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Abstract— Stability and L2 (l2)-gain analysis of linear
(continuous-time and discrete-time) systems with uncertain
bounded time-varying delays possessing non-zero nominal
values and norm-bounded uncertainties. The delay derivatives
(in the continuous-time) are not assumed to be less than
q < 1. An input-output approach is applied by introducing
a new input-output model, which leads to effective frequency
domain and time domain criteria. The new method essentially
improves the existing results for delays with derivative not
greater than 1, which were treated in the past as fast-varying
delays (without any constraints on the delay derivative). New
BRLs are derived for systems with state and objective vector
delays. Numerical examples illustrate the efficiency of the new
method.
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I. INTRODUCTION

The stability and control of systems with uncertain time-
delay is a subject of recurring interest. Most of the works
are based on application of different types of Lyapunov
Krasovskii Functionals (LKFs) (see e.g. [1], [2].[6], [9]-
[11]). The continuous-time systems with fast varying delays
were for the first time treated via descriptor type LKF [2],
where the derivative of the LKF along the trajectories of
the system depends on the state and the state derivative.

Robust stability has been analyzed also via IO approach,
which reduces the stability analysis of the uncertain system
to the stability analysis of the class of systems with the
same nominal part but with additional inputs and outputs.
This approach was introduced for constant delays in [7].
The stability conditions for constant delays by LKFs were
recovered by this approach in [12]. The method of [12] has
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been generalized to the case of slowly-varying delays (i.e.
to delays with the derivative less than ¢ < 1) in [6]. All the
above works on IO approach consider the continuous-time
case.

Frequency domain stability criteria for continuous-time
and discrete-time systems with fast-varying delays have
been derived in [8] in terms of transfer functions. In [4]
a frequency domain stability criterion for continuous-time
systems with fast-varying delays has been found via direct
application of the Laplace transform.

The present paper is inspired by [6], where the IO
approach was developed for the case where the delay deriva-
tive is smaller than ¢ < 1. We develop here the IO approach
to the continuous- and discrete-time systems with norm-
bounded uncertainties and with fast varying delays from
known segments. We introduce a new IO model with an
output, which explicitly depends on &(t) ( z(k+1)—x(k)).
This corresponds to the term with &(¢) in the derivative of
descriptor LKF [2]. For the first time, we apply 10 approach
to Lo(l3)-gain analysis. As a result, new BRLs with the
delayed objective vector are obtained both, in the frequency
and in the time domain. The time domain results are based
on the application of the descriptor type LKF combined with
the free weighting matrices technique of [11].

II. STABILITY AND BRL IN THE FREQUENCY DOMAIN

A. Robust stability: continuous-time systems

We consider the following linear system with uncertain
coefficients and uncertain time-varying delays 7;(t) (i=1,2):
2
#(t)=(Ao+HAE)z(t)+)_(A+HAE;)x(t-7(t)), (1)
i=1
where x(t) € R"™ is the system state, A;, F;, i = 0,1,2

and H are constant matrices of appropriate dimensions and
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A(t) is a time-varying uncertain n X n matrix that satisfies
AT(A() < I )

The uncertain delays 7;(t) are piecewise-continuous func-

tions of the form

Ti(t) =hi +m:(t), i =1,2, |mi(t)| <pi < hi  (3)

with the known upper bounds p; and .

To obtain a less conservative result in the case of sign-
varying n;(t), we assume additionally that ¢ — 7 (¢) is a
non-decreasing function. The latter assumption means that
71(t) is differentiable almost for all ¢ > 0 and 71(t) =
71(t) < 1 almost for all ¢ > 0. Note that this derivative
constraint is less strong than 71 < g < 1 of [6]. Moreover,
71(t) may include such delays that ¢ — 7 (¢) is piecewise
constant. This kind of delay appears [5] in sampled-data
control u(t) = Kx(t), t € [tk,tr+1) with the sampling
times 0 =ty <t <
x(tx) can be represented as x(t;) = z(t — 1
771(15) =t—p; — 1, tE [tk,tk+1) .

We assume

.. satisfying ti41 — tx < 2u1, where
—n1(t)) with

A1 The nominal system

(t) = Aoz(t) + Arz(t — hy) + Asz(t — ha), )

is asymptotically stable.

The results are easily generalized to the case of any finite
number of the delays.

We represent (1) in the form:

a(t) = Aow(t) + X5, Aiw(t — hi) = S0, Ay [
it + s)ds + HA[EO:U( )+ 37 Ex(t — hy)
Zz 1th —ni t+8)d8] (5)

Following the idea of [7], [12], [6] to embed the perturbed
system (5) into a class of systems with additional inputs
and outputs, the stability of which guarantees the stability
of (5), we introduce the following forward system:

(t) = Agx(t) + S0 Agw(t — hy) + Sy /i, A (t)

+HU3(t),
yi(t) = Jya(t),  ya(t) = 2u2i(),
ys(t) = Box(t) + X1y Bia(t — he) + 30, /i, B uz(d))
a_
with feedback
up (t)=—-+ :}Zlﬁm y1(t+s)ds, o

up(t) = — A ST ya(t+s)ds, us(t)=Ays(t).

Note that y; () and yo(t) differ from the output of [7], [12],
[6], and correspond to the term with i(¢) in V;, by descriptor
approach [2].

Let v = [ul wf wl], yT = [yI yi yI]. Then the
forward system (6) can be written as y = Gu with transfer

function matrix

Vs
G(s)= | V2uasI (sT—Ag—Y7_ Ajehis)~1
Eo+30, Bie "
0 0 0
| VAL VTyAs H |+ | 0 0 0
VinEr pyEa 0 )

Assume that y;(t) =0, Vi <0, i = 1,2,3. the following
result is proved.
Lemma 2.1: The following holds:

lwillz, < llyillL,, @ =1,2,3. ©)
Proof. For i = 1 we have by Cauchy-Schwartz inequality
forall t >0
M?Hul WP =11y (t+ s)ds||? <
t—h
f h11 m () ly2(s)|? d5~

Denote s = p(t) = t — hy — m1(t). Since p(t) is a non-

(10)

decreasing function, the set of segments ¢ € [t1,t5], where
p(t) is constant, is countable, while out of these segments
p(t) is increasing. Hence, for almost all s the inverse ¢ =
p~1(s) = q(s) is well-defined and satisfies |q(s) —s—h| <
1. Then, integrating (10) in ¢ from 0 to oo, changing the
order of integration and taking into account that y;(t) =
0, t <0, we find that
t—h1

i, < fo~ m®) i@ I (s)|Pdsdt
s+h
= Jo Joey ma(s))llyi(s)|Pdtds < p3|lyilZ,

For ¢ = 2 the proof is similar. For : = 3 (9) is immediate.

From Lemma 2.1 it follows by the small gain theorem
(see e.g. [6]) that the system (1) is IO stable (and thus
asymptotically stable, since the nominal system is time-
invariant) if

1Gloo < 1. (11)

Theorem 2.1: Consider (1) with delays given by (3),
where 7;(t), ¢ = 0,1 are piecewise-continuous functions
and 71 (¢) < 1 for almost all ¢ > 0. Under Al the system
is asymptotically stable if (11) holds, where G is given by
(8).

Remark 2.1: A stronger result is obtained by scaling G:

Gx(s)=diag{X1, X, pIn}G(s)diag{Xfl, X{l, p 1,
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where X;,7 = 1,2 are non-singular n X n matrices and
p # 0 is a scalar. G is not scaled by ,/u; so as substituting
of u; = 0 leads to Gx, which corresponds to the case
of known constant delays 7; = h; and norm-bounded
uncertainties.

Hence, under A1 (1) is asymptotically stable for all delays
satisfying (3) if there exist X; and p such that |Gx |loc < 1.

B. BRL: continuous-time systems

We consider the following linear system with uncertain
coefficients and uncertain time-varying delays 7;(t) (i=1,2)
as above:

a':(t):(Ao—&—HAEO)x(t)—&—Z?:l(Ai+HAEi)x(t—Ti(t))
+(B1 + HAE;)w(t),

2(t) = Cox(t) + 37, Cia(t — 7i(t), a(s) =0, s <0,
(12)

where w(t) € R7 is an arbitrary disturbance vector in
Ls[0 o0) and z(t) € RP is the objective vector. Given
v > 0, we search a condition which guarantees that Lo-
gain of (5) is less than +, i.e. that the following inequality
holds:

12012, < Y?llwlli,, ¥V O0#uwe L. (13)

Consider an auxiliary system
x(t)= (AO—&—HAEO)x(t)—&—Z?:l(Ai+HAEi)m(t—Ti(t))
+v~ 4By + HAE;)w(t),
2(t) = Cox(t) + Liy Co(t — 7(t)),

z(t)=0, t<0.
(14)
It is clear that
I2[I7, < lol?,, YO0#we L, (15)

for (14) is equivalent to (13) for (5).
To derive ’scaled conditions’ consider the following for-

ward system

(1) = Ao () + 30, Ajr(t—hy)+ 37, VI AX] ui(t)

+p ' Hus(t) + v ' Byw(t),

yi1(t) = i, Xaa(t),  y2(t) = 2ue Xod(t),

ys(t) = p[Eox(t) + Y1 Bix(t — hy)

+ i VB () + 9 Bgw(t)],

2(t)=Cox(t)+ Ly Cian(t—hi) + 300, Vi, CiX; tui(t),

(16a-d)
with the feedback of (7).
The forward system (16) can be written as
Yl_q | T _ T T, T T _ T T, T
=G| |, w =up uy uz ],y =y v2 ys]
z w
(17)

with transfer matrix

Vi X1

V225X

pEo + Z?Zl pE;ehis
Co+ Y7, Cie~is
= A ) T AL X, Ae Xy B

Gy(s) = (sI = Ao

0 0 0 0
0 0 0 0
VI EIXT pyi,EaXy 0 LEg
VI Ci X m,Ce Xyt 00

(18)

Theorem 2.2: Assume Al. Given v > 0, (12) is inter-

nally stable and has Lo-gain less than ~ for all delays

satisfying (3), if there exist non-singular n X n-matrices
X1, X5 and a scalar p # 0 such that

1GAllse < 1.
Proof: Eq. (17) and (19) imply that

19)

Iz, + 11217, < lllZ, + o)z,

The latter inequality together with [ul|7, < |y||7, yield
(15) and (13).

C. Extension to the discrete-time delay systems

We consider the following linear discrete system with
uncertain coefficients and uncertain time-varying delays

(k) (i=1,2):
z(k+1) = (Ag + HAE)z(k) + Y2 (A; + HAE;)

z(k — Tl(k‘)) + (Bl + HAE;;)U)(]C),

(
2(k) = Cox(k) + Y1, Ciw(k — 7i(k)), =(1)=0, 1 <0,

(20)
where xz(k) € R"™ is the system state, A;, As, H, F;
and B; are constant matrices of appropriate dimensions and

A(k) is a time-varying uncertain matrix that satisfies

AT(k)A(k) < I 1)

The uncertain delays 7;(k) are supposed to have the
following form:

Ti(k) =h; +mi(k), i =1,2,

—hi < —pie <mi(k) < prig < hiy o pio — pig] <1

(22)

with the known bounds p;4 > 0 and p;— > 0. Note
that similarly to the continuous-time case we choose h;
in the ’middle’ of the delay interval. Denote u; =
max{;—, iy}, 1 =1,2.

We assume additionally that & — 7y (k) is increasing

function, i.e. that 7, satisfies the following constraint: 7y (k+
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1) — 71 (k) < 0. Note that the constraint on 7, is more
restrictive, than in the continuous-time case, where ¢t — 7y
is supposed to be non-decreasing.

We assume
A1ld The nominal system

x(k+1) = Agx(k) + A1z(k — hy) + Asz(k — ha),
(23)
is asymptotically stable.

Given v > 0, we are looking for a condition which
guarantees that (20) is internally stable (i.e. asymptotically
stable for w = 0) and has [>-gain less than -, i.e. that the
following inequality holds:

V0 #£weEls.

12117, < ¥?llwli,, (24)

We represent (20) in the form:

w(k+1) = Agz(k) + S0, Ak —hy) = 37 A
AT (@G + 1) — 2()))
+HA[Eyz(k) + 272 VEix(k — hyi) — Zf 1 Ei
SR TE (@i + 1) — ()] + (Br + HAEs)w(k),
2(k) = Coz(k) + Zi:l Cix(k — hy)
— G T (2 4+ 1) — 2()].

(25)

Consider the following forward system

(k+1) = Aow(k) + 0, Aw(t — h) + S0, i As
X; ui(k) 4+ p Hus(k) + v~ Biw(k),

y1(k) = Vi Xa[z(k + 1) — z(k)],
Y2 (k) = ua— + po Xofz(k + 1) — z(k)],

ys(k) = p[Eox(k) + Z?;l Eix(k — h;)
+ 3 VIEX] i (k) Bw (k)

2(k) = Cox (kW7 Cia(k—hi)+ X7 /i CiX [ ui(k),

(26a-d)
with the feedback of
k—h1—1
wi(k) = == St (),
k—hy—1 .
uz(k) = \/ng k2h2 - y2(7) 27
usg(k) = Ays (k).
The forward system (26) can be written as
y,G“ T _ T, T T T 1T T, 6T
=Ga| _ |, w = uwyuzl,y =y v2 ys]
z w
(28)

with the transfer matrix
Vii(z = 1)X,
V= + pz4 (2 — 1) X2
2 —h.

pEO + 22:i=1 pEiZ b
CO + Zi:l Ciz*hi

2 “hoy— -1 -1 H B
S Az M) T AT (A X ) 71]

Gd(z) = (ZI — Ao—

0 0 0 0
Lo 0 0 0

pPVIE XY pymEX;' 0 LEs

VG X7 /meCa Xyt 00

(29)

Theorem 2.3: Assume Ald. Given v > 0, (20) is in-

ternally stable and has [5-gain less than ~ for all delays

satisfying (22) and 7y (k + 1) — 71 (k) < 0, if there exist

non-singular n x n-matrices X;, ¢ = 1,2 and a scalar p # 0
such that

|Galloe < 1.
Proof is similar to the continuous-time case.

(30)

III. STABILITY AND BRL IN THE TIME DOMAIN

In the continuous-time case, let V,, be Lyapunov-
Krasovskii Functional (LKF), which guarantees the stability
of the nominal system (4). The following condition along

(16)

W E Vo (t) + ly® + @12 = [lu@)]* -
< =e(lz@ + [lu@®]* + l@®)]?), £ >0

lo(t)]>

(€29
guarantees that the H.,-norm of (16) is less than 1. There-
fore, (31) is a
frequency domain condition (19) of Theorem 2.2.

sufficient condition for the feasibility of the

In the discrete-time case the corresponding condition
along (26) has a form

Vi (k) +ly (R)II? + | 2(R)[* = [lu(k) |
—e(lz(®) [ +u®)[* + [l (k)[?).

Wa 2V, (k+1)—

—Jo®)]* <
(32)

Note that in this section we will derive conditions, which
will be sufficient for the feasibility of the frequency do-
main conditions of Theorems 2.2 and 2.3. We choose the
descriptor type V,, [2].

A. Discrete-time results
We combine the discrete-time descriptor LKF (see e.g.
[1D:

Vo(k)= ( )Plar( Yo i 5 R (5)
Y S ()T S (), k) = 2k + 1) — 2 (k),
P >0, R>0, §>0.

(33)
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with the free weighting matrices technique of [11].

Lemma 3.1: The nominal system (23) is asymptotically
stable if there exist nxn matrices 0< Py, P, P53, S; > 0,
Y1, Yio, Zin, Zia, Z;3, Ry > 0, W;1, Wia, W3, T; such that
the following LMIs are feasible:

v, PT[ 0 ]Y1T+{T1]+hlwl
I — Aq 0
" * =81 =Ty — T + haWas
* *
pTr 0 -Yy + Ta + haWo
Az 0 <0
0 b
—So —T5 — TzT + haWas
Z; W. YT
Ei=| x Ws TF >0, i=1,2.
* * R;
(34a,b)
where
P; 0 W;
p=|"" L Yi=[Ya Y], Wi=| ",
P, Ps Wi
g | 4 Zi
' x  Zg |
0 I 0 AT —1T 9
¥, =PT + 0 P4y  hiZ
" Ag—1 —I] I -1 2int
+diag{3;_, Si, PrHY i hiRi}+3 0, "‘Z@ 1 0
(35a-e)

Thus, along the trajectories of (26) we have

(k)
Vol + ) =Valk) < (€7 (K) T(k_}m)]rnlx(k—hz)_

0
+2:fT(k)PT _ _
2 VI AX; 1ui(k)+%u3(t)+%w(k)
and
Wa < ¢T(R)TC(R) + ly(R) |1 + [12(k)]%,
where
CT(k)=[¢] (k) a(k — ho)" ui (k) ug (k) ug (k) @ (k)]
and
I 0 0 0 0]
r PT AlX T A2X2 ! PT % PT %
0 0 0
r— (3 0 0 0
* —py In 0 0 0
* * —,u;lfn 0 0
L * * % * —]q

By applying Schur complements to the terms
lly(k)||?> + ||2(k)||> and multiplying the resulting matrix
by diag{Isn, 1 X1, poXo, pI, vy, Ion, pIn, I,} and its
transpose from the right and from the left we conclude that

(32) is satisfied if

0 0 rEy ol
H1R1a (p2—+p2+ ) Raa 0 0
0 0 rET ct
I 0 0 rET ct
! 0 0 rmET i CT
0 0 ET cT
T2 i p2C2 <0,
0 0 0 0
0 0 rET 0
* 7,“41R1a 0 0 0
* * —(p2— + poy ) Raa 0 0
* * * —rly, 0
* * * * —Ip
i (36)
where R;, = X! X;, r = p? and
i 0 0 0 0
A Ao H B1
Fn PT PT PT PT
i O R ) 0 0
0 0 0 0
I'=
Yl R 0 0 0o |’
* * — 2 Raq 0 0
* * * —rl, 0
| * * * * —fyzlq ]

We thus obtained the following.

Theorem 3.1: Given vy > 0, (20) is internally stable and
has Ly-gain less than v for all delays satisfying (22), if
there exist nxn matrices 0< Py, Po, P3, S; >0, Y;1, Yo,
Ziv, Zia, Zi3, Ry, Wi, Wi, Wi3,T;, Riq, © = 1,2 and a
scalar > 0 such that LMIs (34b) and (36) are feasible.

B. Continuous-time results

By combining the descriptor model transformation and
the corresponding LKF [2]

V, = 2T (t)Pia(t) + Y2, “fhi Sl g i
+fth )Sw()ds]aRi>075i>0,

with the technique of [11] and the arguments as above we

R;x(s)dsdf

obtain:

Theorem 3.2: Given v > 0, (12) is internally stable and
has L,-gain less than v for all delays satisfying (22), if
there exist nxn matrices 0< Py, P>, P35, S; > 0, Y;1, Yio,
Zity Zigy Zizy Ry, Wit, Win, Wiz, T}, Riq, © = 1,2 and a
scalar p > 0 such that LMIs (34b) and (36) are feasible,
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where pio_ + o4+ should be changed by 249 and ¥,, should
be substituted by ¥,,. given by

0o I 0 Af
\Ilnc:PT[AO 1]*[1 ﬂpjtzf_lhizi

T
E?:l Si 0 2 Y; 2 Y:
+ |: 0 Zf:l thz +ZZ:1 0 +Zi:1 0 :
C. Examples

In order to verify the conditions of Theorems 2.1 and
2.2 for the continuous case, or the one of Theorem 2.3 for
discrete-time, a constant nonsingular matrix D of a specific
diagonal block structure is sought that satisfies, for say G
of Theorem 2.1, the following inequality:

D TGT(—jw)DTDG(jw)D™ < I, Vw € [0 00).

By Remark 2.1, the matrix D should possess the structure
diag{Xla X27 pl}
Denoting Q = D™ D, the latter inequality becomes:

GT(jw)QG(jw) < Q, Q >0, Ywe[0oo) (37ab)

which can be solved for () of the above structure for
preselected values of w in [0 00).

Example 1 [11]: (continuous-time). Consider (1) with

—0.5 =2 -0.5 -1

A0|: 1 _1:|7 A1|: 0 O6:|a AQ*EQ*()v

H=I, E;=0.2I, i=0,1.
In this example, for 771 < 0.9, the following stability
interval was obtained in [11]: 71 (¢) € [0, 0.242]. The LMIs
of Theorem 3.2 are feasible for all fast varying delays,
= 0.146. The LMIs of Theorem 3.2,

where W and T with corresponding indices are taken to

where hy =

be zero, are feasible for smaller values: hy = p; = 0.133.
Hence, the system is stable for all fast varying delays from
a larger interval: 71(t) € [0,0.292]. For delays 71 < 1
the corresponding interval is [0,0.388]. By applying the
frequency domain result of Theorem 2.2, it is found that
the system is asymptotically stable for delays from slightly
wider intervals: [0 0.298] in the fast varying case and [0 0.4]
ifp <1

In the case of constant delay 71 = h; by Theorem 3.2
without free weighting matrices W and 1" with indices we
find h; < 0.68, while the above matrices improve the result
till h; < 0.84. In the case of known system matrices (H =
0) the free weighting matrices do not improve the result.

Thus in the fast varying case we have h; = pup = 0.34.

IV. CONCLUSIONS

Stability and Lo (l3)-gain analysis of linear retarded
type continuous-time and discrete-time systems with uncer-
tain time-varying delays from given segments and norm-
bounded uncertainties is studied. IO approach is applied to
stability of systems with fast varying delays (without any
constraints on the delay derivative) and is extended, for the
first time, to BRL. A new IO model is introduced. New
BRLs are derived in the case of delayed state and objective
vector, which allows to solve delayed state-feedback H o
control problem. Both, frequency domain and time domain
criteria are derived. Equivalent LMIs may be derived in
the fast-varying delay case by direct application of LKF
[3], where the same nominal LKF is added by additional
terms which compensate the uncertainties. However, when
the delay 7 is not too fast ( 7(¢) < 1 for almost all ¢ > 0),
the results of [3] are improved.
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