.e., N = {ry,ra,...,r\} then

A9
Formal[A] |N = U {Z ck(wij)ds, * Ly + R,

o=1 k=1
with, W =r,}
The S — Formal[A] |,, is defined in a
similar way. For the set L | y Wwe have to

be more careful,
formal  polynomials.

Ur_ {{L1, La,. .., Ly},

since L consists from many
Practically: L ‘ N =
with, W =r,}

IV. THE MODEL-MATCHING PROBLEM

We consider a causal nonlinear discrete systems of
the form (1) or, using d-operators, Ay(t) = Bul(t),
where A, B are nonlinear J-polynomials. We want to
find a feedback relation of the form u(t) = Sy(t), S
a linear d-polynomial, so that if we feed it back to the
original system to get an output similar with that of a
given desired linear system, described by the equation
Aqy*(t) = 0, Ay a linear §-polynomial. The following
algorithm solves the problem completely

The MM-Algorithm
Input: The §-polynomials A, B and A,.

STEP 1: We decompose the §-polynomials
A and B into their linear and nonlinear
parts: A= A+ A, B= B, + By;.

STEP 2: We form the following sets:

o L, the set of the Formal Linear Factors
of the polynomial A,,; with parameters

. Mj, the set of the Formal Linear Fac-
tors of the polynomial B,,; with param-
eters w;;.

o The setof rules: LV = {w;; = a;; € R
such that ged(L, Agq, A1) # do}-

o The set of rules: MV = {w;; = b;; €
R such that ged(L£, M, Ay) # 6o and
ng(‘C7 Ma Ad7 Bl)|Al}

IF MV # § THEN S = Sy + Q « @
,where @ an arbitrary linear ¢-polynomial.

® belongs to the set {& : & =
ng(Ll,LQ,...7Lk,M1,M2,...,Mp,Ad)
with {Ly,Ls,..., Ly} € L], and

{My, My, M} € M |, .} and Ry, So
is a pair of solutions of the Diophantine
equation:

Rx®+S*xB = A

ELSE IF LV # () THEN Put S = Q x 9,
® € ged(L|Lv, Ad, A1), Q arbitrary.

ELSE No solution exists

OUTPUT: The quantity S.

Theorem 4.1: Let us suppose that we have the non-
linear discrete system Ay(t) = DBu(t), 4, B ¢-
polynomials. Let Ayy(t) = 0 be a desired linear sys-
tem, where A, a linear d-polynomial, such that either
ged(Ag, A;) # 0o or ged(Ag, Bi)|A;. Let S be the
output of the M M-Algorithm. If we feed it back to the
original system we obtain a closed-loop system, which
has the same output with the desired linear system, under
the same initial conditions.

6605



Proof: (Outline) We work with the system (1), written
it in a §-expression. Following the MM-Algorithm step
by step, we get the successive Formal Factorizations of
the nonlinear parts of A and B. Let us further suppose
that the relation u(t) = Sy(t) is fed back to the system.
After some simple manipulations we get the following
difference equation with respect to y(t):

91

(A — By =« S)y(t) + Z cg)(w%))éi(n * L](Cl)—i—
k

k=1
W) = @) () @)
0
St (L + ch (wij )5i§f) * L7 4
k=1
3 (LD + -+ 0 L)) (1)

)8, o * MO S+ (68 % 8) - (MY S

Zc
+ZC(2) (2) 1 )*Mé2)*5+(582*S)'(MZ(Q)*S—’_

(88 % S) M R S)) )yt =0 (@)

It is obvious that any common solution of the following
system of linear equations: {(A; — B; * S)y(¢)

0, LY y(t) = 0, L(Q”ly(t) — 0,...,Ll(11)y(t) -0,
SLEy) = 0, MY s« Sy(t) = 0, M5 « Sy(t) =
0, ..., MY % Sy(t) = 0,....,M" = Sy(t) = 0,

Agy(t) = 0} is the desired output of the closed-loop
system. We must find values of the polynomial S which
achieve that. Let us now suppose that MV # (). This
means that we can find at least one set of values,
for the parameters w;;, W;;, such that the polynomials
Li,Ly,...,Ly, My, M>,...,M, and A; have a com-
mon fbctor, named ®. The Diophantine equation and
the assumptions imply that this & is a factor of the
polynomial A;— B;*S too, and thus S = Sy+Q*® is the
value of S upon request. The conditions MV = () and
LV # () mean that we can find values of the parameters
such that the polynomials Lq, Lo, ..., Ly, Ag, A; have
a common factor, named ®, but not the polynomials
Li,Ly,...,Ly, My,Ms,...,M,, A;. In this case, the
choice S = @ * ® plus the fact that Ay = T x &
for some 7T, guarantees that ® appears in any term of
the equation (2) and thus the output of the closed-loop
system coincides with the output of the desired system.
Causality is guaranteed by the choice of a proper Q. The
theorem has been proved.

V. EXAMPLE

Let us suppose that we have the nonlinear discrete
system: y(t)— 2y(t 1)—35y°(t-1) +16y(t Dy(t—2)—
13y7(8=2) —goy(t—1)y(t —=3) +55y(t—2)y(t=3) =
u(t —1) = 2u(t — 2)+ u?(t — 1) —u(t — Du(t — 2) +
Lu?(t — 2). We want to feed it back linearly with a
proper input, so that the resulting closed-loop system
will give the same out ut with the desired linear system
Ya(t) = 2ya(t—2) — Lya(t—2)+ya(t—3). By using the
d-language the nonlinear system takes the form Ay(t) =
Bu(t), where A and B are the nonlinear J- polynomiass
A= 5()*251*352 295105 —365— 206103+ 26203,
B = 6§, — 20, —|—6 5162 + 52 The desired system
has the form Ady( ) =0, where Ayg is the linear 4-
polynomial: Ay = 50—2614—%(52—63 and the feedback-
law upon request is written as u(t) = Sy(t), where S a
linear J-polynomial to be determined. We shall follow
the MM-Algorithm, step by step. We first factorize the
desired polynomial A, as follows: Aq = (6o — 761 +
282)* (00— 751) Then, by means of the 6 F'L- Algorlthm
we get a formal 0 L-Factorizajion of the nonlinear part
of the §-polynomial A:

2
An = 6746051 % (Ado + Bdo + d2)+

-10—- B
+T5052 * (I'do + 1)+

-10-B
+%7465 % (Ado + Eb1 + 82)+

+E38061 * (Z80 + 61) + X5 % (Jdo + 61) + o - R

(for the shake of the appearance of the paper, we
do not write the quantities =,Y or R explicitly. The
R, for instance, has more than 50 terms), where
A,B,T',A, E, Z,J undetermined parameters and g - R
the remainder, factorized by the common factor J,y. For
the B,,; we have

2

Formal[Bni] = (%0 * (X0 + Y1+ 02)+

( 1- 7) 8061 % (Z80 + 61)+

y? YZ
+(1—4+Z+> 56 % (Wéo + 61)+
X YZ
(*5 +Z+ 7) do02+
X? Yiw? YZW?
+<—4 R e e e e

XY YZ
+ <2+Z2+22W+

V2w

—2ZW — XZW) 8081 + 0o - R

We can check that for the set of values A = 16, B =
-10,X=1Y=1,Z=1,W =1 we have MV #
and & = 6y — l51 Thus, a class of the feedback laws
upon request is S = 2051—62*(50—751) @ an arbitrary
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liner polynomial. We got the quantity 23—061 by solving
the Diophantine equation Rx(8o—£61)+S*(61—352) =
09 —247. Obviously this is not the only set of values for
the feedback S. Any different choice of values for the
parameters we lead to another set.

[1]
[2]
[3]

[4]

[5]

[6]

[8]
[9]

[10]

(11]

REFERENCES

»

K.J.Astrom-B.Wittenmark: “Computer Controlled Systems ” ,
Prentice Hall, 1984.

Jacob Hammer: “Stabilization of non-linear systems”
Int.J.Control, 1986 Vol 44 No 5 ,1349 - 1381.

S.T.Glad: ”Nonlinear regulators and Ritt’s remainder algorithm.”
In Colloque International Sur L’Analyse des Systemes Dy-
namiques Controles, 1990.

S.Kotsios: ” A New Factorization of Special Nonlinear Discrete
Systems and its Applications.” IEEE Trans. on Autom. Control,
Vol 45, No 1, pp 24-33, (2000).

S.Kotsios: ” A Special Factorization of Nonlinear Discrete Input
- Output Systems, The Model Matching Problems and Other
Applications.” IEEE Trans. on Autom. Control, under reviewing.
St.Kotsios and N.Kalouptsidis (1993). "The model matching
problem for a certain class of nonlinear systems”.Int.J.Control,
Vol.57, NO. 4,881- 919.

G.Goodwin-Kwai Sang Sin: ”Adaptive Filtering Prediction and
Control” , Prentice Hall, 1984.

Rugh J. W. (1981). ”Non-linear system theory.” The John Hop-
kins University Press, Baltimore.

St.Kotsios. (2000) ” An Application of Ritt’s Remainder Algo-
rithm to Discrete Polynomial Control Systems”. IMA Journal of
Mathematical Control and Information, 18, 19-29, (2001).
S.Kotsios, (2002) ”On Detecting Solutions of Polynomial Non-
linear Difference Equations” Journal of Difference Equations
and Applications Vol. 8 (6), pp. 551-571.

Di Benedetto M.D., A.Isidori (1986): ” The Matching of Non-
linear Models via Dynamic State Feedback.” SIAM J. Contr.
Optimiz. 24, pp 1063-1075.

6607



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




