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Abstract— Application of sliding mode control to the direct 
tracking of an arbitrary output voltage profile in multiple 
modular DC-to-DC boost power converters is studied. In 
particular, the case of two boost converters sharing a common 
primary source of electric supply (PSES) and driving 
independent loads is studied to demonstrate tracking control of 
multiple modular converters. Operating point analysis shows 
that the coupled converters have two possible operating points, 
which result in nonminimum phase operation. It is 
demonstrated that one of these operating points results in a 
practical and physically realizable solution while the other does 
not. Sliding mode control by the method of stable system center 
is employed, and the nonminimum phase output tracking 
problem is reduced to a state-tracking problem. A numerical 
example and simulation demonstrates the effectiveness of the 
sliding mode control design. 

I. INTRODUCTION

witched mode DC-to-DC power converters are used in a 
variety of electric power supply systems, including cars, 

ships, aircraft and computers [1]. Application of Sliding 
Mode Control [2,3] in tracking a real-time voltage profile is 
very promising because a switching control strategy is 
traditionally employed in power converters, and because of 
the inherent robustness properties of the sliding mode. A 
number of contributions to sliding mode control [2,3] of 
power converters are available in the papers [1,4-12]. Direct 
regulation/tracking control of the output voltage for multiple 
modular buck and buck-boost converters has previously 
been addressed in the paper [5] and so this work is intended 
to extend this concept to the study of multiple modular boost 
converters. It has been shown in [4,6,7,9,10] that controlling 
the current can indirectly control the output voltage in ideal 
converters. In the papers [11,12], a sliding mode control 
design technique called the method of stable system center, 
which allows direct control of the voltage in ideal boost and 
buck-boost converters is developed. The technique is based 
on the transformation of nonminimum phase output tracking 
in causal systems to state variable tracking. The bounded 
state reference profiles are generated using custom-designed 
equations of the system center [14].  

Primary sources, including chemical batteries, solar cells, 
and rotating generators, have internal resistance. The  

contribution of this paper is in the analysis and direct control 
of the output voltage of multiple modular DC-to-DC boost 
power converters connected in parallel sharing a common 
voltage source that includes the source resistance. Source 
resistance should be considered because of the power 
limiting and coupling effects. The method of stable system 
center is employed and results in high fidelity output voltage 
tracking and decoupling for this nonminimum phase system.  

Operating point analyses are conducted, and it is shown 
in this paper that parallel boost converters sharing a common 
power source and driving independent loads have two 
possible operating points for each converter and that the 
system is nonminimum phase for either operating point. 
Both operating points are explored and it is shown that one 
operating point is useful while the other is not due to very 
large inductor currents.   

The paper is organized as follows: Section II is dedicated 
to the mathematical modeling of parallel boost converters 
including source resistance. In Section III the stability of the 
forced zero dynamics and operating point analyses are 
presented. Section IV presents the method of stable system 
center in nonminimum phase output tracking. The 
nonminimum phase output tracking problem solution for 
parallel boost converters driven by a common source that 
includes source resistance and driving independent loads is 
presented in Section V. In Section VI a numerical example 
and simulation of the parallel boost converter is discussed. 
Conclusions are summarized in Section VII. 

II. MATHEMATICAL MODEL OF MULTIPLE MODULAR BOOST
CONVERTERS

Analysis and control of multiple modular, and this case 
specifically, two paralleled DC-to-DC power converters 
should take source resistance,

S
R , of the primary source of 

electric power supply into account. The parallel boost 
converters (Fig. 1) can be modeled as bilinear systems. The 
natural state variables are the current through the inductors 
and the voltage across the capacitors.  The variables of 
Figure 1 are as follows:  are the voltages across the 

capacitors,
civ

Lii  are the currents through the inductors,  is 

the ideal source voltage, 

E

sR  is the source resistance, 
Li

R  are 

the load resistances,  are the inductances, and  are the 
capacitances. The subscript  hereon.
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Fig. 1. Parallel (multiple modular) boost converter 
circuit with source resistance. 

The plant is described by the following system of 
differential equations: 

1
1 2 1 3(1 ) 1

dx
x x u x

d
       (1a) 

2
1 1 1(1 )

dx
2x u

d
x            (1b) 

3
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dx
x x x u

d
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3 2 2(1 )

dx
4x u
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x            (1d)
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where  is the scaled time variable, and  denotes real 
time.  is a switching control function that can be 
equal to one or zero. To simplify the analysis, the 
mathematical model will from here forward assume that the 
power converters are identical, e.g., the converters have the 
same values of  and of C . As such the source resistance 
and load resistances are represented  in (1) by 

t
0,1u

L

1
,

L

s i

i

C L

L R C
R .

III. STABILITY OF FORCED ZERO DYNAMICS AND OPERATING 
POINT ANALYSIS

Before the output voltage-tracking controller is 
designed it is necessary to identify if the system (1) is 
minimum or nonminimum phase. This is defined by the 
stability analysis of the forced zero dynamics of the system 
in (1). In order to study stability of the forced zero 
dynamics, a transformation of the system in (1) is performed 
to put the system into the normal canonical form [13], 
having in mind that we are seeking tracking control of the 
output voltages 2x and 4x . This eliminates the control 
variable  from equations (1a) and (1c) so that the internal 

dynamics may be studied. Transformation variables  and 

iu

iz

i  are introduced and results in the equations (2).  They are 
analogous to the inductor currents and the output voltages 
respectively.

1 1 1 1 1 2 2 1 12 ( ) 2 2 2z z z z z 1 1   (2a) 

2 2 2 1 1 2 2 2 22 ( ) 2 2 2z z z z z 2 2   (2b) 

1 1 1 1 12 ( ) (1 ) 2z u 1 1       (2c) 

2 2 2 2 22 ( ) (1 ) 2z u 2 2

iv u

    (2d) 

The control function is v [ 0.5, 0.5] : 0.5i i  and is 
substituted into (2). The internal variables 2 2

1 2iz x x ,
2

2 3z x x2
4  and the controlled outputs are 2 2

1 2 2, 4x x .
It is worthwhile mentioning that in the ideal case  is the 
flat output [16]. Note that in terms of (2), we require the 
design of switching controls v  that provides for asymptotic 
output tracking of an arbitrary real-time and sufficiently 
smooth command profile . We wish to provide 

z

i

( )
ic t

0lim ( ) ( )
it ic t t .           (3) 

The output tracking problem (3) is equivalent to the 
tracking of the arbitrary command profile of output voltages, 
since 2

i ix . In order to conduct stability analysis of the 
forced zero dynamics, we linearize the nonlinear equation of 
the internal dynamics given in (2a), (2b) nearby the 
operating points 10 10( , )z and ( ,20 20 )z ;

20 20
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and replace the output variables i  by the arbitrary real-time 
command profiles .( )ci t

The operating points[ ,  are defined as 
equilibrium points in (4) by setting .

0 0
]

i i

T
z

0iz

Letting 0i ii
q z

0  simplifies the stability and 
operating point analyses. Substitution into (4) and putting 
the internal dynamics into matrix form yields: 
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2 1

1 1 2

2 1

1 2 2

1

1
2

1
2

q q

q q q
Q

q q

q q q

    (5) 

Conducting eigenanalysis on (5) gives two conditions that 
must be met for stability (minimum phase condition): 

1

1 2

1 2

1 2

1

2q q
q q

q q

          (6) 

2 2
1 2 1 22( ) 3( ) 1 0q q q q          (7) 

Obviously, there are two solutions to (7). Solving and 
simplifying the solutions of (7) yields 

2 3

1 2 1 2

1
,

2( )q q q q

1
.         (8) 

Because both conditions (6), (7) must be met per the 
eigenanalysis, it is necessary to determine which solutions in 
(6) or (8) provide for stability. This condition is found by 
determining which of these solutions meet both stability 
conditions simultaneously. Some algebraic manipulation of 
inequalities and the requirements of eigenanalysis 
determined that the valid stability condition is given by 

1 2

1

q q
.                (9) 

Now we proceed to the operating point analysis. It is 
desirable to have the source resistance sR  small, otherwise 

the power losses, 1

2 2
2L L si i R  could become large which 

results in reduced overall efficiency. Since the parameter 
is proportional to sR , it makes sense to study the equilibrium 
point behavior while 0 . By setting 0iz  the 
equilibrium points can be determined. Algebraic 
manipulation of (4) results in two quadratic equations for the 
equilibrium points.  

2
1 1 2 1 1 10 0q q q q           (10) 
2
2 1 2 2 2 20 0q q q q           (11) 

Solving (10), (11) simultaneously yields two solution sets 
0

1 10 2 20

2

1 1 4 ( )
, 1,i i

iq 2i      (12) 

and
0

1 10 2 20

2

1 1 4 ( )
, 1,i i

iq 2i      (13) 

Now it is necessary to determine which equilibrium point, 
(12) or (13) is useful from a practical standpoint, and 
whether or not they are minimum or nonminimum phase. 
This may be determined by taking the limit of the inductor 
currents at the equilibrium point as 0 . Since 

0i ii
q z

0
0 0

0
1 10 2 20

2
0

0

2
2

lim
1 1 4 ( )

2
,

0
1, 2

i i
i i

i i
i

z

i

    (14) 

The limits of the current from the equilibrium points (13) are 
2

0
0

1 10 2 20

2
20

0 0 0

0
0

2

1 1 4 ( )

2
( ) 1,

2

lim

,

i i
i

i i
i i i i

iz

i 2

  (15) 

Clearly, the inductor current in equilibrium point (12) is not 
tractable as the source resistance becomes small.  Since the 
inductor current in (13) has a limit, it is the practical 
equilibrium point to take. It should also be noted that for a 
real operating point to exist the condition (16) must be met 
as well.

1 10 2 201 4 0           (16) 
It is necessary to determine the system type given the chosen 
equilibrium point in (13). In order for the system to be 
minimum phase, the stability requirement (9) must be met 
otherwise the system is nonminimum phase. Rearranging 
(9),

1 2

1
q q .               (17) 

Adding  from (12),(13) gives 1 2,q q

1 10 2 20

1 2

1 1 4 ( )

2
q q

Applying the inequality of (18),  

1 10 2 201 1 4 ( ) 1

2
         (18) 

If (18) holds true, it necessarily implies stability and thus 
minimum phase at the equilibrium point in (13). Otherwise 
the system is nonminimum phase. To simplify this analysis 
let

1 10 2 20
.              (19) 

Substituting (19) into (18) and solving the resulting 
inequality gives  

1 4 1 .               (20) 
It is obvious that (20) can never be true. This implies 
instability of the forced zero dynamics. As such, the system 
is nonminimum phase. Because of the nonminimum phase 
nature of the system, traditional sliding mode control 
techniques cannot be applied and so a more advanced 
technique, the method of stable system center shall be 
employed to solve the control problem. Although not shown, 
it should be mentioned that the operating point in (12) also 
results in a nonminimum phase system as well.  

In this paper we design an output voltage-tracking 
controller for parallel causal boost converters that include a 
source resistance in (2) nearby the second operating point 
(13). This is a nonminimum phase output-tracking problem. 
A similar problem for a single ideal causal boost converter 

0  then the limits of the current from the 
equilibrium points (12) are 
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was addressed in [11,12] using the method of stable system 
center [14]. In this paper we also use this method [14] to 
address the output-tracking problem in the parallel boost 
converters with source resistance. 

The problem at hand is to design the control  that 

forces the output variable 
iv

i  to asymptotically track the 

command profile  is given by an exogenous system 
with a known stable characteristic polynomial  

( )
ci

t

1
1

1( ) k k
k kP p p 0p

0p

u

 (21) 
where  is the order of the exogenous system, and 

 are specified non-negative constants.
k

1 1, , ,kp p

IV. THE METHOD OF STABLE SYSTEM CENTER IN 
NONMINIMUM PHASE OUTPUT TRACKING

The results [14] are formulated for the following non-
minimum phase system: 

1 2 ( )

( , , ) ( , )

Q Q y f t

y y t y
           (22) 

where  is the internal state, ( ) n mt ( ) my t  the 

controlled vector output, ( ) mu t  the control function; 

 is a bounded vector field and ( ) m ( ) m m  is a 

non-singular matrix;  is a known non-

singular non-Hurwitz matrix,  is a known 

matrix, the pair  is completely controllable; 

1

( ) (n m n mQ )

2

( )n m mQ

1 2( , )Q Q ( )f t is
an unmatched norm-bounded [2,3] external disturbance.  

Remark. System (22) is nonminimum phase, since 
 is a non-Hurwitz matrix that yields 

instability of the zero dynamics.  
1

( ) (n m n mQ )

The problem is to provide the asymptotic tracking of a 
causal smooth command (tracking) profile,  as 
time increases, in the presence of an unmatched external 
disturbance 

( )cy y t

( )f t  that can be measured or estimated using 
high order sliding mode differentiation/estimation technique 
[15]. The stable system center  can be computed using 
the following theorem. 

( )c t

Theorem 1 [14] Given the nonminimum phase system (15) 
with the measurable state vector ( , )y and the following set 
of conditions: 
1. The matrix  in (22) is non-Hurwitz and nonsingular. 1Q

2. The output reference profile and the unmatched 
disturbance 

( )cy t

( )f t  can be piecewise represented by a 
known linear exosystem with a characteristic 
polynomial given by (21).  

Then

1.  The output tracking in real time of the bounded 
reference profile,  can be replaced by 

tracking the state reference profile 

( ) ,
c

my t

( , ) ,T

c c

ny  such 

that  asymptotically with given 
eigenvalues. 

( , ) ( , )T

c c
y Ty

2. The internal state reference profile n m
c  is 

generated by the matrix differential equation  
( ) ( 1)

1 1 0

( 1)
1 1( )

k k
c k c c c

k
k c c c

c c c

P P 0 ,P
      (23) 

where the constants  are chosen to provide any 

desired eigenvalues for 
1, , 1 0,kc c c

,c c  and the matrices 

 are given by  1 1 0

( ) (, , ,
k

n m n mP P P )

1

1)

)

)

ˆ

1 1)

0 0 1 1 0 1

1 1
1 1 1 0 1 1 1 0 1

1 ( 1) 1 (
2 2 1 0 1 1 2 1 0 1

1 2 1 2)
1 1 1 0 1 1 1 1 0 1

( ) )

( ) (

( ) (

( ) ( )

k

k k
k k k

k k
k k k k

k

P c Q p I p Q

P I c Q c Q I p Q p Q I

P c Q c Q p I p Q p Q

P c Q c Q p I p Q p Q

(24)

3. The term 2
ˆ( , )

c c c
y f Q y f in (22) is estimated. 

Proof.  See [14]  
Now we can use the stable system center  for 

when computing the sliding surface keeping in mind that 
 as time increases. Hence, the sliding mode 

equations will converge asymptotically.

( )
c

t ( )
c

t

( ) ( )
c c

t t

V. OUTPUT VOLTAGE TRACKING CONTROL FOR MULTIPLE 
MODULAR BOOST CONVERTERS

To apply the method of stable system center presented in 
Section IV to the output voltage tracking in the parallel 
boost converter system, we must represent (2) in the form of 
(22). To achieve this, the internal dynamics are linearized as 
in (4) while the nonlinear input-output dynamics are 
retained. Previously we obtained the linearized internal 
dynamics, and the system, which is valid near the operating 
point in (4).0 0, T

i iz
We assume output-tracking (command) profiles and the 

term  in (4) are described by an exogenous system of 
linear time-invariant differential equations with the 
following characteristic equation: 

3 2 2

3 ( ) 0 0
n

P         (25) 

It means, for instance, that the causal command profiles 
could be of the form 

sin( )
ci nii i iA B t          (26) 
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where  and ii BA , i  are unknown piecewise constants, ni

is a known piecewise constant. The term  in (4) that falls 
into (25) is assumed to be piecewise constant. 
The operating point in (13) is used. Letting  and 

i

i
z z

ci

ci
 in (4) and substituting (26) gives the equation of 

system center, which is, in matrix form: 

1 2c c cZ Q Z Q           (27) 

Where  is given by (5), and  are given by (28) as 
follows: 

1Q 2 ,Q

2 1

1

1 1 2

2

2 1

2

1 2 2

1
2 2

1
2 2

q q

q q q
Q

q q

q q q

  (28) 

10 101

2 20 20

1 1 1 1

2 2 2 2

sin( )

sin( )
c n

c

c n

zq

q z

A B t

A B t

c

and (27) is unstable as shown in the stability analysis of 
Section III. Now the equation of the system center can be 
written in accordance with (23) as 

2 1 0
(3) (2) (2) (1)

2 1 0 ,( )c c c c c cP P Pz c z c z c z     (29) 
where

2 cc Q               (30) 
The characteristic polynomial of the exogenous system that 
describes the signal 

c
 is obtained from (21) and (25) with 

 The coefficients  are 
computed in accordance with (24) and where 

2 1 0
20, , 0.np p and p 0 1 2, ,P P and P

3k . For this 
particular case these are given in (31) where ,  are 
given in (5), (28) respectively. 

1Q 2Q

1 1
0 0 1 2 0 1

1 2 1 2
1 1 0 1 2 1 1 0 1

11 2 3 1 2 3
2 2 1 1 1 0 1 2 1 1 1 0 1

1

( )

P c Q P I p Q

P c Q c Q P I p Q p Q

P I c Q c Q c Q I p Q p Q p Q I

 (31) 

The matrices of (31) are generally too complex to solve 
symbolically for anything other than a simple scalar case, 
thus, (31) these are computed and used in the numerical 
example and simulation. 
Remark. The stable (bounded) system center , defined by 
(29), (30), and (31), converges asymptotically to a bounded 
solution of the unstable equation of the system center (27), 

, i.e., , as time increases in accordance with 

Theorem 1. Since the switching control functions  can 
take on values of 0.5 or –0.5, the following sliding mode 
controller is selected: 

cz

cz cz zc

iv

0.5 ( )SIGNv             (32) 

where .1 2( ) ( ), ( ) T
SIGN sign sign

The switching functions are defined as  
2 2

1 2, , , , T
z ce Ke K e  (33) 

Assume that the sliding mode exists on the switching 
surface 0i . Then the matrix  is selected on the basis 
of the desired tracking error dynamics in the sliding mode, 
given in vector-matrix form as in (34).  

K

1 2 1 2z z c ce Q KQ e z Q z Q c

c

   (34) 

where matrices and  are given in (5),(28). 1Q 2Q

Since , then cz z z ze e , and thus 

0~~
21 ccc QzQz          (35) 

The sliding mode dynamics (34) asymptotically 
approach the homogeneous matrix differential equations 

1 2 ,z ze Q KQ e e Kez        (36) 

The matrix  is selected to provide the desired eigenvalues 
in (36). Using the sliding mode existence condition 

K

0ii  [2,3], the sliding domain can be identified on the 
switching surface 0 .

The stable system center for the multiple modular boost 
converters is parameterized in (29)-(31). The corresponding 
sliding mode controller is defined by (32), (33). The gain 
matrix K  is selected to provide desired tracking error 
dynamics of the boost converter in the sliding mode (36) 
that occurs when  and  as time increases.  cz cz zze e
Remark. The achieved results are local since the model (4) is 
valid near the linearization point.  

VI. NUMERICAL EXAMPLE AND SIMULATION OF MULTIPLE
MODULAR BOOST CONVERTERS

The following circuit parameters are selected for the 
boost converter and sliding mode controller: 

0 1 2 2,1, 3, 3, nc c c
1 2

50L LR R , 0.5sR ,

10 ,L mH 5C F , .
1 2

40 , 50c cV V V V 20E V

The circuit parameters give 0.0112 ,
, and operating points at 1 2 0.894 10 4,

and . We identify the 
stable system center as (37): 

10 20.38z 20 6.25, 20 46.23z

2 1 0
(3) (2) (1) (2) (1)3 3c c c c c c cP P Pz z z z     (37) 

Substituting the parameters into Eqs. (5), (28), and (31) 
yields the numerical results for the P and Q matrices.  

The command profile is formed as  in (28). Once the 
transient in the stable system center (30), (31) is complete 
and , the sliding mode (31) becomes 

c

cz zc

0.20727 0.00715 1.99527 0.00715

0.01747 0.128630 0.017468 1.91663
Kz ze e .

Choosing -5.11587, -5.2847K diag  yields the eigenvalues 

10, 10 .
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The parallel boost (multiple modular) converters, 
described by (1), (2) and the sliding mode control (32), (33) 
were simulated. The results are shown in Figs. 1 and 2. The 
plots are the reverse transformed variables and thus are the 
actual voltages and currents in real time. High accuracy 
output tracking is demonstrated in Fig. 1. The essentially 
unstable internal variables  are stabilized and follow the 
stable system center profile in (29), (30), (31) and in Fig. 2. 
Apparently, the control channels are decoupled, since any 
change in the command profile of one converter doesn’t 
cause a transient in the other (parallel) converter output 
tracking.

iz

Figure 1: The Output Variable Tracking  
(Capacitor Voltages)  

Figure 2 The Internal Variable Tracking 
(Inductor Currents)

VII. CONCLUSIONS

Direct tracking control of voltage is studied for multiple 
modular, and specifically, parallel, DC-to-DC boost power 
converters. Operating point analyses show that there are two 
possible operating points for each converter, and both result 
in nonminimum phase. It was shown analytically why one 
operating point is valid and the other is not. The sliding 
mode control design provides decoupling and high fidelity 
tracking of arbitrary voltage reference profiles given by an 
exogenous system in real time. A numerical example and 
simulation demonstrate the effectiveness of the sliding mode 
control design using the method of stable system center.
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