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Output Regulation of Descriptor Systems with Periodic Coefficients

Akira Ichikawa and Hitoshi Katayama

Abstract—In this paper the output regulation problem for
linear descriptor systems with periodic and almost periodic
coefficients is considered. Necessary and sufficient conditions for
the problem to be solvable are given in terms of the regulator
equations. Simple examples are given to illustrate the theory.

I. INTRODUCTION

The output regulation problem for a system with exoge-
nous inputs is to find a stabilizing feedback controller such
that the controlled output of the system converges to zero as
time goes to infinity [26]. Problems of this type for linear
time-invariant systems were studied by many authors [7], [8],
[91, [12], [13] and [25]. The theory was later extended to
nonlinear systems [17]. Descriptor systems appear in many
real systems such as networks, electric circuits and robots
see [20] and the references therein. The theory of output
regulation was extended to linear descriptor systems in [20]
and to nonlinear descriptor systems in [2]. We recall the main
results of [20] under the setting of [26].

Consider the system

Ei = Azx+ Byw+ Bau, z(0) = x,
z = 01$+D11w+D12U, (1)
y = Coz+ Dayw,

where w is a control, z is the output to be regulated,
y is the information available to the controller and w is
the exogenous disturbance generated by an anti-Hurwitz
exosystem

w = Sw, w(0) = w. 2)

The output regulation problem is to find an output feedback
controller )

Ez =

u =

A2+ Bey,

C.3 + Dey ©

such that the closed-loop system is asymptotically stable and
that
tlgglo z(t) = 0 for any xo and wy. @)
Under the assumptions
D-1 (E;A, Bs) is stabilizable,
D-2 S is anti-Hurwitz,
A B

E 0
[02 D21]) |:0 S

D-3 ( ] ; }) is detectable.
the following results are obtained.
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Theorem 1.1: Suppose the assumptions D-1 to D-3 hold.
Then the output regulation problem is solvable if and only if
there exist two matrices P and ) which satisfy the regulator
equations

AP —EPS+B; +BQ = 0,

C1P+ D11 +D12Q = 0. ®)

Under these conditions admissible controllers are given by
E 0|[z]_[A B[4 B,
o 1 Le] = o S [e)
K
+{Kj<y—[cz Dzl][ D ©)

e [F Q_Fp]m, ™

S> >

where F', K; and K5 are any matrices such that (E; A +
By F) and

(B ) = <[E o} ; [A_chz

By — K1Do;
0 I — K50y

S — Ko Doy

are exponentially stable.

In this paper we consider the output regulation problem
for descriptor systems with almost periodic coefficients.
Almost periodic functions [10] contain periodic functions
and form an algebra and hence they appear in many practical
situations. The regulator equations now involve a differential
equation with almost periodic coefficients, and we give a
necessary and sufficient condition for the problem to be
solvable in terms of their almost periodic solution. We then
consider the special case of periodic systems and refine
the main results. Recently we have considered the output
regulation problem for periodic (state space) systems [15]
and this paper is an extension to descriptor systems.

To formulate the output regulation problem we need sta-
bilizability, detetability, stabilizing feedback controllers and
observers. Basic materials concerning these notions for de-
scriptor systems can be found in [1], [3], [4], [11], [18], [21],
[23], [24] and [27]. The H, theory for descriptor systems is
developed in [22]. Generalized algebraic Riccati equations
for descriptor systems covering Hs and H,, problems are
studied in [19] and necessary and sufficient conditions for
the existence of stabilizing solutions are given.

Stabilizing periodic feedback controllers can be obtained
from quadratic problems and H,, problems. Quadratic con-
trol problems for general linear periodic systems are con-
sidered in [5], [6] and the Riccati theory is established.
Stability by Liapunov equations, Hy and H., problems for
periodic systems are discussed in [14]. To obtain periodic
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feedback controllers for descriptor systems extensions of
these problems are necessary and this will be done elsewhere.

Section 1 is an introduction. In Section 2 we introduce
almost periodic systems and the basic assumptions and give
the main results. In Section 3 we consider the special case of
periodic systems. In Section 4 we give simple examples to
illustrate our theory. Section 5 is the conclusion. In Appendix
we collect some preliminary results.

II. ALMOST PERIODIC SYSTEMS

In this section we consider the output regulation problem
for descriptor systems with almost periodic coefficients.
Recall that a continuous function defined on the real line
R! is almost periodic [10] if for any sequence a = (a,)
there exists a subsequence a’ = (a,) such that f(t + a,)
converges uniformly on R'. For example sint + sin+/2t
is almost periodic. We denote by f,/(¢) the limit function.
Almost periodic functions are bounded and form an algebra.
For ease of notation we write f,(t) for f./(t) when no
confusion arises. Then f,(¢) is almost periodic. We say that
a matrix function is almost periodic if its components are
almost periodic.

Consider
Ei = Az+ Biw+ Bau, z(tg) = xo,
z = Ciz+ Dyjw+ Disu, (8)
y = CQJ? + D21’LU,

where z € R", w € R™, u € R™2, z € R, y € RP?
and £/, A € R"*" are almost periodic with rankE =r <n
and all other matrices are almost periodic and appropriately
defined. The controller (3) is the same

E.g =

u =

A2+ Bey,

C.3 + Dey ®

but all matrices are almost periodic. Concerning (F; A) we
assume:
AP-0 There exists constant nonsingular matrices M and NV

such that M EN = % 8

periodic nonsingular matrix with r» < n.
Introducing Z = N~'z = [2; 2] in the homogeneous
equation Fi& = Ax, we obtain

Yz =
0 =

}, where ¥ is an r X r almost

Anizy + Aroxa,

10
Ag121 + Agozs. (10)

As in the time-invariant case we introduce the following.
Definition 2.1: The system (8) is exponentially stable if
the system (10) satisfies the following conditions:
(i) Aags is nonsingular.
(i) 271 (An —A12A521A21) is exponentially stable, i.e., the
transition matrix associated with it is exponentially stable.
In this case (E; A) is said to be exponentially stable.
Definition 2.2: (E; A, By) is ap-stabilizable if there exists
an almost periodic matrix F' such that (E; A + BoF) is
exponentially stable.
Definition 2.3: (E;C2, A) is ap-detectable if there exists
an almost periodic matrix H such that (E; A — HC?) is
exponentially stable.

Let W (t,to) be the transiton matrix associated with S(t).
Instead of D-1 to D-3 we assume the following:
AP-1 (F; A, Bs) is ap-stabilizable.

AP-2 || W (to,1) ||< ¢1 for any t > .
E 0] A B ).
AP-3 ([ o 1l [Ca Da], [0 g ) is ap-detectable.

The regulator equations (5) are relaced by

EP = AP — EPS + B; + B2Q, (11)
flilrolc[clp + D1 + Dng](t)W(t,to) =0. (12)

Our main result is the following.

Theorem 2.1: Suppose the assumptions AP-1 to AP-3
hold. Then the output regulation problem is solvable if and
only if there exist almost periodic matrices P and ) which
satisfy the regulator equations (11) and (12). Under these
conditions admissible controllers are given by

} ’

o A=l 8] )]
] (v-1e2 pa1]f]) a9

w=[F Q—FP][S)},

&

S 8 O

where F', K; and K, are any matrices such that (E; A +
By F) and

(5 e

are uniformly exponentially stable. Moreover, (12) implies

S

(B: B1—K1D21})

S — Ko Doy

tlir&[clp + D11 + D12Q](t) = 0. (15)

The condition (12) can be replaced by (15) if the following
condition holds:

AP-4 || W (t,to) ||< ¢q for any t > to.

Corollary 2.1: Suppose the assumptions AP-1 to AP-4
hold. Then the output regulation problem is solvable by
an almost periodic controller if and only if there exist
almost periodic matrices P and @ which satisfy the regulator
equations (11) and (15).

Proof. It is enough to note that AP-4 and (15) imply (12).
We prepare two lemmas for the proof of Theorem 2.1.
Lemma 2.1: Suppose (E; A) is exponentially stable. Then

for each almost periodic matrix R there is a unique almost

periodic solution of the matrix equation

EP = AP - EPS+R. (16)

Proof. Without loss of generality we consider (16) in the
coordinate system of T given by

YP =
0 =

AuPr + Aie P — PSS + Ry,

17
A1 Py + A2 Py + Ry, an
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where N™'P = ]]Zl and R = 21} Since (E;A) is
2 2

exponentially stable, Aos is nonsingular and we obtain

(A1y — ApAgy) Agy) Py A12A, Ro.

(18)

This equation has a unique almost periodic solution given
1 — A12A2_21R2)(T)W(?”, t)dh

by
t
- / Us(t, ) (R
- (19)

where Ujp(t,s) is the transition matrix generated by
2_1(1411 — A12A2_21A21). Note that || Ul(t,s) HS
My exp[—a(t — s)], t > s for some My > 1 and o > 0.
Note also that W (r,t), r < ¢ is bounded by AP-2. Thus
the integral is well-defined. By Lemma 1.2 P;(¢) is almost
periodic. Since P, = —A;;(Azl P11+ Ry) is almost periodic,
the equation (17) has a unique almost periodic solution.

Now we consider the output regulation problem with full
information.

Lemma 2.2: Assume AP-1 and AP-2 and consider the
case where y = [’ w']’. Then the output regulation problem
is solvable by an almost periodic controller if and only if
there exist almost periodic matrices P and ) which satisfy
the regulator equation (11) and (12). Under these conditions
admissible controllers are given by

u=Fr+(Q - FP)w

P = —YPS+R;—

where F' is any almost periodic matrix such that (E; A +
B> F) is exponentially stable.

Proof. Suppose the control v = Fx + Gw is admissible so
that it is stabilizing and (4) holds. Then by Lemma 2.1 there
exists an almost periodic solution of

P=(A+ ByF)P— EPS+ By + B:G. (20)
Define £ = z — Pw. Then
Ei = (A+ ByF)i
and Z(t) — 0 as t — oo. Since
z=(Cy+ D12F)% + [C1P + D11 + D12(FP+ G)Jlw — 0

as t — oo for any wg, we have

lim [C1P + Dy + Dia(FP + G) (W (£, to) = 0.

Now setting ) = FP + G we have an almost periodic
solution to (11) and (12). Now

| [CLP 4 D1y + D1o(FP + G)](t) ||
| [C1P + D11 + D1a(FP + G)](t)
XW(t7t0) (th ) H
< ¢ || [CiP+ D11+ Di2(FP+ G)|(H)W(t, to) |,

by AP-2, and the condition (12) implies (15).

To show sufficiency, let P and ) be the solution of the
regulator equations (11) and (12), and consider the stabilizing
controller

u=Fz+ (Q — FP)w

Then P satisfies (12) with G =
necessity part we obtain

z=(C1 + D12 F)Z + [Clp + D + D12(FP + G)}w
= (C1 + DlgF)f + (C1P + D11 + Dng)w
= (Cl + DlgF)(g + (C1P + D11 + Dng)W(t,to)wo,

where 7 is defined as in the necessity part. Thus the assertion
readily follows.

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. Suppose that the almost periodic
controller (9) solves the output regulation problem. Then the
closed-loop system is given by (17) and the output regulation
problem for the augmented system above has a feedback
solution

@ — FP and as in the

u=F {g] + Guw = [D.Cy C.] [2} + D.Dojw.

Applying the necessity part of Lemma 2.2, we obtain almost
periodic matrices II and © which satisfy the following
equations

E 01[I]_[A+B:D.C; ByC.] [l
0 E.||6] B.C, A, S}

[E o][O 94 By + B2D.Dy;y
0 E.||© B.Dy
. II
lim; o ([C1 0] ot Dy,
+D1y(F [g} + G))W (t,to) = 0.

From this we obtain

ETl = All — ETIS + B,
+B2(D.CoIll + Cc.® + D:D21),
limtﬁoo[Cll'I + Dy
+D15(D.CoIl + C.© + D.Do1)|W(t,t9) = 0.
Setting P =11 and Q = D .C511+C.©+ D.D;, we obtain
a solution to the equation (11) and (12).
To show sufficiency, let P and @ be the solution of the
regulator equations. Then by Lemma 2.2 a full information
controller is given by

u=Fr+ (Q — FP)w

where I is stabilizing. The controller (13) and (14) is a re-
alization of this controller via an observer and is stabilizing.
In fact the estimation errors ¢; = x — Z and e; = w — W
satisfy the following equation

E 0 6.1 _ A — chg B1 — K1D21 €1
0 I 6.2 o _K2C2 S — K2D21 €9 ’

Hence by assumption e;(t) — 0 as t — co. Now

—Dpp[F Q-FP

Ei = Az+Buw+By[F Q—FP[ }
—By[F Q- FP] Z
z = Cll‘—l—Dllw—FDlg[F Q- FP{
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Since the controller
u=Fz+(Q — FP)w

fulfills output regulation, so does the controller (13) and (14).

III. PERIODIC SYSTEMS

Consider
Ei = Az+ Byw+ Bau, z(ty) = xo,
z = Chiz+ Dyiw+ Digu, 21
y = CQJ? + D21’LU,

where all matrices are continuous functions of time and 7'-
periodic. We assume that AP-0 is satisfied and X in (10) is
T-periodic.

Without loss of generality we assume ¢ty = 0. We also
assume that S is continuous and 7'-periodic. Now we modify
assumptions AP-1 to AP-3.

P-1 (E; A, Bs) is p-stabilizable.

P2 | W(0,T) ||< 1.
0 A B .
P-3 0 I ; [Ca Doy, 0 S ]) is p-detectable.

Here p-stabilizability of (E; A, Bs) is defined by continu-
ous T'-periodic feedback and p-detectability is defiend in a
similar manner.

The regulator equations (11) and (12) are relaced by

EP = AP — EPS + B, + B:Q,
C1P + Dy1 + D12Q = 0.

(22)
(23)

Our main result is the following.

Theorem 3.1: Suppose the assumptions P-1 to P-3 hold.
Then the output regulation problem is solvable by a T-
periodic controller if and only if there exist continuous
T-periodic matrices P and () which satisfy the regulator
equations (22) and (23). Under these conditions admissible
controllers are given by (13) and (14), where F' and K; are
T-periodic and continuous matrices such that (E; A+ BoF)
and (E; A) are exponentially stable.

To prove Theorem 3.1 we modify the proof of Theorem
2.1. We need to show the T-periodicity of P;(t) of Lemma
2.1. This can be shown as follows.

Pi(t+T)

S U+ T,r) (Ry — Az Agy Ro)(r)

xW(r,t +T)dr,

S Uit +T,0+ T)(Ry — Ai2Azy Ro)(0 +T)
xW(o+T,t+ T)do,

= ['_Ui(t,0)(R1 — A12A3) Ro)(0)W (0, t)do

= Pi(t),

where we have used the property Us (t+71, s+T') =
Next we shall derive (23) from (12)

Ul(t, 8)

flggc [C1P + D11+ D12(FP + G)|(t)W(t,0) = 0.

Choose t =7+ kT, 0 <7 < T. Then W(0,t) = W (0,7 +
kT) = W(0,T)*W(0,). Now
| [C1P + D11 + Dio(FP +G)(7) ||
= || [C1P + D11+ D1o(FP+ G)](t) ||
= || [C1P + D11 + D1o(FP + G)](t)
W(t, 00w (0,1) |
= || [C1P + D11 + D12(FP + G)](t)
X W (t,0)W (0, T)kW (0, 7) ||

< | [C1P + D1y + Dio(FP + G)|(H)W (2, 0) ||
x| W(0,7) |- 0,

where we have used the assumption P-2. Hence[Cy P+ D11+
D12(FP + G)](t) = 0 since it is T-periodic. Now setting
@ = FP + G we have a T-periodic solution to (22) and
(23).

IV. EXAMPLES

In this section we give simple examples to illustrate our
theory.
Example 4.1: Consider the system

32 - [ e
z = [0 [1 0]w,
y = [é g]ﬁ[g’ g]w

and the exosystem

e [§ dJewo-[]

This corresponds to the tracking problem which requires
x2(t) —sint — 0 as t — oo. The regulator equation (10)
and (11) has a solution

P =0 0] -

where Pj(t) and P5(t) is a solution of

P1 -1 1 P sin 7t
)= AR )
If we set P;(0) = —0.3058 and P,(0) = 0.0620, then
we obtain a periodic solution P (t) and Py(t) of the above
differential equation (Figure 1). The feedback control u =

x stabilizes the system an 1elds an eigenvalue
0 1 bili he sy d yield ig 1
—(1+ 0.5sin7¢t) while the observer gain

!
010 0
K= {o 0 2 o}

—(1+Pi(t)) —P(t)]

makes the three observer poles —1. The simulation result of
the system with the designed controller for 2(0) = 0 is given
in Figure 2.

Example 4.2: Consider the system

10, _ 0 11,001,
00 " |sin27t 2 +sint 1|7
z [1 O0]Jz—[1 OJw

o o] [3 ol

y =
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I T T T T I T T T T I T T
02 -
R0 ]
o ULV LAV VL L L A
-02 .
Py(D) ]

| 1 1 1 1 | 1 1 1 1 | 1 1

0 5 10
time [sec]
Fig. 1. Pi(t) and P»(t)

time [sec]

Fig. 2. Sine tracking

and consider the same tracking problem. The regulator
equation (22) and (23) has a unique solution

_01] , @ =[—sin2rt 2+sint].

The feedback control u = [1 — sin27¢  —1 — sint ] « stabi-
lizes the system and yields an eigenvalue —1 and the observer

gain
!
1 sin27t 0 O
K_{O 0 2 0

keeps the three observer poles as —1.

V. CONCLUSION

In this paper the output regulation problem for linear
descriptor systems with almost periodic and periodic coef-
ficients are considered and necessary and sufficient condi-
tions for its solvability are given in terms of the regulator
equations. For illustration simple examples are given and the
regulator equations are explicitly solved.

APPENDIX

Here we collect some basic results needed for the proof
of Lemma 2.1.

Lemma 1.1: Let A(t) be an almost periodic matrix and
let U(t,s) be the corresponding transition matrix. For any
sequence a = (a,,) there exists a subsequence denoted again
by a such that U(t+ ay, s+ a,) converges uniformly in (t,s)
over each bounded set in R?.

Proof. Let A,(t) be the uniform limit of A(t + a,,) (along

a subsequence) and let U,(t, s) be the corresponding funda-
mental matrix. Then for any s <t

Ult,s) = I+ [ A@)U(r,s)dr,
Udt,s) = I+ [ Ag(r)Ua(r,s)dr.

Let d; = sup, || A(¢) ||. Then || U(t,s) ||,

| Ua(t, s) [I<
exp[di (t — s)]. Now

Ut + an,s+ ap)
= I+ f::(?: A(T)U(Tv s+ an)dr
I+ [P Ao+ an)U(0 + an, s + ay)do.

Ut + an,s+an) — Ua(t, s)
= fst Ao + Cin)[U(U +an, s+ an) — Uy(o,s)|do
+ [J[A(0 + an) — Aa(0)|Ua(0, 5)do.

From this we obtain

| U@+ an,s+an) = Ualt,s) ||
< dy [P U0+ an, s +ay) — Ua(o,s) || do
+dy sup,cy<y || Alo + an) — Aq(o) ||,

where dy = f: | Ua(o,s)do ||< F-expdi(t — s). By
Gronwall’s inequality

| Ut + an,s+an) — Ua(t,s) |
d2 Supsgagt || A(U + an) - Aa(U) H exXp dl(t — 8)

<
< sup, || A(o + an) — Aa(o) || d% exp 2d; (t — s).

Hence for each fixed T' > 0, U(t + an, s + a,) converges to
U, (t, s) uniformly for 0 <¢—s <T.
Corollary 1.1: Suppose U(t,s) has a bound

11Ut 5) [|< M expla(t — s)]

M > 1, « real for any ¢t > s. Then U,(t,s) has the same
bound.

Lemma 1.2: Suppose A, R and S are almost periodic,
U(t,r) is unformly exponentially stable i.e., | U(t,s) ||<
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Mexpl—a(t —s)], M > 1, a > 0 for any ¢t > s and
W (to,t) is bounded for any ¢ > to. Then

P(t) = /_ U(t,r)R(r)W (r,t)dr. (24)

is almost periodic.

Proof. Notice that the integral is well-defined and bounded
ie., || P(t) ||I< ds, since R(t) and W (r,t) for r < ¢ are
bounded. To show that P(t) is almost periodic, let a =
(an) be an arbitrary sequence. Then there is a subsequence
denoted again by a such that A(t + a,), R(t + ay) and
S(t + an) converge uniformly to A, (t), Ra(t) and S,(t)
respectively. Now as (24) define

aw=/;

Then || P,(t) ||< ds. We shall show that P(t+a,) — Pa(t)
uniformly on R'. Consider

Ua(t, r)Ro (r)Wy (r,t)dr.

P(t+ an)
= :j;ian U(t+ an, r)R(r)W(r,t + ayn)dr
+ [T U @+ @, ) RIOW (7t + an)dr

Pi(t+ an) + Po(t + ap).

Put) = [, Ua(t,r)Ra(r)Wa(r,t)dr
+ [T Uat,7) Ra(r) W (r t)dr

= Poi(t) + Pa2(t).

| P2(t+an) ||
= | ST U+ ant =T+ an)U(t =T + ap, 7)
XR(rYW (r,t + an)dr ||
< Mexp(—aT) || £ 2" U@t =T + an,r)
XR(rYW (r,t + an)dr ||
< dsM exp(—aT).

P,2(t) has the same upper bound. Now
Pi(t+ay) = tij;fﬁ;an U(t + an, 7)R(HW (r,t + a,)dr
= [, Ut +an,0+an)R(0+ay)
XW (o + an,t+ ay)dr.

By Lemma 1.1 P;(t+ay,) converges to P, (t) uniformly for
each fixed T since each term in the integrand of P; (¢ + ay,)
converges uniformly to the corresponding term of P,;(t).
Taking T large and then n large we conclude that P(t +
an) — Pa(t) uniformly on R'. To show uniqueness set
R(t) = 0. Since P(t) = U(t,0)P(0)W(0,1),

P(0) = U(0, ¢+ an)P(t + an)W(t + an, 0).

Letting a,, — —oo we obtain P(0) = 0.
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