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Abstract— A general nonlinear stochastic system with non-
quadratic cost function is considered for cost cumulant control
of a Markov diffusion problem. The Hamilton-Jacobi-Bellman
equation for the n-th cost moment case is derived as a necessary
condition for optimality. The n-th cost cumulant Hamilton-
Jacobi-Bellman equation derivation procedure is given. Second,
third, and fourth cost cuamulant Hamilton-Jacobi-Bellman equa-
tions are derived using the proposed procedure. The solutions
of the nonlinear cost cumulant control problem is discussed
using the state dependent Riccati equation method.

I. INTRODUCTION

We propose to minimize a nonlinear Markov diffusion
process using the cumulants of a non-quadratic cost function.
The final objective of cost cumulant control, which is also
known as statistical control or cost density control, is to ma-
nipulate the cost distribution by controlling each cumulant.

The cost cumulant control started with Sain. An open-loop
minimum cost variance problem was solved by him in [8].
Sain and Liberty continued to study the characteristics of
cost cumulant control in [10]. Liberty studied the quadratic
nature of the minimal cost cumulant control in [5]. However
their study was restricted to the linear system and quadratic
cost case. The relationship between the cost cumulant control
and risk-sensitive control was established in [11]. Sain et al.
published results for the second cost cumulant control in the
full-state-feedback case [12].

Why cumulants? Cumulants have more intuitive mean-
ings than moments. The first cumulant is the mean, the
second cumulant is the variance, and the third cumulant
is the skewness and the fourth cumulant is the kurtosis.
The second cumulant shows the variation of the distribution
around the mean, the third cumulant implies the departure
from symmetry, and the fourth cumulant shows the flatness
of the distribution. Moreover, higher order cumulants have
decreasing significance, thus approximating using first few
cumulants are a good approximation to the general problem.

Section II discusses the necessary mathematical prelim-
inaries, Section III presents the Hamilton-Jacobi-Bellman
(HJB) equation for the n-th moment case, Section IV dis-
cusses the n-th cumulant HJB equation, and Section V
discusses the solution procedure for the cost cumulant control
problem. Finally, conclusions are given in the last section.
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II. MATHEMATICAL PRELIMINARIES

Consider the nonlinear stochastic differential equation:
dx(t) = f(t, z(t),u(t))dt + o(t, z(t))dw(t), (1)

where t € [to, tr], z(to) = xo, x(t) € R" is the state, u(t) €
U is the control action, and dw(t) is a Gaussian random
process of dimension d with zero mean and covariance of
W (t)dt. A memoryless feedback control law is introduced
as

u(t) = k(t, 2(t)), ()

where k is a nonrandom function with random arguments.
Also, consider a non-quadratic cost function

J(t,x(t); k) = /t ’ [L(s,x(s),k(s,;v(s))) ds + Y(z(tp)).

3)
Let Qo = [to,tr) x R™ and Qy denote the closure of Q.
Assume that L is continuously differentiable and satisfies
the polynomial growth condition. We assume that f, o, and
k satisfy the Lipschitz condition and the linear growth
condition. The moments are defined as

Mtz k) = E{J'(t,z;k)|z(t) = 2} .
O(k) is the backward evolution operator. given by

Ok) = %+<f(t,x,k(t7x))7%>

= t,x)W(t)o'(t > 4
sz (aaW oo o)) @

where (suppressing arguments)

9 ~ . 0 5,0
<f, aw> > figy 200
2 i

' 9 _ n.. 2 (2)
tr (UWO’ 8x2) Z (cWa')i; 001, 209 (k)

5)

Now we define a moment around an arbitrary point, a,
using Stieltjes integral.

M; :/ (x —a)'dF
where ¢ = 0,1,2,--- and My = 1 by definition. The
moments are a set of descriptive constants of a distribution
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that are useful for measuring its properties. Formally, the
cumulants Vi, Vs, -- -, V; are defined by the identity in ¢.

e’} ti e’} ti

Note that Vi is not defined. Furthermore, we have the
following moment (characteristics function) and cumulant
generating functions,

o(t) = /OO eI dF and

— 00

P(t) = log o(t),

where j is the complex operator, j2 = —1. Now, we present
the moment-cumulant relationship from [4].

vo= 2y () (7))
_<M) (—1)71(p— 1)

Z' 7T1!"'7Ti!

(6)

where m + o + -+ = p, M + 2w + - -+ im; = 1, and
m’s are non-negative integers.

=3 () () (F)

=1 7
)
where m + 2m9 + - -+ 4+ 9m; = r and 7’s are non-negative
integers.

III. N-TH MOMENT HAMILTON-JACOBI-BELLMAN
EQUATION

Here we derive the Hamilton-Jacobi-Bellman (HJB) equa-
tion for n-th moment of the cost function, which is a
necessary condition for the optimality. We will assume the
existence of an optimal controller. The following algebraic
identity will be used in the sequel. Also, for brevity we have
removed all the proofs. Proofs are available by contacting
the author.

Algebraic Identity: (a+b)" = > (7)a*b"~* where (}) =

n!
kEl(n — k)

Theorem 3.1: Let M7 be an admissible mean cost func-
tion and Ky, be the corresponding class of control laws.
Assume M (t,z) € CL?*(Qo) and the existence of an
optimal controller k}*wil ar,» Where @ = 2,3, - - Then k7\1i| M
and M} (t,x) satisfy the partial differential equation

O(k}kwi\Ml)[Mi* (tv ‘T)] + z'1\41’*—1 (t7 .I')L(t, €, k}kwi\Ml) =0
(8)
fort € T, x € R", where

O(k}k\4i|M1)[Mi*(t7x)] + M (t, ) L(t, , kz/li)
= kg}g\}fl {O(k)[M’L* (ta I)] + iMi*fl(tv .I)L(t, z, k)} )
)]

along with the boundary condition

M} (tp,x) = M'(tp,z) = ¢'(2(tp)), i=1,2,3, -
(10)
Theorem 3.1 gives the HIB Equation for any n-th moment
of the cost function. We will utilize this theorem to find n-th
cumulant HJB equation in the next section.

IV. N-TH CUMULANT HAMILTON-JACOBI-BELLMAN
EQUATION

In order to find n-th cumulant HJIB equation, we will
utilize the moment-cumulant relationship and n-th moment
HJB equation.

Lemma 4.1: The i-th cost moment, M;(t, x; k) is related
to ¢ — 1-th cost moment, M;_1(¢,x;k) by the following
partial differential equation.

O(k)[M;(t,x; k)] + iM;—1(t, z; k) L(t,z, k) =0 (11)

with the boundary condition M;(ts,x;k) = o' (x(tr))
where ¢ = 1,2,---.
Note that first, second, and third moment HJB equations

are given respectively as

0 = Ok)M +1L
0 = O(k)Ma+2ML
0 = O(k)Ms+3ML.

Lemma 4.2: The powers of cost moments M; are related
by the following partial differential equation.
O(k)[MY (¢, k)] = —piM{ ™" (t, 21 k)L(t, z. k)

—1) oM; ||?
_’_Lp )Mf (¢, k) )
2 8$ oWa'!

Lemma 4.3: The powers of the cost moments M;M; are
related by the following partial differential equation.

O(k)[MP M) = —piMP~ ' MIM; 1L
—qji MM~ M L

2 Ox oWo'!
OM;\ (0M;\'
p—17rq—1 ’ J i
+gpM; M tr <O'WO' ( o ) ( 9 ))
2

Wo’
Now we propose a procedure to find the n-th order
cumulant HIB equation:

« Use Equation (6) or (7) to find the relationship between
n-th moment and n-th cumulant.

o Substitute M,, into Equation (9) and find the relation-
ship between the lower order moments and cumulants.

« Prove that the above condition in step two is valid and
determine the n-th cumulant HIB equation.

Using this procedure it is possible to determine any n-th

cumulant HIB equation. As examples, we will find second,
third and fourth cumulant HIB equations.
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Theorem 4.1: Let My € C}*(Qo) be an admissible mean
cost function, and let M; induce a nonempty class Ky,
of admissible control laws. Assume the existence of an
optimal control law k = ky, My and an optimum value
function V3 € C)’ 1.2(Qp). Then the minimal second cumulant
(variance) functlon V5 satisfies the following HIB equation.

8‘/1 (t,ZC) ?
b+ HT

for (t,x) € Qo, together with the terminal condition,
Vi (tp,x) = 0.

Here, we present the third cumulant HIB equation.

Theorem 4.2: Let My € C}?(Qo) be an admissible mean
cost function, and let M; induce a nonempty class K, of
admissible control laws. Assume the existence of an optimal
control law k = ky, M, and an optimum value function V3" €
C 1, 2(Qo) Then the minimal third cost cumulant (skewness)
functlon V3 satisfies the following HIB equation.

. \ (O (Ve
kér}g\}[l {O(k)[‘/g | + 3tr <O’WO’ <%) (%) ) } =0
(14)
for (t,x) € Qo, together with the terminal condition,
Vi (tp,x) = 0.

The minimization of second cumulant (variance) depends
on the definition of the first cumulant (mean) value function
V1 as can be seen from Equation (13). The minimization of
third cumulant (skewness) depends on the definition of both
first and second cumulants value functions V; and V5 as can
be seen from Equation (14).

Here, we present the fourth cumulant (kurtosis) HIB
equation.

Theorem 4.3: Let My € C}%(Qo) be an admissible mean
cost function, and let M; induce a nonempty class Kjs, of
admissible control laws. Assume the existence of an optimal
control law k = ky, M, and an optimum value function V" €
C 1, 2(Qo) Then the minimal fourth cost cumulant (kurtosis)
functlon V) satisfies the following HIB equation.

: i\ (Vs
* / L 79
kgglh Ok)|V[] +tr <O'WO' < B > < 5 ) )

vy ||? H vy ||?

R O(k)[V5'(

=0 (13

oWao'!

= 0(15)

112 H
oWo'

V1 Vz)G’WU’

for (t,x) € Qo, together with the terminal condition,
Vi(tp,x)=0.

Using the presented method the first to fifty order cumu-
lant HIB equations can be determined. To find the higher
order (10 > n > 6), we require more partial differential
equation lemmas such as the one’s for O(k)[M M Mj].
The necessary number of partial differential equations are
summarized in the following table.

Table 1: Necessary Equations for n-th Cumulant Problem

No. | Necessary Theorem Order of Cumulants

I O(k)[M7] 3>n>1
2 O(k)[MP M) 6>n>3
3 O(k:)[MquMk] 10>n>6

m 0<k>[Mf’Mf M| i s >

V. SOLUTIONS OF COST CUMULANT CONTROL

The general procedure for finding the solutions of cost
cumulant control of a nonlinear system is discussed in
this section. The solutions of first cumulant optimization
(LQG)of a linear system is well known [3]. The second
cumulant (minimal cost variance) case is given in [12]. Here,
we derive the optimal controller for first two cumulants and
first three cumulants of a general nonlinear system.

The procedure to find the optimal controller is given as
follows.

e Decide on the number of cost cumulants to minimize.

o Derive the HJB partial differential equations for each of
the cost cumulants.

o Create the partial differential equation to minimize
using Lagrange multipliers.

o Solve for the optimal controller.

o Substitute the optimal controller back to the HIB equa-
tion and solve the HIB equation.

There are a number of approaches that one can take to
obtain the solutions of the HIB equations: (1) Assume a
linear system with quadratic cost and solve for the optimal
controller, (2) find solutions of the HIB equation numerically
[1], [6], or (3) utilize the state dependent Riccati equation
(SDRE) approach [2]. In the sequel, first and third methods
are investigated.

Cloutier and others have introduced the state-dependent
Riccati equation (SDRE) approach to solve various non-
linear regulator problems [2]. Their approach is however
for the time-invariant, infinite-time-horizon, nonlinear, and
deterministic systems. We expand on their idea to the time-
varying, nonlinear, finite-time-horizon, and stochastic sys-
tems. Then we will assume a linear system with quadratic
cost and solve the cost cumulant problem and verify with
the existing results.

A. Optimizing Solutions of the First Two Cumulants

Here we find the controller, &, that will minimize the value
function,

Vl(tv x) + VQ(t)VQ(tv I)a

where 72(t) is a time varying Lagrange multiplier. From the
previous section, we have the following two partial differen-
tial equations as the necessary conditions for optimality.

, 0V oy 1

8Vl / /62‘/1
8t+ 97 —+k'B 9z +2t7“<0W0 92

>+h+k’Rk =0
(16)
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and

% (9V2 i V2 1

ovi [oV;
t Wo'— [ — =0.
+T<U 7 ox (81:))
Now we use the Lagrange multiplier method. Introduce
a time varying Lagrange multiplier, v2(¢), and optimize

the HIB equation for the first cumulant plus the Lagrange
multiplier times the HIB equation of the second cumulant.
,0V oy

oy
_ + KB
0= mm{ o T 0

0%V
<0’WO'I 922 >

a7

9*°Vy
0x2

o oV oV, 1
¥ L,
1ot "9 TP gy Tal"

OV (0
+tr <UW 7 \ oz .

The minimizing controller is obtained as

1
+—tr (aWU’

5 )+h+k’Rk+’Y2(t)

(UWO'/

02V,
Ox?

k* = —%Ril(t,x)B’(t,x) {% + 72(15)%} . (18)
Second order necessary condition, R > 0, is satisfied also.
Therefore the minimum is guaranteed, and the controller (18)
is a candidate for an optimal first and second cost cumulant
controller. Now we will find the solutions to the nonlinear
first and second cost cumulant optimization problem using
the SDRE method.

1) Nonlinear System First and Second Cumulant Mini-
mization: Assume that

ht,z) =2'Q(t, z)x

and

g(t,z) = A(t, z)x.

Now, we find the two partial differential equations from the
necessary conditions of optimality, Equations (16) and (17).
To find the first partial differential equation, we substitute the
optimal controller, Equation (18), and the above assumptions
into the Equation (16). Suppressing arguments for simplicity,
we have

ot ox Ox O

/!

ova\' ,avl 1 , 0%V,
-2 (a—x> BR B a 2t’f’ oWo axz
1/on\ ,avl oV 1 OVa
*‘(%)BR Bt (o BRBax

+4 (aw) BR~ 1B’%+— <%> BR™ 1B’%V2
X

ox ox 4 \ Oz

which can be simplified to

A ) R A ) I . )
0 = Zr to4% _4(333) BREB 50
1 , 02V, )
+§tr( 92 +2'Qx
oV, 1 V2
+4(ax>BR B~ (19)

This is one of the necessary partial differential equations for
the first two cumulant problem. To find the other equation,
we substitute the optimal controller (18) into the Equation
(17), which simplifies to

M e L[ ov;
ox

ot U o e
Vs ) ,avl 1 , 0%V,
( ) BR "B'— 3 2t7° <0WU 92

ox
(28 e 22 () gt OV
2 \ Oz Ox

ox ox
(20)

) BR'B' ==

Assume that V7 (¢, 2) and Va (¢, ) are symmetric nonnegative
definite matrices.

Vin(t,z) = 2'Vi(t,z)x + v ()
aaL;n = &'Vn(t, )T + O (t)
aaL;n = 2V,(t :v:c—i—vec{x'(?;’j }
% = 2Vn(t ) +2vec{x oz, }

+2vec W xp +veed o aV?" T
Ox; 0z?
(21

where m = 1,2 and vec{z;} = [z1,22, -, 2n). The
solution must satisfy the following symmetry conditions.

Z o; Tk = Z oz,
k=1 k=1
form = 1,2,9 =1,2,---,nand j = ¢+ 1,---,n. Now,
the SDRE method is utilized. Substitute the above equations
into Equation (19) and reduce it to

0=2aViz+2'Qz+ 0, —2/ViBR™'B'Vix

— l1)66 ZC/ aVl
2 6:51-

!
x} BR'B'Viz

1
_§x’V1BR71B/vec {:c’ M x}

6:@»
— l1)66 x! aVl
4 6:51-

/
x} BR™'B'vec {:17/ M x}
6:@»

+722x’V2BR71B/V2:17

72 Vo BR™ 1B'vec{ aVQ:C}
3xi
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i
+22 pec {x"mx} BR™'B'Vyx
6:51-

2 /

72 , 0V 1 , 0V
+ 1 vec {:c —&Ei x} BR™"B'vec {:c Brs x
i
+tr (cWa'Vy) + tr <0WU'Uec {x’ ng })
Xq
+tr <UWU'vec { M x})
6:@»

2
—l—ltr (UWU’vec {x'gléx}) + 2’ A2V 2
x

2

+2' Alvec {:17/ M x}
6:@»

From the above equation, we obtain the following neces-
sary conditions for optimality.

’[)1 = —tT‘(O’WUIvl),
0 = V14+Q—-ViBR'BV, +2V,BR™'B'V,
+A'V; + V1A, (22)
and
1 li
0= —=vec x’ale BR™'B'Vx
_l ’ —1pn OV
2:10 ViBR™ " B'vec {x 0z, T
1 )7 BN L , OV
4vec {x oz, x} BR "B'vecqx 0z, x
2
+ﬁx’V2BR71B/vec x 8VQ:Z:
2 O0x;
2 /
—I—ﬁvec x 8VQ:Z: BR'B'Vyx
2 6:51-
2 /
—I—Fyzzvec {:c’ gzj:r} BR™'Bvec {:c’ ?;j:c}
/
+tr <0WU'Uec {x’ M })
8171'
+tr <UWU'vec { M x})
6:@»
1 , ,0%Vy
+2t7° (UWO’ vec {:v 31712 T
+a' A'vec {:17/ M x} (23)
6:@»

The last equation is similar to Cloutier’s necessary condition
form optimality in deterministic LQR case [2]. To find the
second Riccati-type equation, we let Vs (t, z) be a symmetric
nonnegative definite matrix. Then we substitute Equations
(21) with m = 2 into Equation (20) to obtain the following
conditions.

—tr(cWo'Vs)

Vo —ViBR™'B'V, —V,BR'B'V,

—2'}/2V2BRilB/V2 + 4V oWa'Vy + A'Vy + VA
(24

Vg =
O:

and

2’ Alvec {x’ v, x}
8171'

—lxlleR_lB'vec x' oV, T
2 0x;

2 €T;

1 /aV1 ! 1 /6V2
—Zvec{x 8—%,@} BR "B'vecl x 8171_96

—lx/VQBR_lB'vec x' M T
2 0x;

/
_lvec {:c/ gvl x} BR'B'Vyx

/
—lvec x/av2a: BR™'B'Vz
2 6:51-

1 /aV2 ! 1 /aV1
—Zvec{x 8—%,@} BR "B'vecl x 8171_96

0
_’YQIIVQBR_lB/UeC {:c/ Ve x}

6:51-

—y2vec {II 6V2
0

!
x} BR'B'Vsyx

Ly

_2 Ve ' ,OV2
5 vec {:v oz, x} BR™"B'vecl 0z, T
i
+tr (UWU’vec {:C' oV, })
8$i
+tr (UWU’vec { v, x})
8171'
1 2
+§t7° (UWU’vec {x’%;/; :v})
o1 -
6:@»

/
x} oWo'Viz

+22' Voo W' vec {:17/

0V,
6:51-

/
+vec {:c/ sz x} oWd'vec {:17' ?;1 x} . (25

Ly

+2vec {:c’

Note that the suppressed arguments for Vi, Vs, A, B, Q,
and R are (¢, z). Thus, above equations are state dependent.

In summary, the nonlinear, non-quadratic first two cost
cumulant optimization problem has the optimal controller
given by

k* =

—%R_l (t,z)B'(t, x) [2121:10 + vec {x' gvl :v}

Xq
+ 72(t) <2V2:c + vec {x'gzjx}ﬂ ,

where V’s must satisfy two coupled Riccati-type Equations
(22) and (24). Furthermore, two necessary conditions given
by Equations (23) and (25) must be satisfied. In general
these necessary conditions are difficult to satisfy for a given
A(t,x) in multivariable case. Thus, in the next section, we
assume a linear system with a quadratic cost function to
present the complete solution of the first two cost cumulant
optimization problem.
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2) First and Second Cost Cumulant Minimization: Linear
System: Now we assume a linear system and a quadratic
cost function. We verify that this solution is equivalent to
the minimal cost variance solution of [12], [7]. Assume that
hit,z) = 2’Q(t)x,g(t,z) = A(t)z, and o(t,z) = E(t),
thus we have

L(t,z, k(t,z)) = 2'Q(t)x+ K R(t)k,
d(a(tr)) = 2'(tr)Q@rx(tr), and
flt,x, k(t,x)) A(t)x + B(t)k(t, x).

Furthermore, we assume quadratic form solutions

Vi =2'Viz+u Vo = 2'Vox + v9

19)% . . )% . .
8—; =z'Viz+ 0 8—152 =2 Vox + 1
oV Vs
e N gy A
0%V, 0%V,

Substitute the above equations into Equations (18) to obtain
the optimal controller,

k=—-R'B'(V) +yW)z.

Substituting Assumptions in (26) into Equations (16) and
(17) we obtain the following coupled Riccati-type equations.

0 = Vi4+Q—-ViBR 'B'V, +7y3V2BR BV,
+AV +V A
0 = Vo—WBR 'B'Vs —V,BR'B'V,

—2")/2V2BR71B/V2 + AV oWo'Vy + A'Vy + VA

with the boundary conditions Vi (tr) = Qp and Va(tr) = 0.
And the following equations:

—tr(cWa'Vy)

—tr(cWa'Vs).

v =
Vg =

The suppressed arguments in the above equations are ¢t. The
above equations are equivalent to the minimal cost variance
solution obtained in [12].

If we were to perform cost moment minimization, we will
obtain nonlinear controller even for the linear, quadratic cost
case. To see this, consider two partial differential equations
for the first two moments from Equation (8):

0 = % + h+ k' Rk + %tr (awo'%)
-l—g'aé\;{ ! +k’B’6§f

0 = % +2M, (h + k' Rk) + %tr (awo—’ a;if?)
+g/8§§2 + KB 3(;\?

After multiplying a Lagrange multiplier and taking deriva-

tives with respect to k, we find the optimal first two cumulant

controller as
. 1 R-lp (8M1

N _2+47M1

OM,
ox ’

ox

If we let M;(t,z) = 2’ Mz + m; for i = 1,2, we obtain a
nonlinear controller.

VI. CONCLUSIONS

This paper presented the necessary condition for n-th
cost moment optimization problem in the form of HJB
equation. The n-th cost cumulant optimization procedure
is also discussed in detail. Second, third, and fourth cost
cumulant HIB equations are derived utilizing the proposed
procedure. Thus the necessary condition for any cost moment
and cumulant can be derived. The solutions for any cost
cumulant problem is also investigated in this paper. We
proposed to use the Lagrange multiplier method with the HIB
equations. Optimizing solutions for the first two cumulants
are presented. For a nonlinear system with nonquadratic
cost problem, we used the state dependent Riccati equation
technique to find an optimal solution.
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