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Abstract— We introduce two classes of well-posed linear time-
varying (LTV) systems. Each of these can be constructed easily,
starting from a time-invariant scattering-passive system, by
introducing a time-dependent inner product on the state space
and modifying some of the generating operators. These classes
of LTV systems are motivated by physical examples, such as
an electromagnetic field around a moving object. To prove
the well-posedness of these LTV systems, we use the Lax-
Phillips semigroup induced by a well-posed linear system, as
in scattering theory. We modify this semigroup to obtain a
Lax-Phillips type evolution family.

I. Introduction

The concept of a time-varying well-posed linear systems
has emerged over the years as researchers studied partial
differential equations with time-dependent coefficients and
then abstracted certain properties. In the absence of inputs
and outputs, we have the theory of evolution families,
which is the natural generalization of the theory of strongly
continuous semigroups. The relevant generation results have
been developed by Kato [8], [9], but until today, this theory
is much less complete than the theory of strongly continuous
semigroups (see, for example, Fattorini [5], Tanabe [18] and
the survey by Schnaubelt [14]).

Various classes of time-varying systems with inputs and
outputs have been introduced by Acquistapace and Terreni
[1], Curtain and Pritchard [3], Hinrichsen and Pritchard [6],
Jacob [7], and Schnaubelt [13]. The most general definition
is the one in [13], whose definition of a time-varying well-
posed system mimicks the abstract definition of a (time-
invariant) well-posed linear system from Weiss [19] (which
is equivalent to the differently looking earlier definition
in Salamon [12]). Unfortunately, for such systems, there
is no complete representation theory available (unlike for
time-invariant well-posed systems). It is difficult to verify
that a given system of linear equations defines a time-
varying well-posed system, and for this reason it is also
difficult to construct non-trivial examples of such systems.
The difficulties arise when we have unbounded control or
observation operators and the evolution family is not of

parabolic type.
In this paper we want to introduce two classes of time-

varying well-posed linear systems. Each such system is
constructed using a scattering passive time-invariant system
and a family of time-dependent inner products on the state
space. To state our main results, we need to recall some ter-
minology and results concerning well-posed linear systems
from Staffans and Weiss [17] and from [19] (see also Staffans
[16]). We assume that the reader knows the definition of this
class of systems.

Let Σ be a well-posed linear system. This implies that Σ
can be described by

ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t).
(1.1)

Here u(·) is the input function, x(t) is the state at time t and
y(·) is the output function. We have u(t) ∈ U , x(t) ∈ X
and y(t) ∈ Y , where the Hilbert spaces U, X and Y are
called the input space, the state space and the output space,
respectively. The operator A : D(A)→X is the generator of
a strongly continuous semigroup on X , and it determines two
new Hilbert spaces as follows: X1 is D(A) with the norm
‖x‖1 = ‖(βI−A)x‖ where β ∈ ρ(A). The space X−1 is the
completion of X with respect to the norm ‖(βI − A)−1x‖.
We have B ∈ L(U, X−1) and C ∈ L(X1, Y ). We denote
Z = D(A)+ (βI −A)−1BU , and C is a bounded extension
of C to Z . Finally, D ∈ L(U, Y ). For details about this
representation we refer to [17, Section 3]. Take τ ≥ 0. The
equations (1.1) have classical solutions for t ∈ [0, τ ] if

Pτu ∈ H1(0, τ ; U) , Ax(0) + Bu(0) ∈ X . (1.2)

Here, Pτu denotes the restriction of u to [0, τ ]. If (1.2) holds,
then we can compute x(τ) and the restriction of y to [0, τ ],
denoted by Pτy. There exist four families of operators T,
Φ, Ψ and F, parametrized by τ ≥ 0, such that[

x(τ)
Pτy

]
=

[
Tτ Φτ

Ψτ Fτ

] [
x(0)
Pτu

]
. (1.3)

The 2×2 matrix appearing above is a bounded operator from
X ×L2([0, τ ], U) to X ×L2([0, τ ], Y ). In fact, in [17], [19]
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the system Σ is defined via the operator families T, Φ, Ψ and
F. T is the strongly continuous semigroup generated by A.

Note that the bounded operators Tτ , Φτ , Ψτ and Fτ

are completely determined by their action on data pairs
(x(0),Pτu) that satisfy (1.2), because such pairs are dense
in X × L2([0, τ ], U). Moreover, for such (x(0),Pτu), we
have

Pτy ∈ H1(0, τ ; Y ) , Ax(τ) + Bu(τ) ∈ X . (1.4)

However, the formula (1.3) defines the state trajectory and
the output function of Σ for every x(0) ∈ X and for every
u ∈ L2([0,∞), U).

The well-posed system Σ is called scattering passive if
for every classical solution of (1.1) corresponding to initial
data satisfying (1.2),

d
dt

‖x(t)‖2 ≤ ‖u(t)‖2 − ‖y(t)‖2 ∀ t ≥ 0 .

In particular, Σ is called scattering energy preserving if we
always have equality in the above formula. Such systems
occur often in mathematical physics, where 1

2‖x(t)‖2 is
interpreted as the energy stored in the system at time t,
1
2‖u(t)‖2 is the incoming power and 1

2‖y(t)‖2 is the out-
going power. If we integrate the above inequality, we see
that Σ is scattering passive if and only if∥∥∥∥

[
Tτ Φτ

Ψτ Fτ

]∥∥∥∥ ≤ 1

for some (hence, for every) τ > 0. Similarly, Σ is scat-
tering energy preserving if and only if the 2 × 2 matrix in
(1.3) is isometric. Scattering passivity and scattering energy
preservation can also be expressed in terms of the operators
A, B, C, D, see Arov and Nudelman [2], Malinen et al [11],
Staffans [15] and [17] for details (in [17], scattering passive
systems were called dissipative).

Let Σ be a time-invariant scattering passive system de-
scribed by (1.1). Let J be a closed interval (usually J =
[0,∞)). Let P : J →L(X) be a strongly continously
differentiable function such that P (t) = P (t)∗ > 0 and
P (t)−1 is bounded for every t ∈ J . We introduce two new
systems on the time interval J , informally defined by the
equations

ẋ(t) = P (t)−1Ax(t) + P (t)−1Bu(t),

y(t) = Cx(t) + Du(t) ,
(1.5)

and
ẋ(t) = AP (t)x(t) + Bu(t),

y(t) = CP (t)x(t) + Du(t) .
(1.6)

For the second system (described by (1.6)) we assume that
the function P (·) is of class C2 (instead of C1).

At the first glance, it is not clear if these equations make
sense, even for smooth u, because it is not clear what
P (t)−1B means (P (t)−1 has not been defined on X−1) and
it is not clear if C can be applied to x(t) or to P (t)x(t),
respectively. It is even less clear if these equations have
solutions for some subspace of initial conditions and inputs,

and if these solutions depend continuously on the data (the
initial state and the input function).

In this paper, we show that in fact, both of the above
systems of equations define well-posed linear time-varying
systems in the sense of Schnaubelt [13] (he actually used
the name well-posed nonautonomous system). We denote
by Σl the system generated by (1.5) and by Σr the system
generated by (1.6) (here, l and r stand for left and right). In
particular, if τ ∈ J and the pair (x(τ), u) satisfies

u ∈ H1(J ; U) , Ax(τ) + Bu(τ) ∈ X , (1.7)

then (1.5) has a classical solution for t ≥ τ , t ∈ J , which
satisfies

d
dt

〈P (t)x(t), x(t)〉 ≤ ‖u(t)‖2 − ‖y(t)‖2

+〈Ṗ (t)x(t), x(t)〉 (1.8)

for every such t. If the pair (x(τ), u) satisfies

u ∈ H1(J ; U) , AP (τ)x(τ) + Bu(τ) ∈ X , (1.9)

then (1.6) has a classical solution for t ≥ τ , t ∈ J ,
which satisfies the same balance inequality (1.8). In fact, the
well-posedness of the systems Σl and Σr is a consequence
of (1.8). If the original well-posed system Σ is energy
preserving, then we have equality in (1.8) (for both time-
varying systems).

II. Time-varying multiplicative perturbations
of m-dissipative operators

The standing assumptions of this section are the following:
A : D(A) → X is a maximally dissipative (m-dissipative)
operator on the Hilbert space X . As in Section I, J is a
closed interval and the function P : J → L(X) satisfies

(i) P (t) = P (t)∗ > 0 and P (t)−1 is bounded for each
t ∈ J ,

(ii) P (·)x ∈ C1(J, X) for each x ∈ X .
For each t ∈ J , we equip X with the equivalent scalar
product and norm

〈x, z〉t = 〈P (t)x, z〉 , ‖x‖t = ‖P (t)
1
2 x‖ .

In this section we study the initial value problems

ẋ(t) = P (t)−1Ax(t) ,

t ≥ τ, t ∈ J, x(τ) = x0 (2.1)

and
ẋ(t) = AP (t)x(t) ,

t ≥ τ, t ∈ J, x(τ) = x0 , (2.2)

where τ ∈ J . Here the operators P (t)−1A and AP (t) are
endowed with their natural domains, namely,

D(P (t)−1A) = D(A)

D(AP (t)) = {x ∈ X | P (t)x ∈ D(A)}.
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Recall from Engel and Nagel [4, Section VI.9], Kato [8],
Schnaubelt [14], Tanabe [18] that an evolution family T on X
is a family of operators T(t, τ) ∈ L(X) defined for t, τ ∈ J
with t ≥ τ which satisfies

(i) T(t, σ)T(σ, τ) = T(t, τ) for every t, σ, τ ∈ J with
t ≥ σ ≥ τ ,

(ii) T(t, t) = I for every t ∈ J ,
(iii) (t, τ) 
→ T(t, τ) is strongly continuous for t, τ ∈ J ,

t ≥ τ .
The concept of an evolution family is the natural general-

ization of the concept of a strongly continuous semigroup
to time-varying systems. When trying to generalize the
concept of an infinitesimal generator, one runs into several
difficulties, and as a result there is no standard notion of a
time-varying infinitesimal generator. In this paper, we shall
use the following definition:

Let A(t) : D(A(t)) → X , where t ∈ J , be a family of
linear operators. We say that A(·) generates the evolution
family T if T(t, τ)D(A(τ)) ⊂ D(A(t)) for all t, τ ∈ J
with t ≥ τ and, for every τ ∈ J and x0 ∈ D(A(τ)), the
function x(·) = T(·, τ)x0 is continuously differentiable and
it is the unique solution of the Cauchy problem

ẋ(t) = A(t)x(t) , t ≥ τ, t ∈ J, x(τ) = x0 . (2.3)

Proposition 2.1: Under the standing assumptions stated at
the beginning of this section, P (·)−1A generates an evolution
family Tl on X . If, in addition, P (·)x ∈ C2(J, X) for every
x ∈ X , then AP (·) generates an evolution family Tr on X .

Proof. Let t ∈ J . It is clear that P (t)−1A is closed and
that its adjoint is A∗P (t)−1, with domain D(A∗P (t)−1) =
{x ∈ X | P (t)−1x ∈ D(A∗)}. We have

〈P (t)−1Ax, x〉t = 〈Ax, x〉 ∀ x ∈ D(A) ,

so that P (t)−1A is dissipative on X with respect to the
equivalent scalar product 〈·, ·〉t. Moreover, A∗P (t)−1 is
dissipative with respect to the equivalent scalar product
〈P (t)−1x, z〉. Therefore I − A∗P (t)−1 is injective, so that
I −P (t)−1A has dense range. Since P (t)−1A is dissipative
with respect to 〈·, ·〉t, I − P (t)−1A has closed range. This
implies that Ran(I − P (t)−1A) = X , so that P (t)−1A is
maximally dissipative with respect to 〈·, ·〉t. Take a compact
interval [a, b] ⊂ J , x ∈ X , t, τ ∈ J , and set

L = max
t∈[a,b]

‖Ṗ (t)‖ , M = max
t∈[a,b]

‖P (t)−1‖ .

We then estimate

‖x‖2
t = 〈(P (t) − P (τ) + P (τ))x, x〉
≤ L |t − τ | ‖x‖2 + ‖x‖2

τ

≤ LM |t − τ | ‖x‖2
τ + ‖x‖2

τ

≤ eLM|t−τ | ‖x‖2
τ .

Due to this inequality and a result of Kato [8] (see also
[18, Proposition 4.3.2]), P (·)−1A is a stable family in the
sense of [8]. In addition, P (·)−1A is strongly continuously
differentiable on the (time invariant) domain D(A). As a con-
sequence, P (·)−1A generates a unique evolution family Tl

on the time interval [a, b] by the corollary to Theorem 4.4.2
in [18]. The first assertion then follows since a, b ∈ J with
a < b were arbitrary.

We now assume that P (·) is of class C2. One can verify
as above that AP (t) is maximally dissipative with respect to
the scalar product 〈x, z〉t for t ∈ J . However, it is now more
difficult to prove that AP (·) generates an evolution family,
since the domains of AP (t) vary in time and the fundamental
generation Theorem 6.1 from [8] does not apply. We consider
the auxiliary operators A1(t) = P (t)A + Ṗ (t)P (t)−1 with
domains D(A1(t)) = D(A). Temporarily we restrict our-
selves to a compact interval [a, b] ⊂ J . Arguing as in the first
part of the proof and using the bounded perturbation theorem,
we check that the operator A1(t) − cI is m-dissipative
for the scalar product 〈P (t)−1x, z〉 and a sufficiently large
c ≥ 0. As before we deduce from [18, Proposition 4.3.2]
that the family A1(·) is stable in sense of [8]. Moreover,
A1(·)x ∈ C1([a, b], X) for all x ∈ D(A), since P (·) is
of class C2. The corollary to Theorem 4.4.2 in [18] now
implies that A1(·) generates an evolution family S. We can
now easily check that the operators

Tr(t, τ) = P (t)−1
S(t, τ)P (τ) ,

defined for t ≥ τ , t, τ ∈ J , are an evolution family Tr

generated by AP (·).

III. Lax Phillips semigroups associated to well-
posed linear systems

Starting from an arbitrary (time-invariant) well-posed
linear system Σ, it is possible to define a strongly continuous
semigroup which resembles those encountered in the scatter-
ing theory of Lax and Phillips [10], and which contains all
the information about Σ. We recall this construction from
Staffans and Weiss [17, Section 6].

For any t ≥ 0, we denote by L+
t the operator of left shift

by t on L2([0,∞), U). Similarly, L−
t is the operator of left

shift by t on L2((−∞, 0], Y ), so that

(L−
t y)(σ) =

{
y(σ + t) for σ + t ≤ 0 ,

0 for σ + t > 0 .

Like in Section I, we assume that Σ is a well-posed linear
system with input space U , state space X , and output space
Y . The operators A, B, C and D are as in (1.1) and the
families of operators T, Φ, Ψ and F are as in (1.3).

Proposition 3.1: Let Y = L2((−∞, 0], Y ) and U =
L2([0,∞), U). For all t ≥ 0 we define on Y × X × U the
operator Tt by

Tt =

⎡
⎣L−

t 0 0
0 I 0
0 0 L+

t

⎤
⎦

⎡
⎣I Ψt Ft

0 Tt Φt

0 0 I

⎤
⎦

Then T = (Tt)t≥0 is a strongly continuous semigroup.
T is called the Lax-Phillips semigroup induced by Σ. We

see that this semigroup contains every operator from (1.3),
so that it contains all the information about Σ. The intuitive
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interpretation of the space Y × X × U and of Tt acting on
it is that the first component is the past output, the second
component is the current state, while the third component is
the future input. Indeed, let y0 ∈ Y , x0 ∈ X , u0 ∈ U and
for t ≥ 0 define ⎡

⎣yt

xt

ut

⎤
⎦ = Tt

⎡
⎣y0

x0

u0

⎤
⎦ .

Let x and y be the state trajectory and the output function
of Σ, i.e., the solutions of (1.1) corresponding to the initial
state x(0) = x0 and the input function u = u0. We extend
y to R by putting y(t) = y0(t) for t ≤ 0. Then

y(t − ξ) = yt(−ξ) , x(t) = xt , u(t + ξ) = ut(ξ)

for all t ≥ 0 and for almost every ξ ≥ 0.
Assume that x0 and u0 satisfy

u0 ∈ H1(0,∞; U) , Ax0 + Bu0(0) ∈ X .

Then for every t ≥ 0 we have

d
dt

∥∥∥∥∥∥
⎡
⎣yt

xt

ut

⎤
⎦

∥∥∥∥∥∥
2

= ‖y(t)‖2 +
d
dt

‖x(t)‖2 − ‖u(t)‖2 .

Thus, Σ is scattering passive if and only if T is a contraction
semigroup. Similarly, Σ is scattering energy preserving if and
only if T is an isometric semigroup.

Proposition 3.2: Let T be the Lax–Phillips semigroup
induced by Σ. We denote the generator of T by A.

The domain of A, D(A), consists of all the vectors[
y0
x0
u0

]
∈ H1(−∞, 0; Y ) × X × H1(0,∞; U) which satisfy

Ax0 + Bu0(0) ∈ X and y0(0) = Cx0 + Du0(0), and on
D(A), A is given by

A

⎡
⎣y0

x0

u0

⎤
⎦ =

⎡
⎣ y′

0

Ax0 + Bu0(0)
u′

0

⎤
⎦ . (3.1)

This is proved in the paper [17].
In the journal version of this paper we shall apply the

above concepts and results to show that each of the systems
of equations (1.5) and (1.6) determine well-posed linear time-
varying systems. The idea is to apply Proposition 2.1 to A
and P , where

P =

⎡
⎣I 0 0

0 P 0
0 0 I

⎤
⎦ .
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