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Abstract— A delay-dependent H∞ variable structure control
is presented for uncertain singular time-delay systems. System
with mismatched norm-bounded uncertainties and mismatched
norm-bounded external disturbances are considered. In terms
of linear matrix inequalities (LMIs), we give a delay-dependent
sufficient condition for the existence of switching surfaces, on
which sliding mode dynamics is regular, impulse free, and
internally asymptotically stable and satisfies H∞ performance.
We also give an explicit formula of such linear switching
surfaces. A state feedback controller is derived to guarantee
system trajectories convergent to the linear switching surface.

Index Terms— Singular time-delay system, mismatched un-
certainties, delay-dependent, linear matrix inequality(LMI),
switching surface, variable structure control (VSC).

I. INTRODUCTION

Over the years, much attention has been paid to establish-
ing variable structure control design algorithms. Almost all
the published results on variable structure control design are
based on the restrictive matching condition on disturbances
or uncertainties[1]. VSC research has mostly focused on
uncertain systems without time-delay, and their methods are
hard to be applied to uncertain time-delay systems[2]-[4].
CHOI(2001) gave a switching surface design method for un-
certain delay-free systems with mismatched norm-bounded
uncertainties via LMI. Yuanqing Xia(2003) et al. suggested a
robust sliding mode control for uncertain time-delay systems
with matched disturbances; a delay-independent sufficient
condition for the existence of a linear sliding surface is
given in terms of LMI. Furthermore, few VSC research on
uncertain singular time-delay systems is considered. To the
best of our knowledge, it seems that there are no previous
results on delay-dependent H∞ variable structure control.
This has motivated our research.

In this paper, we consider the problem of design linear
switching surfaces and reaching controller for a class of
singular time-delay systems with mismatched norm-bounded
uncertainties and mismatched norm-bounded external dis-
turbances. In terms of LMI, we propose a delay-dependent
sufficient condition guaranteeing the existence of a linear
switching surface such that the sliding mode dynamics
restricted to the switching surface is not only regular, impulse
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free but internally asymptotically stable with disturbance at-
tenuation. A state feedback controller is derived to guarantee
system trajectories convergent to the linear switching surface.
We also give an explicit formula of such linear switching
surfaces, together with a design example.

Most of notations are fairly standard. Among them, I
denotes the identity matrix. ‖ ·‖ denotes the Euclidean norm
for a vector(or the matrix induced norm for a matrix),
and inequality signs for matrices are used to express sign-
definiteness of symmetric matrices. diag{. . .} denotes the
block-diagonal matrix. λmin(·) denotes the minimum eigen-
value of a matrix. The symbol ∗ represents blocks that are
readily inferred by symmetry in some matrix expressions.

II. PRELIMINARIES AND PROBLEM
FORMULATION

Consider an uncertain singular time-delay system de-
scribed by

(∑) : Eẋ(t) = (A+∆A)x(t)+(Ad +∆Ad)x(t − τ)
+(B+∆B)u(t)+(F +∆F)w(t)

(1)

z(t) = Cx(t) (2)
x(t) = φ(t)

where x(t) ∈ Rn is the state, u(t) ∈ Rm is the control input,
z(t) ∈ Rp is the output. w ∈ Rl is the square-integrable
external disturbance whose norm is bounded by the known
scalar �, i.e., ‖ w(t) ‖≤ �. τ is a known positive scalar.
φ(t) is a compatible vector valued continuous function. The
constant matrices E, A, Ad , B, C and F are of appropriate
dimensions, rankB = m, rankE = p, 0 < p < n. Assume
the uncertainties ∆A, ∆Ad , ∆B and ∆F are time-invariant
matrices representing norm-bounded uncertainties and have
the following form

‖ ∆A ‖≤ ρ1, ‖ ∆Ad ‖≤ ρ2, ‖ ∆B ‖≤ ρ3, ‖ ∆F ‖≤ ρ4 (3)

where ρi , i = 1, . . . , 4, are all known positive constants.
Remark: In (3), we only known the uncertainties’ bound.

Some papers use uncertainties on e.g. A, Ad as follows
[

∆A ∆Ad
]
= DF

[
E Ed

]
(4)

where D, E and Ed are known constant matrices. F is
uncertain matrix satisfying FT F ≤ I.

It’s obvious that uncertainties(4) can be always expressed
as (3) and in reverse it doesn’t hold.

Now, let us define the linear switching surface as

Ω = {x : σ(x) = SEx = 0}
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where S∈Rm×n. Referring to the previous results, we assume
that the switching surface parameter matrix S satisfies the
following properties:

P1: [SB+S∆B] is nonsingular .
P2: Sliding mode dynamics restricted to the switching sur-

face is regular, impulse free, internally asymptotically stable
for all mismatched uncertainties and satisfies ‖ Tzw(s) ‖∞≤ γ .

Then, we will give some preliminary results about the
nominal unforced disturbance-free system of (∑)

Eẋ(t) = Ax(t)+Adx(t − τ)
x(t) = φ(t), t ∈ [−τ,0] (5)

Lemma 1[6]: The system (5) is regular, impulse free and
asymptotically stable if there exist appropriate matrices Q >
0, Z > 0, R ≥ 0 and general matrices P, Y satisfying the
LMIs:

PE = ET PT ≥ 0 (6a)
[

R Y
Y T ET ZE

]
≥ 0 (6b)

[
Θ+ τAT ZA PAd −Y + τAT ZAd

AT
d PT −Y T + τAT

d ZA −Q+ τAT
d ZAd

]
< 0 (6c)

where Θ = AT PT +PA+Q+ τR+Y +Y T .
Proof: See the appendix.
The nominal unforced system of (∑) can be written as

Eẋ(t) = Ax(t)+Adx(t − τ)+Fw(t)
z(t) = Cx(t)
x(t) = φ(t), t ∈ [−τ,0]

(7)

Lemma 2: For given γ > 0, the system (7) is regular,
impulse free, internally asymptotically stable and satisfies
‖ Tzw(s) ‖∞≤ γ , if there exist appropriate matrices Q > 0,
Z > 0, R ≥ 0 and general matrices P, Y satisfying the LMIs:

PE = ET PT ≥ 0 (8a)
[

R Y
Y T ET ZE

]
≥ 0 , τR+Y +Y T ≥ 0 (8b)

⎡
⎢⎢⎢⎢⎣

Θ+CTC PAd −Y τAT Z PAd PF
∗ −Q τAT

d Z 0 0
∗ ∗ −τZ 0 0
∗ ∗ ∗ −Q 0
∗ ∗ ∗ ∗ −γ2I

⎤
⎥⎥⎥⎥⎦ < 0 (8c).

Proof : By Lemma 1, it is obvious that the system (7) is
regular, impulse free, internally asymptotically stable.

Now, we will show ‖ Tzw(s) ‖∞≤ γ , and Tzw(s) = C(sE −
(A+Ade−sτ))−1F.

Applying the define of H∞ norm, one can see that
‖ Tzw(s) ‖∞≤ γ holds if γ2I −T T

zw(− jω)Tzw( jω) ≥ 0.
Using Schur complement, (8c) is equivalent to

AT PT +PA+Q+ τR+Y +Y T + γ−2PFFT PT +CTC
+PAdQ−1AT

d PT +ϒ < 0
(9)

where ϒ = (PAd −Y + τAT ZAd)(Q− τAT
d ZAd)−1

(PAd −Y + τAT ZAd)T + τAT ZA.
Rearranging (9) and noting that PE = ET PT , one can get

CTC < (− jωE −A−Ade jωτ )T PT +P( jωE −A−Ade− jωτ )
− γ−2PFFT PT −ϒ−Γ− (τR+Y +Y T )

(10)
where Γ = (AT

d PT e− jωτ −Q)T Q−1(AT
d PT e jωτ −Q).

Letting χ( jω) = ( jωE − A − Ade− jωτ)−1, noting that
Tzw( jω) = Cχ( jω)F , pre-multiplying (10) by (χ(− jω)F)T ,
post-multiplying by χ( jω)F and rearranging, the above
inequality reduces to

T T
zw(− jω)Tzw( jω) ≤ FT PT χ( jω)F +(FT PT χ(− jω)F)T

− γ−2(FT PT χ(− jω)F)T (FT PT χ( jω)F)
− (χ(− jω)F)T (ϒ+Γ+ τR+Y +Y T )(χ( jω)F)

Inequalities (8) implies that ϒ+Γ+τR+Y +Y T ≥ 0, so one
can obtain

γ2I −T T
zw(− jω)Tzw( jω) ≥ γ2I − (FT PT χ(− jω)F)T

−FT PT χ( jω)F + γ−2(FT PT χ(− jω)F)T (FT PT χ( jω)F)
= (γI − γ−1FT PT χ(− jω)F)T (γI − γ−1FT PT χ( jω)F) ≥ 0

This completes the proof. �
Lemma 3: For any real matrices E and Y with appropriate

dimensions the following inequality holds

ETW−1E +Y TWY +ETY +Y T E
= (E +WY )TW−1(E +WY ) ≥ 0

(11)

where W is a symmetric matrix such that W > 0.

III. MAIN RESULTS

By using the equivalent control method[7], we get the
equivalent control of the system (Σ)

ueq(t) = −(SB+S∆B)−1S[(A+∆A)x(t)
+(Ad +∆Ad)x(t − τ)+(F +∆F)w(t)]

then the sliding mode dynamics is given by

Eẋ(t) = [I − (B+∆B)(SB+S∆B)−1S][(A+∆A)x(t)
+(Ad +∆Ad)x(t − τ)+(F +∆F)w(t)]

z(t) = Cx(t)
x(t) = φ(t), t ∈ [−τ,0]

or equivalently,

Eẋ(t) = (I − S̃)(A+∆A)x(t)+(I − S̃)(Ad +∆Ad)x(t − τ)
+(I − S̃)(F +∆F)w(t)

z(t) = Cx(t) (12)
x(t) = φ(t), t ∈ [−τ,0]

where S̃ = (B+∆B)(I +So∆B)−1So, So = (SB)−1S.
Consider the LMIs[

X I
I d1I

]
> 0 , X < d2I (13a)

d3 = λB −d2 −d1ρ2
3 λB > 0 (13b)

where λB = λmin(BT B). Then one can establish the following
theorem to guarantee P1.

Theorem 1: Suppose that the LMIs (13) have a solution
vector (X ,d1,d2) for given λB and ρ3, then there exists
a linear switching surface parameter matrix S satisfying
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P1, and by using a solution matrix X to (13), S can be
parameterized as

σ(x) = SEx = LBT X−1Ex, S = LBT X−1 (14)

where L is any nonsingular m×m matrix.
Proof: It is similar to Theorem 1 of CHOI (2001), and

omitted here.
Now, we will give a delay-dependent sufficient condition

to guarantee P2.
Consider the following LMIs[

R Y
Y T ET ZE

]
≥ 0 , τR+Y +Y T ≥ 0 (15a)

[
J π

πT J̃

]
< 0 , M > 0 (15b)

where

J =

⎡
⎢⎢⎢⎣

J1 PAd −Y τAT Z PF PAd
∗ J2 τAT

d Z 0 0
∗ ∗ J3 0 0
∗ ∗ ∗ J4 0
∗ ∗ ∗ ∗ J5

⎤
⎥⎥⎥⎦

π = diag[π1,(1+ τ)π2,τπ3,π4,π2]
J̃ = diag[J6,(1+ τ)J7,τJ8,J7,J7]

J1 = Θ+λ (1+ τ)ρ2
1 I +CTC

J2 = −Q+λ (1+ τ)ρ2
2 I

J3 = −τZ

J4 = −γ2I +λρ2
4 I

J5 = −Q+λρ2
2 I

J6 = diag[−1
4

λ I,−1
8

d3I,−1
8

d3I,(1+ τ)J7]

J7 = diag[−I,−I,−I,−I]

J8 = diag[−1
2

λ I,−1
4

d3I,−1
4

d3I]

π1 =
[

P PB ρ3P (1+ τ)π̃1
]

π̃1 =
[

d1AT d1ρ1I d2AT d2ρ1I
]

π2 =
[

d1AT
d d1ρ2I d2AT

d d2ρ2I
]

π3 =
[

Z ZB ρ3Z
]

π4 =
[

d1FT d1ρ4I d2FT d2ρ4I
]

where P = ET M +NΦT , Φ ∈ Rn×(n−p) satisfying ET Φ = 0
and rankΦ = n− p. d1, d2, λ are all scalars.

Theorem 2: Suppose that LMIs (13a),(15) have solutions
X > 0,M > 0,Q > 0,R ≥ 0,Z > 0,d1 > 0,d2 > 0,λ > 0 and
general matrices N, Y , for given τ and γ , then there exists a
parameter matrix S satisfying P1-2.

Proof : By theorem 1, we only have to show that the sliding
mode dynamics (12) is regular, impulse free, internally
asymptotically stable, and satisfies ‖ Tzw(s) ‖∞≤ γ for all
mismatched uncertainties.

By Schur complement, one can see that Theorem 2 holds
if the following inequalities holds

PE = ET PT ≥ 0 (16a)

[
R Y

Y T ET ZE

]
≥ 0 , τR+Y +Y T ≥ 0 (16b)

⎡
⎢⎢⎢⎢⎣

K1 K2 K3 K4 K5

∗ −Q K6 0 0
∗ ∗ −τZ 0 0
∗ ∗ ∗ −γ2I 0
∗ ∗ ∗ ∗ −Q

⎤
⎥⎥⎥⎥⎦ < 0 (16c)

where

K1 = K̃1 +Q+ τR+Y +Y T +CTC

K̃1 = (A+∆A)T (I − S̃)T PT +P(I − S̃)(A+∆A)

K2 = P(I − S̃)(Ad +∆Ad)−Y

K3 = τ(A+∆A)T (I − S̃)T Z

K4 = P(I − S̃)(F +∆F)

K5 = P(I − S̃)(Ad +∆Ad)

K6 = τ(Ad +∆Ad)T (I − S̃)T Z

For convenience, let that Ei is column vector and has five
blocks and only the ith block is not zero matrix but identity
matrix, i=1, . . ., 5.

W :=

⎡
⎢⎢⎢⎣

K1 K2 K3 K4 K5
∗ −Q K6 0 0
∗ ∗ −τZ 0 0
∗ ∗ ∗ −γ2I 0
∗ ∗ ∗ ∗ −Q

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

Θ+CTC PAd −Y τAT Z PF PAd
∗ −Q τAT

d Z 0 0
∗ ∗ −τZ 0 0
∗ ∗ ∗ −γ2I 0
∗ ∗ ∗ ∗ −Q

⎤
⎥⎥⎥⎦

+E1(∆A)T PT ET
1 +E1P∆AET

1

−E1(A+∆A)T S̃T PT ET
1 −E1PS̃(A+∆A)ET

1

+E1[P∆Ad −PS̃(Ad +∆Ad)]ET
2

+E2[P∆Ad −PS̃(Ad +∆Ad)]T ET
1

+E1[Z∆A−ZS̃(A+∆A)]T ET
3

+E3[Z∆A−ZS̃(A+∆A)]ET
1

+E2[Z∆Ad −ZS̃(Ad +∆Ad)]T ET
3

+E3[Z∆Ad −ZS̃(Ad +∆Ad)]ET
2

+E1[P∆F −PS̃(F +∆F)]ET
4

+E4[P∆F −PS̃(F +∆F)]T ET
1

+E1[P∆Ad −PS̃(Ad +∆Ad)]ET
5

+E5[P∆Ad −PS̃(Ad +∆Ad)]T ET
1 (17)

From Lemma 3 and condition (3), one can obtain that

(A+∆A)T (A+∆A) = AT A+AT ∆A+(∆A)T A+(∆A)T ∆A

≤ 2(AT A+ρ2
1 I)

similarly, one can get

(Ad +∆Ad)T (Ad +∆Ad) ≤ 2(AT
d Ad +ρ2

2 I)

(B+∆B)(B+∆B)T ≤ 2(BBT +ρ2
3 I) (18)
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(F +∆F)T (F +∆F) ≤ 2(FT F +ρ2
4 I)

Note that (17), it follows from the above that

E1(∆A)T PT ET
1 +E1P∆AET

1 ≤E1(ε1ρ2
1 I +ε−1

1 PPT )ET
1 (19)

and
−E1(A+∆A)T S̃T PT ET

1 −E1PS̃(A+∆A)ET
1

≤ E1[2ε2(AT A+ρ2
1 I)+ ε−1

2 PS̃S̃T PT ]ET
1 (20)

and
E1[P∆Ad −PS̃(Ad +∆Ad)]ET

2

+E2[P∆Ad −PS̃(Ad +∆Ad)]T ET
1

≤ E1P∆AdET
2 +E2∆AT

d PT ET
1

−E1PS̃(Ad +∆Ad)ET
2

−E2(Ad +∆Ad)T S̃T PT ET
1

≤ ET
1 (ε−1

3 PPT + ε−1
4 PS̃S̃T PT )ET

1

+E2[ε3ρ2
2 I +2ε4(AT

d Ad +ρ2
2 I)]ET

2 (21)

similarly, one can get

E1[Z∆A−ZS̃(A+∆A)]T ET
3

+E3[Z∆A−ZS̃(A+∆A)]ET
1

≤ E1[ε5ρ2
1 I +2ε6(AT A+ρ2

1 I)]ET
1

+E3(ε−1
5 Z2 + ε−1

6 ZS̃S̃T Z)ET
3 (22)

and
E2[Z∆Ad −ZS̃(Ad +∆Ad)]T ET

3

+E3[Z∆Ad −ZS̃(Ad +∆Ad)]ET
2

≤ E2[ε7ρ2
2 I +2ε8(AT

d Ad +ρ2
2 I)]ET

2

+E3(ε−1
7 Z2 + ε−1

8 ZS̃S̃T Z)ET
3 (23)

and
E1[P∆F −PS̃(F +∆F)]ET

4

+E4[P∆F −PS̃(F +∆F)]T ET
1

≤ E1(ε−1
9 PPT + ε−1

10 PS̃S̃T PT )ET
1

+E4[ε9ρ2
4 I +2ε10(FT F +ρ2

4 I)]ET
4 (24)

and
E1[P∆Ad −PS̃(Ad +∆Ad)]ET

5

+E5[P∆Ad −PS̃(Ad +∆Ad)]T ET
1

≤ E1(ε−1
11 PPT + ε−1

12 PS̃S̃T PT )ET
1

+E5[ε11ρ2
2 I +2ε12(AT

d Ad +ρ2
2 I)]ET

5 (25)

Schur complement implies that (13a) is equivalent to

0 <
1
d1

I < X < d2I (26)

By using (26) and BT B > λBI > 0, one can see that

SoST
o = (BT X−1B)−1BT X−2B(BT X−1B)−1

< d1(BT X−1B)−1 < d1d2(BT B)−1 <
d1d2

λB
I

(27)

By using Lemma 3 with Y T = So, E = ∆B and W = X , one
can show that the following inequality holds

So∆B+(∆B)T ST
o ≥−SoXST

o − (∆B)T X−1∆B

≥−(BT X−1B)−1 −d1(∆B)T ∆B

≥ −d2(BT B)−1 −d1ρ2
3 I ≥− d2

λB
I −d1ρ2

3 I (28)

Since the above inequality implies

(I +So∆B)−1(I +So∆B)−T ≤ [I +(∆B)T ST
o +So∆B]−1

≤ [I − d2

λB
I −d1ρ2

3 I]−1 =
λB

d3
I > 0 (29)

It follows from (18),(27),(29) that

S̃S̃T = (B+∆B)(I +So∆B)−1SoST
o (I +So∆B)−T (B+∆B)T

and 2d1d2 ≤ d2
1 +d2

2 , one can get

PS̃S̃T PT ≤ d2
1 +d2

2

d3
P(BBT +ρ2

3 I)PT

ZS̃S̃T Z ≤ d2
1 +d2

2

d3
Z(BBT +ρ2

3 I)Z

⎫⎪⎪⎬
⎪⎪⎭

(30)

For simplicity, define ε2n =
1
2
(d2

1 + d2
2), ε2n−1 = λ , n =

1, . . . ,6. So (17) from (19)-(25) and (30) can be expressed
as

W ≤

⎡
⎢⎢⎢⎢⎣

H1 PAd −Y τAT Z PF PAd

∗ H2 τAT
d Z 0 0

∗ ∗ H3 0 0
∗ ∗ ∗ H4 0
∗ ∗ ∗ ∗ H5

⎤
⎥⎥⎥⎥⎦

where

H1 = AT PT +PA+(ε1 + τε5)ρ2
1 I +(ε−1

1 + ε−1
3 + ε−1

9 + ε−1
11 )PPT

+2(ε2 + τε6)(AT A+ρ2
1 I)+Q+ τR+Y +Y T +CTC

+(ε−1
2 + ε−1

4 + ε−1
10 + ε−1

12 )
d2

1 +d2
2

d3
P(BBT +ρ2

3 I)PT

= AT PT +PA+λ (1+ τ)ρ2
1 I +4λ−1PPT

+(1+ τ)(d2
1 +d2

2)(AT A+ρ2
1 I)

+
8
d3

P(BBT +ρ2
3 I)PT +Q+ τR+Y +Y T +CTC

H2 = −Q+(ε3 + τε7)ρ2
2 I +2(ε4 + τε8)(AT

d Ad +ρ2
2 I)

= −Q+λ (1+ τ)ρ2
2 I +(1+ τ)(d2

1 +d2
2)(AT

d Ad +ρ2
2 I)

H3 = −τZ + τ(ε−1
5 + ε−1

7 )Z2

+
d2

1 +d2
2

d3
τ(ε−1

6 + ε−1
8 )Z(BBT +ρ2

3 I)Z

= −τZ +2λ−1τZ2 +
4τ
d3

Z(BBT +ρ2
3 I)Z

H4 = −γ2I + ε9ρ2
4 I +2ε10(FT F +ρ2

4 I)

= −γ2I +λρ2
4 I +(d2

1 +d2
2)(FT F +ρ2

4 I)

H5 = −Q+ ε11ρ2
2 I +2ε12(AT

d Ad +ρ2
2 I)

= −Q+λρ2
2 I +(d2

1 +d2
2)(AT

d Ad +ρ2
2 I)
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One can obtain that (16c) holds if the following inequality
satisfies⎡

⎢⎢⎢⎢⎣

H1 PAd −Y τAT Z PF PAd

∗ H2 τAT
d Z 0 0

∗ ∗ H3 0 0
∗ ∗ ∗ H4 0
∗ ∗ ∗ ∗ H5

⎤
⎥⎥⎥⎥⎦ < 0 (31)

Since P = ET M +NΦT , ET Φ = 0, M > 0, so we get

PE = (ET M +NΦT )E = ET ME ≥ 0

ET PT = ET (ME +ΦN) = ET ME ≥ 0

Because (31) is equivalent to (15b) and (31) guarantee (16c),
this completes the proof. �

Now, let the switched feedback control strategy be given
as

u(t) = −(SB)−1SAx(t)− (SB)−1SAdx(t − τ)

− p(x(t))
(SB)−1σ

‖ (SB)−1σ ‖ , ‖ σ ‖�= 0
(32)

where
p(x(t)) = 2{ε+ ‖ So ‖ ·[ρ1 ‖ x(t) ‖ +ρ2 ‖ x(t − τ) ‖

+ρ3 ‖ SoAx(t)+SoAdx(t − τ) ‖]
+� ‖ SoF ‖ +ρ4� ‖ So ‖}

(33)

and ε is a positive scalar.
Theorem 3: Consider the closed-loop control system of

the system (1)-(2) with the control (32), and assume that the
LMIs (13a),(15) have solutions and that the linear switching
surface is given by (14). Then, every solution trajectory
of the system (1)-(2) is directed towards the switching
surface σ(x) = 0 in limited time, and once the trajectory
hits the switching surface it will remain on the surface for
all subsequent time.

Proof : we will show that the control law (32) with σ of
(14) drives the system trajectory onto the linear switching
surface, but also keeps it there for all subsequent time, i. e.
the reaching condition σTWoσ̇ < 0 is satisfied where Wo is a
positive-definite matrix. If LMIs (13a), (15) have a solution
vector (X ,M,N,Q,R,Y,Z,d1,d2,λ ) and the linear switching
surface is given by (14). Then using (1) and (32), one can
obtain

σT (SB)−T (SB)−1σ̇ = σT (SB)−T [So∆Ax(t)+So∆Adx(t − τ)
−So∆BSoAx(t)−So∆BSoAdx(t − τ)+So(F +∆F)w(t)]

− p(x(t))
‖ (SB)−1σ ‖σT (SB)−T (I +So∆B)(SB)−1σ

≤‖ (SB)−1σ ‖ ·{‖ So ‖ ·[ρ1 ‖ x(t) ‖ +ρ2 ‖ x(t − τ) ‖
+ρ3 ‖ SoAx(t)+SoAdx(t − τ) ‖]+ � ‖ SoF ‖ +ρ4� ‖ So ‖}
− p(x(t))

‖ (SB)−1σ ‖σT (SB)−T (I +So∆B)(SB)−1σ

By using Lemma 3 with Y T = σT (SB)−T So,E = ∆B(SB)−1σ
and W = X , one can show that

−σT (SB)−T So∆B(SB)−1σ

≤ 1
2

σT (SB)−T SoXST
o (SB)−1σ

+
1
2

σT (SB)−T (∆B)T X−1∆B(SB)−1σ

≤ 1
2

σT (SB)−T [(BT X−1B)−1 +ρ2
3 ‖ X−1 ‖ I](SB)−1σ

Therefore, one can get

σT (SB)−T (SB)−1σ̇
≤‖ (SB)−1σ ‖ ·{‖ So ‖ ·[ρ1 ‖ x(t) ‖ +ρ2 ‖ x(t − τ) ‖

+ρ3 ‖ SoAx(t)+SoAdx(t − τ) ‖]
+ � ‖ SoF ‖ +ρ4� ‖ So ‖}
− p(x(t))

2 ‖ (SB)−1σ ‖σT (SB)−T [2I − (BT X−1B)−1

−ρ2
3 ‖ X−1 ‖ I](SB)−1σ

Because as shown in the following

2I − (BT X−1B)−1 −ρ2
3 ‖ X−1 ‖ I ≥ (2−d1ρ2

3 )I −d2(BT B)−1

≥ (2−d1ρ2
3 )I − d2

λB
I = I +

d3

λB
I > 0

One can conclude that the reaching condition is satisfied as

σT (SB)−T (SB)−1σ̇ ≤−ε ‖ (SB)−1σ ‖< 0

After all, it is known that there exists a sliding mode, i.e.,
the trajectory can reach the surface (SB)−1σ = 0 in limited
time[7]. Since the surface σ = 0 and the surface (SB)−1σ = 0
is identical, the trajectory can reach the surface σ = 0 in
limited time. This completes the proof. �

IV. NUMERICAL EXAMPLE
Consider the uncertain singular time-delay systems (Σ) of

the form with

E =

⎡
⎢⎢⎢⎣

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎦ , B =

⎡
⎢⎢⎢⎣

2
0
2
−2
0

⎤
⎥⎥⎥⎦

A =

⎡
⎢⎢⎢⎣

−100 2 −2 0 0
−200 −201 0 0 240
100 0 100 0 0
−25 0 0 0 −100

0 80 −10 0 100

⎤
⎥⎥⎥⎦

Ad =

⎡
⎢⎢⎢⎣

10 6 −1 0 0
0 10 −5 0 3
0 5 −1 0 0
−2 −1 0 0 0
0 0 1 0 0.5

⎤
⎥⎥⎥⎦ , F =

⎡
⎢⎢⎢⎣

0
0

−0.54
0
0

⎤
⎥⎥⎥⎦ ,

CT =

⎡
⎢⎢⎢⎣

0 1
0 0
−1 0
0 0
1 1

⎤
⎥⎥⎥⎦ , Φ =

⎡
⎢⎢⎢⎣

0 0 0 0
1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 10

⎤
⎥⎥⎥⎦

ρ1 = 0, ρ2 = 0, ρ3 = 0.01

ρ4 = 0.01, γ = 2, τ = 0.1, L = 1

According to Theorem 2, the following feasible solution
can be obtained

X =

⎡
⎢⎢⎢⎣

1.0113 0 0.0000 0.0000 0
0 1.0113 0 0 0

0.0000 0 1.0113 −0.0000 0
0.0000 0 −0.0000 1.0113 0

0 0 0 0 1.0113

⎤
⎥⎥⎥⎦

so we get
S =

[
1.9777 0 0 0 0

]
(34)
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V. CONCLUSION

In this paper, the problem of design linear switching
surfaces and reaching controller has been considered for
a class of singular time-delay systems with mismatched
norm-bounded uncertainties and mismatched external dis-
turbances. Based on linear matrix inequalities(LMI), we
propose a delay-dependent sufficient condition guaranteeing
the existence of a linear switching surface such that the
sliding mode dynamics restricted to the switching surface
is regular, impulse free, internally asymptotically stable with
disturbance attenuation. A state feedback controller is given
to guarantee system trajectories convergent to the linear
switching surface in finite time. We also give an explicit
formula of such linear switching surfaces, together with a
numerical example.

APPENDIX
Proof of Lemma 1:
The following notations are needed:
S̄ := {φ(t) | φ(t) ∈Cn,τ ,φ(t) is the compatible initial function of

system (5), and there exists a unique continuous solution of system
(5) on [0,+∞) for φ(t)},

B(0,δ ) := {φ(t) | φ(t) ∈Cn,τ ,‖ φ ‖c≤ δ ,δ > 0}.
1. Prove the system (5) is regular and impulse free.
From 0 <rankE = p < n, there exist nonsingular matrices M,N

such that
Ē := MEN =

[
Ip 0
0 0

]
, Z̄ := M−T ZM−1 =

[
Z11 Z12
ZT

12 Z22

]
(35a)

Ā := MAN =
[

A11 A12
A21 A22

]
, Ād := MAdN =

[
Aτ11 Aτ12
Aτ21 Aτ22

]
(35b)

P̄ := NT PM−1 =
[

P11 P12
P21 P22

]
, Q̄ := NT QN =

[
Q11 Q12
QT

12 Q22

]
(35c)

X̄ := NT XN =
[

X11 X12
XT

12 X22

]
, Ȳ := NTY N =

[
Y11 Y12
Y21 Y22

]
(35d)

Substituting (35) into (6), we get

P21 = 0, P11 > 0,

⎡
⎢⎣

X11 X12 Y11 0
∗ X22 Y21 0
∗ ∗ Z11 0
∗ ∗ ∗ 0

⎤
⎥⎦ ≥ 0 (36)

[
P22A22 +AT

22PT
22 +Q22 P22Aτ22

∗ −Q22

]
< 0 (37)

which implies the system (5) is regular and impulse free. Hence,
there exist nonsingular matrices M̄, N̄ such that (E,A) r. s. e. to
the Weierstrass standard form (Ĕ, Ă). For simplicity, M̄, N̄ are still
denoted by M,N, Ĕ, Ă by Ē, Ā and then other notations in (36) are
still used. So

Ē := MEN =
[

Ip 0
0 0

]
, Ā := MAN =

[
A1 0
0 In−p

]
(38)

Under coordinate transformation of x(t) = Ny(t) = N

[
y1(t)
y2(t)

]
,

system (5) is equivalently transformed into:⎧⎨
⎩

ẏ1(t) = A1y1(t)+Aτ11y1(t − τ)+Aτ12y2(t − τ),
0 = y2(t)+Aτ21y1(t − τ)+Aτ22y2(t − τ),

y(t) = N−1φ(t) = ψ(t), t ∈ [−τ,0]
(39)

Obviously, the asymptotical stability of the zero solution to
system (39) is equivalent to that of the system (5).

2. Prove the asymptotical stability of the zero solution to the
system (39). Introduce the following Lemma:

Lemma [9]: If there exists a continuous functional V (yt) : Cn,τ →
R and continuous nondecreasing functions u,v,w : R+ → R+, with
u(0) = v(0) = 0, u(s) > 0,v(s) > 0,∀s > 0,V (yt) satisfies:

c1) u(‖ y1(t) ‖2) ≤V (yt) ≤ v(‖ yt ‖2
c), t ≥ τ

c2) D+(V (yt)) ≤−w(‖ y1(t) ‖2), t ≥ τ
where yt := y(t +θ), θ ∈ [−2τ,0], t ≥ τ . Then the first p-dimension

vector of the zero solution to system (39) is stable, i. e., for any
ε > 0, there exists a δ (ε) > 0, such that ‖ y1(t) ‖≤ ε, t ≥ 0 when
the initial function ψ(t) ∈ B(0,δ (ε))∩ S̄.

Furthermore, if w(s) > 0 for s > 0, and there exist constant scalars
l0,m0, such that ‖ ẏ1(t) ‖≤ m0, t ≥ 0 when ‖ y1(t) ‖≤ l0, t ≥ 0, then
the first p-dimension vector of the zero solution to system (39)
is asymptotically stable, i. e., i) the the first p-dimension vector
of the zero solution is stable; ii) there exists a sufficiently small
scalar δ0 > 0, such that lim

t→∞
y1(t) = 0 when the initial function

ψ(t) ∈ B(0,δ0)∩ S̄.
Define Lyapunov-Krasovskii functional:
V (yt) = yT (t)P̄Ēy(t)+

∫ t
t−τ yT (s)Q̄y(s)ds

+
∫ 0
−τ

∫ t
t+β ẏT (α)ĒT Z̄Ēẏ(α)dαdβ , t ≥ τ.

Then we can deduce that V (yt) satisfies (c1) and (c2). By the
above Lemma, we have that the first p-dimension vector of the
zero solution to system (39) is stable.

Next to prove the first p-dimension vector of the zero solu-
tion to system (39) is asymptotically stable. From (37), we have

AT
τ22Q22Aτ22 −Q22 < 0, ‖ Ak

τ22 ‖≤ βαk (40)
where β ,α are scalars, α ∈ (0,1) and β > 1. From (39), we get

y2(t) = (−Aτ22)ky2(t − kτ)−
k
∑

i=1
(−Aτ22)i−1Aτ21y1(t − iτ)

(k−1)τ ≤ t < kτ, k = 1,2, . . . (41)
Recall the first p-dimension vector of the zero solution to system

(39) is stable, so for any ε > 0, there exists 0 < δ (ε) < ε, such that

‖ y1(t) ‖≤ ε, t ≥−τ (42)
when the initial function ψ(t) ∈ B(0,δ (ε)) ∩ S̄. Furthermore,

‖ y2(θ) ‖=‖ ψ2(θ) ‖≤ δ (ε) ≤ ε,θ ∈ [−τ,0], it follows that

‖ y2(t) ‖≤ β (1+ 1
1−α ‖ Aτ21 ‖)ε, t ≥−τ. (43)

Thus from (42), (43) and (39), we get ‖ ẏ1(t) ‖≤ β̄ ε , t ≥ 0.
β̄ is a scalar. So then using the above Lemma gives that the
first p-dimension vector of the zero solution to system (39) is
asymptotically stable.

Finally, by (40) -(43), we will prove that the zero solution of
system (39) is asymptotically stable. It completes the proof. �
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