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Abstract— An important consequence of the famous Filip-
pov’s Theorem for a control system, states that given a fixed
initial point yo, and a control uo, for any initial point y,
it is possible to find a control u; such that the trajectory
associated with (y1,u1) approximates the trajectory associated
with (yo,u0) (with a suitable estimation of exponential type).
The goal of the present paper is to obtain such a result when
trajectories of the control system have to fullfill furthermore
a given in advance state constraint. The main specificity of
our results lies in the fact that u; is built from uo in a
nonanticipative way i.e. at every time ¢, ui(¢) depends only
values of uo on the interval [0, ¢]. This nonanticipative property
is crucial in particular for further applications to differential
games.

I. INTRODUCTION

We consider the following control system

{ y'(t) =gyt)ut), ut) el
y(to)

=y €K
where ¢, € [0,7T] and the controller choosing has to ensure
the state constraint y(¢) € K to be fulfilled for any t €
[to, T-

As is usual in state-constraint problems, the main difficulty
comes from the fact that the players have to use admissible
controls, and in particular that the set of controls allowed
to a player strongly depends on its position. To overcome
this difficulty, one has to be able, for two fixed initial
positions , to approximate a given admissible control at one
position by some admissible control at the other position.
This problem has been successfully handled for control
problems by several authors, under various assumptions in
[1], [11], [12]. However, in the case of differential games,
it is very important to build the approximating control in a
nonanticipative way. Unfortunately, the constructions of the
above quoted papers are all anticipative. We refer to [4], [7],
[13] for application of this procedure to differential games.
The main result of the present paper is the construction of
such nonanticipative approximating control which furnishes
a kind of generalization of the famous Filippov’s Theorem

[9].

(D

This work was supported by the European Community’s Human Potential
Program under Contract HPRN-CT-2002-00281, “Evolution Equations”.

P. Nistri is with SISSA/ISAS via Beirut, 2-4 - 34013 Trieste Italy,
bettiol@sissa.it

P Cardaliaguet and M. Quincampoix are
de Mathématiques, Unit¢é CNRS UMR 6205, Universit¢ de
Bretagne  Occidentale, 6 avenue Le Gorgeu, 29200 Brest,
France. Pierre.Cardaliaguet@univ-brest.fr and
Marc.Quincampoix@univ-brest.fr

with  Laboratoire

0-7803-9568-9/05/$20.00 ©2005 IEEE

II. PRELIMINARIES
A. Notations and assumptions

We first introduce some notations. Throughout this paper,
| - | denotes the euclidean norm of R'. If K is a subset of
R!, dy (x) denotes the distance of  from K, i.e., dg(r) =
infyec i |y — z|. We also denote by B the closed unit ball. If
K is a subset of R! and r > 0, we denote by K + rB the
set of points x € R! such that dg (z) < r.

We denote by (H) the following assumptions concerning
with the vector fields of the dynamics:

(¢) U is compact subset of some finite
dimensional space
(i) g: R!' x U — R!is continuous and
Lipschitz continuous (with Lipschitz constant M)
with respect to y € R';
U, 9(y, u) is convex for any y.
K ={ye R, ¢(y) <0} with ¢ € C*(R; R),
Vo(y) #0if ¢(y) =0
(v) VYyeodK, uelU <Voy),g(y,u)>< 0

For any y € R', we set

Uy) ={uecU|gly,u) € Tk(y)}

where Tk (y) is the tangent half-space to the set K. No-
tice that under assumptions (H) the set-valued map y —
g(y,U(y)) is lower semicontinuous with convex compact
values ([3]).

For any starting point yo € K, for any initial time ¢y €
[0, T] and for any measurable control u(-) : [to, T] — U, we
denote by y[to, yo; u(-)](¢) the solution of system (1).

The controller u(-), has to ensure that y(¢) € K for any
t > 0. We n introduce the notions of admissible controls:
Vyo € K, and Vi € [0,T] we define

U(to,yo) := {u(:) : [to, +00) — U measurable |
ylto, yo; u(-)|(t) € KVt > to}.

Under the assumptions (H), it is well known that for all
yo € K the set U(to, yo) is not empty.

B. Non-anticipative maps

An important problem in order to get suitable estimations
on constrained trajectories, is to obtain a kind of Filippov
Theorem with constraints. Namely a result which allows to
approach - in a suitable sense - a given trajectory of the
dynamics by a constrained trajectory. Namely a result which
allows to approach - in a suitable sense - a given trajectory
of the dynamics by a constrained trajectory. Note that similar
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results exists in the literature (cf [1], [11], [12]) but in the
present paper we wish a construction of the constrained
trajectory in a nonanticipative way.

Let us recall the fundamental notion of non-anticipative
strategies due to Varayia-Lin-Roxin-Elliot-Kalton (cf for
instance [5]. A map o : U(to,yo) — U(to,y1) is non-
anticipative (for the point (tg,%0,y1) € RT x K x K) if,
for any 7 > 0, for all controls u;(-) and uy(-) belonging to
U(to,yo), which coincide a.e. on [tg,to + 7], o(u1(-)) and
o(uz(+)) coincide almost everywhere on [tg, to + 7].

Non-anticipative strategies are very important for differ-
ential games theory, because their generalizes the feedback
strategies and they enables to prove the existence of the value
of the differential games.

III. MAIN RESULT

In this section we state the main result of this paper,
namely the generalized non-anticipative Filippov’s Theorem
with stste-constraint.

Theorem 3.1: Assume that conditions (H) are satisfied.
For any R > 0 there exist Cy = Cp(R) > 0 such that
for any initial time to, € [0,7], for any yo, 11 € K
with |yo|, |y1] < R, there is a nonanticipative strategy
o : Ulto,yo) — U(to,y1) with the following property:
for any wuo(-) € U(to, yo) and for ¢ € [ty, T| we have

l9(yo(s), uo(s)) — g(y1(s), o (uo(-))(s))| ds

N @)
+yo(t) — 91 (8)] < Colyo — yaleCot 1)

where we have set for simplicity yo = y[to, yo; uo(-)] and

y1 = ylto, y1;0(uo(-))](t).
Corollary 3.2: In particular if g is affine with respect to
the control u, namely

g(y,u) = g1(y)u + g2(y)

where g;(y) is an invertible matrix with a Lipschitz contin-
uous inverse, then we have
t

. uo(s) — o (uo(-)) ()] ds 3)

+[yo(t) = y1(t)] < Cilyo — ya D710
for some constant C; = Cy(R) > 0.

IV. PROOF OF THE MAIN RESULT

Fix an admissible control ug(-) € U(tg,yo), and let us set
yo(+) = ylto, yo; uo(-)](+), take a new starting point § € K.
We wish to build in a nonanticipative way a control (-)
satisfying:

/t l9(y[to, yo; uo()](s), uo(s)) — g(ylto, v;u(-)](s), u(s))| ds

+ |y[to, yos uo()](t) — ylto, y; u(-)](?)]
< Colyo — gleCott=ro),

To this end, we consider the system:

{ Y (t) = Ta)nTe (v (9y(t), uo(t)))

y(to) =7 € K, @

where  we ) = g(y,U) and
Tew)nTe ) (9(y(t),uo(t))) denotes the projection
of g(y(t),uo(t)) onto G(y(t)) N Tk (y(t)). Notice that
Tt (v) (9(Y, uo(t))) = g(y, uo(t)) whenever y belongs
to the interior of K or if y is on the boundary of K and

(9(y(t),uo(t)), Vo(y(t))) < 0.

Let us also underline that, since the set G(y) N Tk (y)
is convex, the projection onto G(y) N Tk (y) is unique.
We denote it by g(y,@(y,u)) and we note that the control

u(y,u) € U is not necessarily unique. Our goal is to show
that 4(y, u) is a suitable feedback, which enables us to build
the control 4 in a nonanticipative way. First we show that
there is a solution to (4).

Lemma 4.1: System (4) admits at least one solution.
Proof of Lemma 4.1. We claim that the set of solutions of
system (4) is the same as the set of solutions of the following
system

denote  G(y
)

y'(t) € Gt,y(t), y(t) € K

y(to) =7 € K, ©)

where

Glty) = 9(y,uo(t)) if y € Int(K)
0 @ {g(y, uo(t)); gy, uly, uo(t)))} if y € OK

Before proving the claim, let us note that, since the set-

valued function G is clearly Lebesgue-Borel measurable in

(t,y) and upper semicontinuous with respect to y, by the

measurable viability Theorem of [10], we obtain that system

(5) and, so, according to the claim, also system (4), has a

solution for any starting point ¥ € K at any initial time ¢p.
We now prove the claim. Since

TG(y)NTk (y) (g(ya Ug (t))> C é(tv y)

then any solution of (4) is also a solution of (5). Conversely,
suppose that y(-) is a solution of (5) and consider the set

D= {t| 3y'(t) with y'(t) ¢ TG (y))
We have D = Dy UDy where Dy = {t € D | y(t) € 0K}
and Dy = {t € D | y(t) € Int(K)}. The measure of Dy is
zero because

G(t.y)

Int(K) = TG (y)NTk (y) (g(% Uo(t))) .

On the other hand, the measure of D; is also zero; indeed,
for almost every ¢ such that y(t) € K the derivative y'(t)
exists, and, since ¢ is a local maximum for the function s —
#(y(s)), the derivative of ¢(y(s)) with respect to s at time
t vanishes:

= (' (1), Vo(y(t))).

s=t

0=26(s(s)

If {g(y(t), uo(1)), Vé(y(t))) > 0 then we obtain ¢'(t) =
9(y(t), uly(t), uo(t))); otherwise g(y(t), u(y(t), uo(t))) =
g(y(t),uo(t)). In any case we get

Y (t) € ey ) (9W(t), uo(t))).
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Next Lemma allows to compare g(y,u) and g(y, a(y, u)):

Lemma 4.2: Under assumption (H), for any R > 0, there
is a constant C' > 0 such that for any y € 0K with |y| < R
and any v € U, we have

l9(y, u(y,w)) — g(y,u)| < C ({g(y,

where (z)4 = max{z,0}.
Proof of Lemma 4.2. From (H), we can choose n > 0
such that:

u), Vo)), » (6

sup inf (g(y,u), Vo(y)) < —n <O0.

y€EOK, |y|<RUEU

Fix y € 0K and consider u; € U such that

<g(y,u1),Vou(y) > <-n<0.

Let us set

_ ey, w), Vo))
n+ ({g(y,u), Vo(y))) 4

Note that A € [0, 1]. From the convexity of g(y,U), we can
find some u) € U such that

9(y,ux) = (1 = AN)g(y, u) + Ag(y,w1) .
Then
(9(y,ur), Vo(y)) < —nA+(1-) (g(y, v), Vé(y))) , = 0.
Hence, observing that A < L ({g(y, u), Vo(y))).,. we obtain
l9(y, u(y,u)) — g(y,w)| < lg(y,ux) — g(y,u)| <
< Mg(y,u1) — g(y,u)| < % ((g(y, ), Vé(y)))
for some constant M = M (R). O

If (-) is a solution of (4), by the measurable selection
theorem there exists an admissible control @(-) such that

y'(t) = g(y(t),u(t)) = Tamu)ne 5 (9(F(), uo(t)))
y(to) =y € K,
@)
Lemma 4.3: Assume that conditions (H) hold. For any
positive constant R there exists a positive C' = C' (R) such
that for any yo, § € K with |yo|, |§| < R and for any
admissible control ug(-) € U(to,yo), the admissible control
u(-) € U(to,y) is such that

[m@@us up(s))| ds

§00§ydﬁ£ﬂ®%@wg,

ylto, g3 u(-)](s)

— 9(yo(s),
®)

where g(s) =
ylto, yo; uo(-)](s)-

Proof. Recall that (u(-), 3(-)) denotes the couple control-
trajectory which satisfies system (7).

and yo(s) =

In order to fix the ideas, let us assume that § € Int(K). The
case in which ¢ belongs to the boundary of K can be treated
similarly. Let us define the following set:

O :={s e (to,t) | y(s)

The set O is open in [tg, ] and it is an enumerable union of
open disjoint intervals, I,

0= U I,.

neN

€ Int(K

For any ¢ > 0 we can choose a finite number of these
intervals, say I; for s = 1,...,k, such that

k
o\ JI
=1

Let us call Oy, := Int (UZ 1 IZ), notice that Oy, = U?:o J;,
where J; are open intervals: J; =|to;, toj 1] With to;41 <
t2;+2. Observe that

o5 (U -

and that ¢(g(t2;)) = &(y(t2j+1)) = 0 for any j. Moreover
we have

<e.

h
U toji1,taj42],
=0

h
k= [to, ] \ Ok = [to, 1] U

where top4o = t.

We claim that there is a constant C, independent of the
control ug and of the initial positions yy and %, such that
for almost every s € O° we have

19(5(s), u(s))=g(y(s), uo(s))| < C{g(u(s),
€))

For this we apply Lemma 4.2, for the constant R such that
any solution staring from a point y € RB N K remains in
RB on the time interval [0, 7']. We have now to explain how
to remove the “plus” in the inequality (6) of Lemma 4.2.
Let E be the set where the derivative of §(-) exists. For any
s € ENO°, we obtain
d , _ _ _

0= ——0@m) =), Vo)) 10

because s is a local maximum for 7 — ¢(g(7)). Since

|E N O = |O°], by (10) we obtain that for almost every
s € O° either 4(s) = ug(s) and, hence,

(9(g(s),u0(5)), Vo(y(s))) = (9(5(s), uls)), V(i(s))) = 0,
or u(s) # ug(s) and, so, u(s) = @(y(s),uo(s)) and
(9(g(s),u0(5)), V(5 (s))) > (9(5(s), uls)), Vo(u(s))) = 0.

Thanks to Lemma 4.2 we have (9).
Now, by using (9), we obtain
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) 19(5(s), u(s)) — 9(yo(s), uo

< /O g(a(s), 1(s)) = g(5(s), o

+ [ 19(5(s), uo(s)) = g(yo(s), uo(s))| ds <

()l ds <

(s))] ds

<C [ {ofa(s).u0(s)). Vou (a(s) ds

+M [ Jy(s) -

to

e /O (9§ (5), u0(s)), Vo (35(s))) ds

c
k

Yo(s)| ds

- / (9(8(5), uo(s)), Vo (5(s))) ds]+
OC\OC

-I-M/\y

< /O (9(5(s), u0(s)), V(@ (s)) ds+

c
k

s)| ds <

el{g(@, o), V(@) llso] + +M / 15(s) — yols)| ds =

(because |Of, \ O°| < ¢)

h 2542
=y [ totw(s) ual). Vowlas)) ds
=07 t2j+1
+eM]+ M t 15(s) — yo(s)| ds <
h t2j+2
<c| 3 [ tatwnls) ua(s)), Toulun(s)) ds
=0 toj+1
+KoZ/t2]+2 s)| ds +eM
+M t Iy( ) — yo(s)] ds,

where K and M are suitable constants depending on R.

Observe that

h tojyo
S [ tatuots) uo(s)). Vow ((s)) s
j=0"t2j+1
h
=D ($yoltzjre)) = Syoltzj1))) = d(yoltonra)) —lyo(tr)),

Jj=0

h
=D (d(yoltaj+1)) = Syo(t2;))) = d(yo(tanr2))—d(yo(tr))

Jj=1

h

_Z/t .2]+1<9(yo(s),uo(s)%V(ﬁ(yo(S))) ds < —¢(yo(t1))

Jj=1
/t2]+1
ta

J

t2J+1
/ —Yo(s

Y(taj41))

), Vo(y(s))) ds

s)| ds = = (yo(t1))—

— o(y(tz;))) +

M@

h tojt1

KoY / " lgts) = wo(s) ds = —o(go(tr)
h taj41

S [ it — ) ds.

Jj=1

+Ky

because the points 7(t2;) and §(tej41) foreach j =1,..., h
belong to the boundary. Moreover, we have:

—d(yo(t1)) < —o(y(t1)) + Koly(t:) —
Ko [|y—yo| = [ 196 - o) ds}

because —¢(%(t1)) = 0 and applying Gronwall Lemma.
Then, finally, we obtain:

/t 19(5(5), () — g(vo(s), 0

yo(t)] <

(s))| ds

t1
< C{Ko {|Z7 — Yol + |7(s) — yo(s)] ds}
to
t21+1
5> -/ 9 ds
j=1"1t2
h toj+2 ~
+KOZ/ 15(s) — yo(s)] ds+5M}+
§=0Yt25+1
s)| ds <

+M/\y

c{xi |lg -l + () <>|ds}+sM},

for some constant K3 > 0. This gives (8) because ¢ is
arbitrary. O

to

Let us end the proof of Theorem 3.1. For any admissible
control ug(-) € U(to,yo), we claim that it is possible to
construct (in a nonanticipative way) an admissible control
(-) € U(to,y1) such that V¢ € [to,T]

t

\ l9(y1(s),u1(s)) — g(yo(s),uo(s))| ds 0

Fly1 () — yo(t)| < Colyr — yoleColt=to)
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Ylto,yosuo(1)|(t) and yi(t) =
Indeed, let (ui(:),y1(-)) the couple
system (7) with the

where yo(t) =

ylto, y1; ur (-))(0).
control-trajectory which satisfies
starting point y; = . We get

ly1(t) —yo(t)] < |y1 — yol+
t

. l9(y1(s),u1(s)) — g(yo(s),uo(s))| ds (12)

t
<@+ Ol = w0l + € [ (o)~ (o) ds
to

invoking Lemma 4.3. Thus

t

) l9(y1(s),u1(s)) — g(yo(s), uo(s)| ds

t
g%@—m+%/wm%m@ws
to

ly1(t) — yo(t)] +

for some positive constant Cjy and, thanks to the Gronwall’s
Lemma, we obtain (11).

Finally, it is easy to check that the set-valued map X :
U(to,yo) — U(to,y1) defined by:

S(uo(+) := {ul-) € Ulto,y1) | (u(-),y(-)) solves (7) }

is nonexpansive with nonempty (¥)-closed values (in the
sense of [8]). Hence, by Plaskacz Lemma (see Lemma 2.7
of [8]) there exists a nonanticipative selection o with the
following property: o(ug(-)) € X(uo(+)) for any ug(-) €
u(th yO)'

The proof of (3) is a direct consequence of the assumptions
and of (2).

_
2

[10]

(11]

[12]

[13]
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