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Receding Horizon H,, Control for Time-varying Sampled-data Systems

Hitoshi Katayama and Akira Ichikawa

Abstract—In this paper we consider the receding horizon
H., control problems for sampled-data systems. We transfer
sampled-data systems into equivalent jump systems. We first
consider the receding horizon H., control problems for time-
varying jump systems to obtain state feedback and output
feedback receding horizon H., controllers. We then apply the
obtained results to sampled-data systems and give design meth-
ods of state feedback and output feedback receding horizon H.,
controllers. We give a simple example to illustrate the theory.

I. INTRODUCTION

The receding horizon control is widely used for real
applications and its mathematical fundations have been es-
tablished by various resarchers (for details see [15] and ref-
erences therein). The receding horizon control was initially
considered for stabilization of linear time varying systems
([12], [13]). Then later receding horizon H., control was
introduced. The state feedback case is studied in [9], [10],
[14] and [16], while the output feedback case can be found
in [7], [14] and [16]. Recently, receding horizon control with
constrained input and/or output has been considered for time-
varying discrete-time systems using linear matrix inequalities
(LMIs) ([8], [11]).

Practical and modern control systems usually use digital
computers as discrete-time controllers to control continuous-
time systems ([3], [5]). Control systems using digital con-
puter with AD/DA converters involve both continuous-time
and discrete-time signals in the continuous-time framework
and are called sampled-data systems. The H, control theory
for linear sampled-data systems is available and is usually
established by reducing the H., control problem, via so-
called lifting, to an equivalent discrete-time H, contol prob-
lem ([3] and the references therein). The H,, control theory
for linear sampled-data systems can be also established
via jump systems [5]. The receding horizon stabilization
and robust stabilization problems for sampled-data systems
are considered ([1], [2], [4]). However, to the best of our
knowledge, receding horizon control with output feedback
is not considered in the literature.

In this paper we consider the receding horizon Hy, control
problems for the sampled-data system

i = A(t)z(t) + Bi(t)w(t) + Ba(H)a(t),
Cr(t)z(t)
z(t - , 1
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where 7 > 0 is the sampling period, z € R" is the state,
w € R™ is the disturbance, u € R™? is the control input
realized through a zero-order hold, i.e., u(t) = u(k), kT <
t < (k+1)7, z € RP*T2 is the controlled output, y € RP2
is the sampled measurement, C; € RP1*", Dy € RM2*"2
are bounded matrices and other matrices are bounded and of
compatible dimensions. Here we assume D12(t) = Di2(k),
kT <t < (k+1)7 since u(t) = u(k), k7 <t < (k+ 1)7.
Since the system (1) is time-varying, the lifting technique is
not suitable and we adopt the jump system approach to solve
the receding horizon Hy, control problems. Initial time g is
nonnegative, but for simplicity we assume tg = ko7, kg > 0.
Since the control 4(t) is constant between two sampling
instants, ie., k7 < t < (k + 1)7, we can introduce the
following state space representation z = 0, z(k7") = u(k),
kT <t < (k+ 1)7. Then clearly @(t) = Z(t). Let z, =
[’ Z']' be the new state variable. Then the sampled-data
system (1) is equivalent to the following jump system [5]:

Te = Ae(t)ze(t) + Bre(t)w(t), t # kr,
Te(kTT) = Agewe(kT) + Boeu(k),
ze(t) = Chre(t)ze(t), 2)
za(k) = /TDiz(k)u(k),
y(k) = CQe(k)me(kT)

where ¢t # k7 implies k7 < t < (k + 1)1, A (t) =
A BQ Bl

A R A U O e
V. Crty =100 0] () and Coclk) = [ 0] ().

This paper is organized as follows. In Section 2 we
consider the receding horizon H, control problems for jump
systems. In Section 3, we consider the receding horizon H,
control problems for sampled-data systems. In Section 4 we
give a simple example to illustarate the theory. In Section 5
we give the conclusion. In Appendix we give the proofs of
all lemmas and theorems.

II. RECEDING HORIZON H,, CONTROL FOR JUMP
SYSTEMS

A. Bounded Real Lemma

Consider
b= AWt
z(ktt) = Ag(k)z
z(t) = C(t)=(),
za(k) = Ca(k)z(kt) + Da(k)wa(k)

where (w,wq) € R™ x R™? is the disturbance, (z,zq) €
RP' x RP4 is the controlled output and all matrices are
bounded and of compatible dimensions. We can define the

()+ (t)w () t#/ﬂ
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exponential stability, stabilizability and detectability and we
can derive the Lyapunov stability lemma for (3) in the usual
manner. For details see [5].

If the system (3) is exponentially stable, then for each
(w,wq) € L*(kot,00; R™) x 12(kg, 00; R™4), the output
(2,24) € L?(kot, 00; RPY) x 12(kg, 00; RP4). If

Iz 0Z2 + 1 za < 2w 122 + [ wa lI72),

then the system (3) is said to fulfill the ~-disturbance
attenuation. Here || z || 2 and || zq ||;> are L?- and [?-norms
on [koT,00) and [kg, 00), respectively.

For the ease of notation we often omit ¢ and k in system
matrices of (3). For the system (3) we consider the following
Riccati equation

~X(t) = AXH)+X{t)A+CC
+= X ()BB'X(1), t # jr,
Ta(j) > al for some a > 0,
X(jr7) = ARX(j1)Ad+ CyCa+ (RYT; ' Ra)(j)

“)
with boundary condition X (7T") = Q, T > ko7 where

Ty(j) = - DyDa—BiX(jr)Ba, 5
Ra(j) By X(jm)Ad + DyCa.

We shall write the solution X (¢) of (4) as X (¢; T, Q).

Lemma 2.1: Let N be a nonnegative integer, 0 < o < T
and T, = (k + N)7 + o. Suppose that ([C, Cy],[4, Ad])
is detectable and for each ¢ > ko7 there exist bounded
nonnegative matrices Q(t) and X(t) satisfying (4) with
X(Ty) = Q(Tr). Let X(t) = X (t;Tx, Q(Tx)), kT < t <
(k+ 17 If

X(kt™) = X (k73 Tk, Q(T)) (6)

holds, then the system (3) is exponentially stable and fulfills
the y-disturbance attenuation.
Remark 2.1: 1f the following linear matrix inequality

diag{ X (k77),~*I} > M'(k)diag{ X (k7), I}\M (k) (7)

holds, then by Schur complement formula, we obtain (6)

where M (k) = {‘gd _gd .
a —Dq

B. State feedback control

Consider
&t = A(t)z(t) + Bi(t)w(t), t # kT,
x(kt™) = Ag(k)z(kT) + Ba(k)u(k), @)
z(t) = Ci(t)z(t),
za(k) = Dia(k)u(k)

where v € R™2 is the control input, C; € RP*™,
D15 € R™*™2 are bounded matrices and other matrices
are bounded and of compatible dimensions. Here we assume
Al: D)y (k)Dia(k) = I, Yk > 0, A2: ([C1,0],[4, Ag)) is
detectable. The idea of the receding horizon control is to
design a controller by solving a finite horizon optimization
problem over the interval [k7, T] at each time k7. Thus the
resulting controller depends on the system parameters up to

NT + o time ahead. The optimization problem we consdier
is the game defined by

I, w; b, 2(kr), Th) = TEl2( = A2 w(t)?]dt
+ 5 2a(G) 2 + 2 (Te) Q(Th) (T ).

The terminal state penalty () is often incorporated into finite
horizon control problems to allow for compromises between
the norm of (z, z4) and the size of the final state x(T}).

In order to find u(k), we must integrate

~X(t) = RX(), t# i, ©)
X(Gr™) = Ra(X(y7))

with boundary condition X (7};) = Q(T}) backward from T},
to time k7. Here

R(X) = AX(t) + X()A+ C1C1 + = X (1) B1B1 X (1),
Ra(X) = AYX (j7)Aa — (RyT5 ' R2)(j)

where
T5(j) = I + B,X (j7)B2, Ro(j) = B5X(jT)Aq.  (10)

We shall denote by X (;t2, ), t € [t1, t2] the solution of (9)

with boundary condition X (t2) = Q. The following lemmas

are useful for the receding horizon H., control problem.
Lemma 2.2: Let X be a nonnegative solution of (9). Then

for all 0 < t; < ty < t3 and for all Q > 0 we have the

following.

(@) X (t1;t2, X(t2;13,Q)) = X (11513, Q).

() If Q1 > Q2 >0, then X (t1;t2,Q1) > X (t1;t2,Q2).
Lemma 2.3: Suppose (@ is a bounded nonnegative solution

of .
QUT) = Ra(QUT))

on the interval [tp,t1] and X is a bounded nonnegative
solution of (9) on the interval [to,?;] with X (¢1) = Q(t1)
where Thg and Ry are defined by (10) with X replaced by
Q. Then X (t) < Q(t) for any ¢ € [to, t1].

Lemma 2.4: Suppose @ is a bounded nonnegative solution
of (11). Suppose also that for each ¢ > 0, there exists a
bounded nonnegative solution X (¢) of (9) on the interval
[t,t + N7 + o] with boundary condition X (t + N7+ o) =
Q(t + N7+ O’). Then X(tl;tg, Q(tg)) > X(tl;tg, Q(tg))
forall 0 <t <ty <t3

Remark 2.2: Let X (t) = X (t; Ty, Q(T})) for kr < t <
(k + 1)7. Then Lemma 2.4 implies that

(1)

X(kt7) = X (k773 Thy Q(Tk))- (12)

Hence we obtain the following

RIX (1)), t £ kr,

X(kr™) > Ra(X(kr)).

Theorem 2.1: Assume Al and A2. Suppose @ is a
bounded nonnegative solution of (11) and X is a bounded
nonnegative solution of (9) with X (T}) = Q(T%). Then the
closed-loop system (8) with

u(k) = =Ty ' (k) Ro (k) (k) (13)
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is exponentially stable and fulfills the ~-disturbance attenua-
tion where T3 (k) and R (k) are defined by (10) with X (k7)
replaced by X (k7).

C. Output feedback control

Consider
&z = A(t)z(t) + Bi(t)w(t), t # kT,
x(ktT) = Ag(k)z(kt) + Ba(k)u(k),
z(t) = Ci(t)x(t), (14)
za(k) = Dia(k)u(k),
y(k) = Cy(k)x(kT)

where y € RP? is the measurement and all matrices are
bounded and of compatible dimensions. We assume Al, A2
and A3: ([A, A4, [B1,0]) is stabilizable. Using the receding
horizon control method, we shall design an output feedback
controller such that the closed-loop system is exponentially
stable and fulfills the ~-disturbance attenuation. Let X be
the solution of (9) with X (T%) = Q(T}). We consider the
following Riccati equation [5]

Z(t) = R(Z(). t#j,
Vz(5) > al for some a > 0, (15)
Z(Gt*) = Ra(Z(jT)).

Here

R(Z) = AxZ(t) + Z(t) A + B1 B,
Ra(Z) = AaZ(jT) Al — (Rh, Ty Raz)(j)
+(FizVzF12) ().

where Ax (t) = (A + 7—1QBlBiX)(t) and

Tiz(j) = ~*I-T, *ReZ(jT)RT, 2,

Toz(j) = I+1C22(jT)C£,

Riz(j) = T, ?RaZ(jT)A},

Rgz(j) = CQZ(]T)A&, (16)
Sz(j) = CoZ(JT)RLT, 2,
Vz(j) = (Tiz +S4T5,52)(),

Fiz(j) = [Vy'(Riz — S4T5,; Rez)](5)-

We shall denote by Z(t;t9, G) the solution of (15) with
boundary condition Z () = G.

Lemma 2.5: Suppose G is a bounded nonnegative solution
of

G(t) > R(G(), t # 4,
Va(y) > al for some a > 0, (17)
G@GT") = Ra(G(jT))

on the interval [tg,¢3] and Z is a bounded nonnegative

solution of (15) on the interval [to,t3] with Z(to) = G(to).

Here Vi is defined by (16) with Z replaced by G. Then we

have

(@) Z(t) < G(t), for any t € [to, t3].

(b) Z(t3; tg, G(tg)) Z Z(tg;tl, G(tl)) for all tl S tQ S t3.
Remark 2.3: Suppose that there exists a nonnegative solu-

tion Z(t) of (15) with boundary condition Z(¢y) = G(to) for

each fo. Let Z(t) = Z(t; Ly, G(Ly)) for (k—1)7 <t < kr

where Ly = (k— N,)7 —0,, 0 < o0, < 7and N, is a
nonnegative integer. Then Lemma 2.5 implies

Z(krt) > Z(k7"; Ly, G(Ly)). (18)
Hence from (15) we obtain
Z(t) = REZM), (k—1)r<t<kr, (19)
Vz(k) > al for some a > 0, (20)
Z(ktt) > Ra(Z(kr)) (21)

where T}, Tby and etc are defined by (16) with Z(k1)
replaced by Z (k).

If the inequality (21) is strict and Z is positive definite,
then by direct calculation and using Schur complement
formula (for details see [7]), we have 0 < diag{IT;(Z), 1}
where

,(2) = Z Yk7)+Cy0y — ALZ Nkt Ay

L (BT, TRy ().

Theorem 2.2: Assume A1-A3 and ko7 > N,7 + 0,.
Suppose that there exists a bounded nonnegative solution
Q(t) to (11) and that for each t > ko7 there exists a
bounded nonnegative solution X (¢) satisfying (9) on the
interval [Ly, Tx] with boundary condition X (T}) = Q(T%),
denoted by X (¢; Tk, Q(T%)). Suppose further that there exists
a bounded nonnegative solution G(t) to

G(t) > R(G(), t# i,
Va(y) > al for some a > 0, (22)
G(it*) = Ra(G(jT)) +el

for some € > 0 and for each t > kg7, there exists a bounded
nonnegative solution denoted by Z(t; Ly, G(Ly)) to

2(t) = R(ZW), t# T,
Vz(j) > al for some a >0, (23)
Z(Gr") = Ra(Z(j7)) + el

on the interval [Ly, k7] with boundary condition Z(Ly) =
G(Ly). Then the output feedback controller

p o= AgWplt), t £k,

plkr) = AaBp(kr) + Z(k1)Chy(k)],  24)
u(k) = Ca(k)p(kr) + Z(k7)Cay(k)]

exponentially stabilizes the system (14) and fulfills the

7-disturbance attenuation where Ag(k) = Agei(k)®(k),
Ca(k) = —(T5 ' Ro®)(k), Agar(k) = (A — BTy 'Ro) (k)
and ®(k) = [I + Z(k7)C%(k)Ca(k)] 1.

III. RECEDING HORIZON H,, CONTROL FOR
SAMPLED-DATA SYSTEMS

Recall the sampled-data system (1) and the equivalent
jump system (2). We assume S1: D', (t)D12(t) = I, 't > 0,
S2: (Cy,A) is detectable and S3: (A, By) is stabilizable.
Note that the assumptions S2 and S3 imply the conditions
A2 and A3 for the equivalent jump system (2) [5].
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A. State feedback control

Consider the sampled-data system (1) with C'; = I and the
Ql QIQ (t)
Q2 Q2

be a bounded nonnegative solution of (11) and X(¢) =

X,l X12 (t) be a bounded nonnegative solution of (9)
X, Xo

with X (Tx) = Q(T) where X, Q1 € R™*", X1o, Q12 €
R™*™2 and X5, Q2 € R™2*™2 Then from (11) we obtain

equivalent jump system (2). Let Q(¢) =

-Q(t) > ALQ ( ) Q(t)Aec + C1.Cie
Q(t)B1eB1 . Q(t), t # j,
(&4 O JE >
120T7) Q20i77)
and from (9) we have
~X(t) = ALX(t) + X (t)Ae + C}.Che
+5: X (1) Bie Bi X (1), t # 5T, 26)
{ Xi(j77) Xlz(jT)] —0
Xip(r7)  Xae(jm7)
where
(i) = Qu(jm) — Q1(J7)
+Qu2(jT)[T1 + Qa2(j7)] Q12 (3 7),
Xi(grm) = Xa(r) — Xa(j7)

+X12(57) [T + X2 (57)] 7 X1 (57).
In this case the state feedback law

u(k) = —[71 + Xo (k7)1 X1y (k7)a(kT) 27
stabilizes the system (1) and the closed-loop system (1) with
(27) fulfills the ~-disturbance attenuation where X () =
X (t; Ty, Q(Ty)) for kr <t < (k+1)T.

Theorem 3.1: Assume S1 and S2. Suppose Q(t) is a
bounded nonnegative solution to (25) and X (¢) is a bounded
nonnegative solution to (26) with X (7;) = Q(T)). Then
the closed-loop system (1) with the state feedback controller
(27) is exponentially stable and fulfills the ~-disturbance

attenuation.

B. Output feedback control

Consider the sampled-data system (1) and the equivalent
jump system (2). Suppose that bounded nonnegative solu-
tions Q(t) and X (¢) satisfy (25) and (26), respectively with

X(Tk) = Q(Tk) Let
Ax(t) = (Ae+¥—1zBleBleX)(t)
_ A+ ?B1BQX1 Bz+$B1BiX12 )
0 0 ’
Let G(t) = [G,l %12] (t) be a bounded nonnegative
12 2

VARWAY!
z, 7 (t) a bounded

nonnegative solution of (23) with Z(Lj,) = G(Ly) where Z1,

solution of (22) and Z(t) =

G1 S Rnxn’ Zlg, G12 € R™" ™2 and ZQ, GQ € Rm2xmz,
Then from (22) we obtain
G(t) > AxG(t) + G(t) Ay + BB, t # jT,
Vae(j) > al for some a > 0,

Oc(j) — el Gi2(§7)
[ 1Gr) GQ(jT+>_d]zo

and from (23) we have

Z(t) = Ax Z(t) + Z(t) A% + BicBi., t # jr,
Vze(3) > al for some a > 0,
[@Z( )—6[ Zlg(]7+) :| —0
Z1,(GT%)  Za(Gm) —el |
where W (j) = [TI+X2(jT)}7%,
Z1(j) = Zi(j) + C3C2Z1(j7)] 7,

(28)

(29)

VZe( ) = L= WXih(57)21(7) Xa2(jT)W,
Oz(j) = Zi1(7") = [21()) + Z21(j) X12(jT)W
<V (W X15(57) 21 (5)].
and G, Vi, ©¢ are defined by above equations with Z

replaced by G. From (24) we obtain the following controller
(A+ 5 B1B’X1)( t)p(t)

p =
+(BQ+ BlB’Xm)( Yo(t), t # kT,
p(kt™) = Adlp (kr). + Z1(k7)Cy (k)]
u(k) = Calp(kr) + Z1(k7)Chy(k)]
(30)
where 9(t) is given by o(t) = u(k), k‘T <t<(k+1Dr,
Aa(k) = [I + Zi(kr)C3(k)Ca(k)] 7, Ca(k) = —[71 +

Xo (k7)) Xy (k) Aa(k).

Theorem 3.2: Assume S1-S3 and kor > N.7 + 0..
Suppose that there exists a bounded nonnegative solution
Q(t) to (25) and that for each ¢ > ko7, there exists a
bounded nonnegative solution X (¢) satisfying (26) on the
interval [Ly, T)] with boundary condition X (T}) = Q(T%)
denoted by X (¢; Tk, Q(T%)). Suppose further that there exists
a bounded nonnegative solution G(¢) to (28) for some € > 0
and for each ¢ > kg7, there exists a bounded nonnegative
solution Z(¢) to (29) on the interval [Ly, k7] with boundary
condition Z (L) = G(Lj) denoted by Z(t; Ly, G(Ly)).
Then the closed-loop system (1) with the controller (30) is
exponentially stable and fulfills the ~-disturbance attenua-
tion.

IV. EXAMPLE
Consider the periodic system

& = (14 sin27rt)z(t) + w(t) + a(t),
A(t) = [2/() @d@)],
y(k) = x(0.5k).

Here the period of this system is 1 [sec] and the sampling
period 7 = 0.5 [sec]. Let N = N, =1, 0 = 0, = 0 and
~ = 10. Then there exists a 7-periodic nonnegative solutions
of (25) and (28) respectively and we use

40.8697 17.5464
QUE+1)) = QKT = | 175161 12,1652
13.7280 2.4132
Gllk=1)m) = Gk =15 4139 4.5000}
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to obtain X (¢;(k + 1)7,Q((k + 1)7)) and Z(kt;(k —
1)7, G((k — 1)7), respectively. In this case

7572 1949
1.949 4500(° "0
Z(k; (k=1)7, G(k7)) = 9.813 2.101
9101 4500| F=13

and the output feedback receding horizon H,, controller is
given by

p o= a(®)p(t) + az(t)o(t), t # kr,
p(ktt) = 0.1167p(k7) + 0.8833y(k),
u(k) = —0.2387p(k7) — 1.8074y (k)
for k£ = 2m and
p = a(®)p(t) + azx(t)o(t), t # kr,
p(kt™) = 0.0925p(k7) + 0.9075y(k),
u(k) = —0.1725p(kT) — 1.6932y(k)

for k =2m+1, m =0, 1,.. where a1 (t) = $(1+sin2mt)+
HX1(t), az(t) =1+ 55 X{,(t) and
o | () =X () = X(6 (k+ 17, Q((k + 1)r)),
Xy Xo
kr <t<(k+1)r
The simulation result of the system with the obtained output

feedback controller is given in Figure 1 with z(0) = 0 and
w(t) = et cos 2t.

02

-02 —

04 -

time [sec]

Fig. 1. A simulation result

V. CONCLUSION

We have considered the receding horizon H,, control
problems for sampled-data systems. We have given sufficient
conditions for the existence of state feedback controllers
and output feedback controllers, in terms of the H,, Riccati
inequalities (equations) with jumps.

APPENDIX
Proof of Lemma 2.1. Using (4) and (6) we have

~X(t)=AX(t)+ X(t)A+C'C

for k7 <t < (k+1)7 and

X(kt™) > AL X (kT)Ag + C)Cy (31)
where C = {%BC’()A(}’ Cy; = {Tdcéd}%d] and Ty, Ry
are defined by (5) with X (k7) replaced by X (k7). Since
([C, C4,[A, Ag]) is detectable, so is ([C,Cy],[A, Ad]).
Hence by Lyapunov lemma for jump systems, the system
(3) is exponentially stable. Differentiating z'(¢) X (¢)x(t) and
integrating it from ko7 to oo, we obtain the rest of the proof
(for details see [5]).

Proof of Lemma 2.2. The proof is obvious.

Proof of Lemma 2.3. A brief outline of the proof is as
follows. We first establish X (s) < Q(s), s € [j17,t1], 17 <
t1 < (j1 + 1)7. Then using the jump equation, we show
X(j177) < Q(j17). Next we show X (s) < Q(s) on the
interval [(j1 —1)7, j17). Repeating these arguments, X (¢) <
Q(t), t € [to,t1] will be established.

Step 1: Consider the functional

T(u,wis,x(s),t1) = [ 2(6)2 = [w(t)Pldt
+@' (t1)Q(t1)a(t1)
subject to & = A(t)x(t) + B1(t)w(t) and z(t) = C1(t)z(t)
where j;7 < s < t;. Then differentiating «’(¢) X (¢)x(t) and
2’ (t)Q(¢)x(t) and integrating them from s to ¢; we have

J(w; s, x(8),t1) )
(5)X(9)2(s) — 2 [ Jult) — w(t)|dt
(5)Q(s)x(s) = [," [w(t) — 2B (1) Q)= (t)[*dt.
Hence X (s) < Q(s), s € (ji7,t1]. Since X (j17)

X (j17)and Q(j171) = Q(j17), we have X (j17) < Q(j17).
Step 2: We introduce the functional

:{L‘/
<z

J(u, w; 17, 2(j17), t1) = [za(j1) 2

+ [1L 2@ = 2l Pldt + 2 (0)Q(t)a(t)

subject to ®). Then considering
max,, min,, J(u, w; j17,2(j17),t1) and using X(j17) <
Q(j17), we obtain X (j177) < Q(j177).

Step 3: Now we assume that X (t) < Q(t), t € [j17, 1]
and introduce the functional

J(u,w; s, 2(5), t1) = [za(51)

+ [ 1O =@l + ' (0)Q()a(n)

subject to (8) where (j;1 — 1)7 < s < ji7. Then using
X(j177) < Q(j177) and as in the proof of Steps 1 and
2, we obtain X (s) < Q(s).
Continuing in this way, we have the assertion.

Proof of Lemma 2.4. Similar to [6], by combining Lemmas
2.2 and 2.3 we have the assertion.

Proof of Theorem 2.1. The closed-loop system (8) with
(13) is given by

Bo= AW+ Bi(Dw(t), 4 kr,

z(ktt) = Aga(k)z(kT),
A = G,
zq(k) —(D12Ty ' Ry) (k) (k)
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where Ay = Agq — B2T2_1f|),2. _Then using A2
we can show that ([Ch, —D12T5 ' Ry), [A, Age]) and
([Ch, —D12T2_1R2], [A, Aget]) are detectable where Cq =

1B’X By Lemma 2.4 and Remark 2.2 we have (12)

and by direct calculation we obtain

“X(t) = AX()+ XA+ CLOy, t A kT,
X(kr™) > A, A(kT)Adcl
+(=D12T5  Ry) (= D125 ' Ry).

Hence by Lemma 2.1 we have the assertion.

Proof of Lemma 2.5. The proof is similar to those of
Lemmas 2.3 and 2.4.

Proof of Theoem 2.2. We shall show that the closed-loop
system (14) with the controller (24)

Po= AdDi) + Bo(buw(t), t £k,
p(kr*) = Adc( )2(kT),
. (32)
2(t) = Ce(t)z(h),
za(k) = Cuac(k)i(kT)
is exponentially stable and fulfills the v-disturbance atten-
uation. Here & = ] = Ay.Le, Cgo = CyeLe,
L = ding{1, 0}, B. = (B, BJ.C.=[Cy ]
A 0
A = —%B BiX Ax ]’
i Ad— Byl Ry Boly 'Ry
_dC 0 R R Aq ’
Cie = [=Di2Ty 'Ry Di2Ty 'Ry].

By Lemma 2.5, Remark 2.3 and using (23) we have

2(t) = REZW), (k—1)r <t <k
Vz(k) > al for somea >0,
Z(kT+) > Adq)Z(k‘T) (Ad‘b)/ + BdB&
where By(k) = [Ry,T5} Fl,V7] (k). By A3,
([Ag, Aq®], [B1, By)) is stab1l1zabe and hence (A, A;®)

is exponentially stable. By A2 and a simple calculation we
can show that ([Ce, Cqc, [Ac, Ade]) is detectable. Next we
shall show that P(t) = diag{X (t),72Z~1(t)} satisfies
—P(t) = ALP(t)+ P(t)A.+ C'C.
+25P()B.BLP(t), (k—1)1 <t <kr,
P(kr—) > AL P(kr)Aq + C}).Cyc.

By direct calculation we have
. 1 .
P+ A P+PA.+C.C.+ ﬁPBCBgP = diag{ M1, M>}

where
M (t) X +R(X),
My(t) = ~2Z7Y-Z+R(Z))Z~
By Remark 2.2, we have M (t) = 0, M3(t) = 0. Since L.
is nonsingular, it is enough to show
(L) 'P(kr™) Lt — Ay P(kT) Age
—C1.Cac(k) =V (k) > 0.

Indeed by direct calculation we have
U.(k) = diag{V.(k), Uea(k)}
where

Vei(k) = X(k77) - Ra(X),
Ueo(k) = (Z)+7*CyTaz(k)Cs.

By Remarks 2.2 and 2.3 we have Y. > 0. Hence similar to
the proof of Lemma 2.1 the closed-loop system (32) is ex-
ponentially stable and fulfills the ~y-disturbance attenuation.
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