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Abstract— This paper deals with the application of interval
arithmetic to non linear model predictive control (NMPC)
problem. The NMPC problem is expressed as a constraints
satisfaction problem (CSP) which can be solved by interval
analysis techniques. We present the classical interval techniques
to build a nonlinear model predictive control law and propose
some improvements in order to adapt interval tools to the
context of control. Moreover, in order to reduce the pessimism
introduced by interval state estimation, we propose a spatial
discretisation of the input. These methods are illustrated on a
inverted pendulum model.

I. INTRODUCTION

The ability to handle nonlinear multi-variable systems that
are constrained in the state and/or in the control variables
motivates the use of Nonlinear Model Predictive Control
(NMPC). This approach has proved its efficiency in a large
variety of industrial processes, especially on chemical pro-
cesses [1]. The NMPC problem is usually stated as an
optimization one subject to physical coherent constraints, and
is solved with classical optimization algorithms. Most of the
constraints involved in the NMPC are easily expressed using
interval, therefore we investigate in this paper the use of
interval analysis techniques [2] in order to find an NMPC
constraints satisfying solution.

The use of interval analysis techniques for synthesizing a
predictive control scheme brings up some problems related
to the pessimism in interval computations which leads to
an ineffective state estimation. Therefore, we propose some
improvements of classical interval techniques and a new
approach based on a spatial discretisation of the consid-
ered domains to improve the interval state estimation. The
proposed strategy is numerically validated on an inverted
pendulum model.

The paper is organized as follows : section II presents the
classical nonlinear model predictive control technique, sec-
tion III introduces interval analysis: constraints propagation,
interval state estimation and spatial discretisation to reduce
pessimism in state estimation. Finally section IV exhibits nu-
merical simulation results with NMPC and interval analysis
techniques on an inverted pendulum model.
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II. NONLINEAR MODEL PREDICTIVE CONTROL

The NMPC problem [1] is usually formulated as a con-
strained optimization problem

min
u

Np

k

J(xk,u
Np

k ) (1)

subject to

xi+1|k = f(xi|k, ui|k) x0|k = xk (2)

ui|k ∈ U, i ∈ [0, Np − 1] (3)

xi|k ∈ X, i ∈ [0, Np] (4)

where

U := {uk ∈ Rm|umin ≤ uk ≤ umax}
X := {xk ∈ Rm|xmin ≤ xk ≤ xmax}

(5)

Internal controller variables predicted from time instance k

are denoted by a double index separated by a vertical line
where the second argument denotes the time instance from
which the prediction is computed. xk = x0|k is the initial
state of the system to be controlled at time instance k and
u

Np

k = [u0|k, u1|k, . . . , uNp−1|k] an input vector.
Predictive control (Fig. 1) consists in computing the vector

u
Np

k of consecutive inputs ui|k over the prediction horizon
Np by optimizing the objective function J subject to con-
straints (2),(3),(4) and applying only the solution input u0|k.
These computations are updated at each sampling time.
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Fig. 1. Principles of the predictive constrained optimal control approach

The nonlinear equality constraint on the state (2) repre-
sents the dynamic model of the system. Bounding constraints
over the inputs ui|k and the state variables xi|k over the
prediction horizon Np are defined through the sets U and X.
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The objective function J is usually defined as

J(xk,u
Np

k ) = φ(xNp|k) +

Np−1∑
i=0

L(xi|k, ui|k) (6)

where φ is a constraint on the state at the end of the
prediction horizon, called state terminal constraint, and L

a quadratic function of the state and inputs.
The computation of the solution u

Np

k can be divided in two
steps : firstly, computation of a solution satisfying the con-
straints (including the state terminal constraint), and secondly
optimization. The first step involves bounding constraints
(3,4), which can be directly expressed as interval constraints
and nonlinear constraints expressing the dynamic model of
the system (2). These constraints defined by the NMPC
formulation may be expressed as intervals and interval tech-
niques may be used to compute a satisfying input.

Therefore we will use interval techniques to compute
an input satisfying the constraints defined by the NMPC
formulation.

III. INTERVAL ANALYSIS

Initially dedicated to finite precision arithmetic for com-
puter [3] and after used in a context for guaranteed global
optimization [4], the interval analysis is based on the idea of
enclosing real numbers in intervals and real vectors in boxes.
Interval computation which is a special case of set theory,
is now used for state estimation or robust control [5], [6].
To well understand the basics of interval computation, the
reader is invited to read [2].

A. Interval constraint propagation

The problem considered during constraint propagation is a
Constraint Satisfaction Problem (CSP) H written as a vector
form f(x) = 0.

H : (f(x) = 0, x ∈ [x]) (7)

The solution set of H is defined as

S = {x ∈ [x] | f(x) = 0} (8)

Contracting H means replacing [x] by a smaller domain
[x′] such that the solution set remains unchanged.

Different methods to contract a CSP are available [2], and
we introduce a particular one called the forward-backward
contractor [7], based on constraint propagation. This contrac-
tor makes it possible to contract the domains of the CSP by
taking into account any one of the constraints in isolation.

Construction of the contractor is done as follows. Firstly,
each constraint of the CSP is transformed into a set of
equations obtained by isolating each variable of this con-
straint. Secondly, these new equations are transformed into
subsolvers. Finally, these subsolvers are rewritten into in-
terval equations, no more considering the real variables but
their interval counterpart. Extending a punctual function into
an interval function is done using inclusion function. Let’s
consider a function f from Rn to Rm. The interval function

[f ] from IRn to IRm (where IR is the set of all interval real
numbers) is an inclusion function for f if

∀[x] ∈ IRn, f([x]) ⊂ [f ]([x]) (9)

Contracting a CSP is contracting the equations of the CSP
one by one and iterating the procedure while contraction is
significant.

Contraction reduces the intervals within which the solu-
tions of the CSP are included, but it does not guarantee that
all the values in these intervals are solutions. In addition to
the contraction, a validation procedure is then required.

Moreover, the contraction procedure may lead to a fixed
point. In that case, the fixed point is broken by bisecting
domains involved in the CSP. Contraction will be illustrated
in section IV.

B. State estimation

During the constraint propagation, the state of the system
is estimated over the horizon. The interval values are com-
puted using the following equation

[f ]([xk], [uk]) = [xk+1] (10)

where f represents the dynamic of the system.
We must notice that the domain [xk+1] is different from

the domain

Xk+1 = {f(xk, uk),∀xk ∈ [xk] and ∀uk ∈ [uk]} (11)

representing the set of possible punctual states for xk+1.
Xk+1 ⊆ [xk+1] is guaranteed by interval computations,

but the situation Xk+1 = [xk+1] is very rare. The function f

regroups the dynamic equation of the system and a double
integration. Many occurrences of the same variables appear
in f and it is therefore very pessimistic in terms of estimation
of the set Xk+1.

The computation of smallest domains in ordinary differ-
ential equations is an open problem in mathematics [8] and
also specifically for state estimation [9].

The computation of the state with the inclusion function
[f ] leads to an outer estimation of the states which propagates
over the horizon. Therefore, all the domains considered in the
CSP are outer estimations.

This usually leads to the selection of a possible very small
domain for the input satisfying the constraints. Due to the
pessimism of the state estimation, the constraints propagation
is very inefficient. Furthermore, the domain of the input has
to be small in order to respect the constraints in spite of the
pessimism. The selection of the input domain is therefore
done using bisection which involves many computations and
is very ineffective.

C. Inner state estimation

The computation of the exact domain of the state (11)
is not possible. Usual techniques based on Taylor series
lead to guaranteed but outer estimation of the state which
is not effective in the case of predictive control. As the exact
estimation of the state being impossible, we will compute an
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inner estimation. We propose to compute this estimation by
using a spatial discretisation of the domains.

On each iteration, the set of inputs u1
k, . . . , un

k which
define a spatial distribution of the input constraint
[ukmin

, ukmax
], is applied on each punctual state values

x1
k, x2

k, . . . , xm
k defining a spatial discretisation of [xk]. This

gives a new set of punctual values defining a spatial discreti-
sation of [xk+1] (Fig. 2).
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x3
k

u1
k

u5
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u3
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u4
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u2
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[ukmin
, ukmax

]

xk state space

Fig. 2. Spatial discretisation

Assuming that f is continuous, the spatial discretisation
of [xk+1] computed by the algorithm provides an inner
approximation of f([xk], [ukmin

, ukmax
]). Indeed, for any

punctual value x
p

k in [xk], p ∈ [1,m], and any inputs ul
k

and ul+1

k , l ∈ [1, n − 1] continuity of f leads to

[min(f(xp

k, ul
k), f(xp

k, ul+1

k )), max(f(xp

k, ul
k), f(xp

k, ul+1

k ))]

⊆ f(xp

k, [ul
k, ul+1

k ])
(12)

therefore the set of input variables S′ considering the inner
approximation of the state

S′ = {uk ∈ [ul
k, ul+1

k ] |

[min(f(xk, ul
k), f(xk, ul+1

k )),

max(f(xk, ul
k), f(xk, ul+1

k ))]

⊆ [xk+1min
, xk+1max

]}

(13)

is an inner approximation of the set of input variables S in
case of perfect state estimator over intervals.

S = {uk ∈ [ul
k, ul+1

k ] | f(xk,[ul
k, ul+1

k ])

⊆ [xk+1min
, xk+1max

]}
(14)

The inner approximation of the state of the system allows
the efficient use of the contraction algorithm. The efficiency
of the solution depends on the sampled values ul

k of the
initial input interval [ukmin

, ukmax
], and on the accuracy

threshold ε defining the minimum width for an interval
allowed to be bisected during the set inversion procedure.

One of the drawback of the inner approximation of the
state is that state values outside the inner approximation are
not considered and therefore could violate the constraints
(Fig. 3). This leads to the validation of an incorrect input
interval. However, the punctual values defining the spatial
discretisation of the state are guaranteed to belong to the

constrained space. These values have been computed from
punctual input values defining the spatial discretisation of
the input interval. Therefore, these punctual input values are
guaranteed to respect the constrained state space. However,
tacking any punctual value in the computed input interval
may lead to constraint violation. This constraint violation has
not been characterized yet and will be the object of future
work.

Y

constraints
violation

inner approximation
of the state

system state space

Fig. 3. Constraints violation due to the inner approximation of the state

IV. APPLICATION TO THE CONTROL OF AN
INVERTED PENDULUM

To illustrate the efficiency of the proposed approach, we
compute the strategy for controlling an inverted pendulum.

A. The model

Let’s consider the inverted pendulum which is a classical
benchmark for non linear control techniques [10], [11]. Its
dynamic equation is:

q̈k+1 − Ksin sin(qk) + Kcos ẍk cos(qk) = 0 (15)

where Ksin and Kcos regroups parameters of a pendulum
available at the laboratory and ẍ the acceleration of the
carrier. Friction has been neglected and it has been assumed
that the pendulum is a rigid body.

The state of the pendulum [qk+1, q̇k+1]
T at time instance

k + 1 from the state at time instance k and the input
uk (the acceleration ẍk) is estimated through the dynamic
equation (15). The acceleration of the pendulum q̈k+1 is then
integrated twice to get the state of the pendulum at time
instance k + 1.

In the following, the integration is computed using first
order Taylor series in the predictive controller

q̇k+1 = q̇k + δt q̈k+1 (16)

qk+1 = qk + δt q̇k+1 (17)

and using Runge-Kutta formula in the simulator.

B. NMPC control

To compare an interval approach with the classical ap-
proach, we first apply a standard predictive controller on the
pendulum. The problem is formulated as an NMPC problem
(section II) but with no reference trajectory. Moreover, in
order to be able to compare this controller with interval
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controller, we consider a single input value applied over the
horizon.

The objective function is defined as a quadratic product of
the input with a stability constraint over the state at the end
of the horizon.

min
u

Np

k

1

2
(u

Np

k )T
u

Np

k + XT
Np

P XNp
(18)

The penalty matrix P is computed following [12], [13].

The constraints on the state are constant over the horizon
except for the final position constraint. They can be described
by bounds qmin, qmax, q̇min, q̇max and qNpmin

, qNpmax
defin-

ing admissible intervals.
In the following, the simulations are completed using the

following parameters:

Ksin Kcos Np qini (rad) q̇ini (rad.s−1) δt (s)
109 11.11 10 −π 0 0.010

The constraints are:

[qadmissible] (rad) [q̇admissible] (rad.s−1)
[−π − 3π

2
;−π + 3π

2
] [-50;50]

[uadmissible] (m.s−2) qNp
(rad)

[-100;100] [-0.2;0.2]

Simulations are computed using MATLAB on a PENTIUM

IV 2GHz computer.
Fig. 4 displays the simulations results using NMPC

scheme without reference trajectory. The pendulum starts
vertically down (−π rad) and is stabilized around the stable
position (0 rad) reaching the final position domain [qNp

].
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Fig. 4. Simulation results using NMPC

C. Interval analysis control

The standard forward-backward contractor applied for the
pendulum is presented in algorithm 1. The considered CSP is
defined by the dynamic equation and integration through first
order Taylor series. At the end of the contraction procedure
(lines 3 to 12), additional computation determine if the input

is feasible i.e leads the system into admissible state (lines
13 to 23). We therefore estimate the state over the horizon
and if one of the encountered states is not admissible, then
the input is not feasible. In the other hand, if all the states
are admissible, then the input is feasible. If the contraction
procedure leads to a fixed point this one is broken by
bisecting the domain of the input. As it is impossible to
infinitely bisect the domains, we define the minimum width
εbisection under which we will not bisect anymore.

[u] := contraction([u])
state admissible ← false1
while no fixed point AND no admissible state do2

// Forward propagation over the horizon
for k = 0 . . . (Np − 1) do3

[q̈k+1] =4
(−Kcos [u] cos([qk]) + Ksin sin([qk])) ∩ [q̈k+1]
[q̇k+1] = ([q̇k] + δt [q̈k+1]) ∩ [q̇k+1]5
[qk+1] = ([qk] + δt [q̇k+1]) ∩ [qk+1]6

// Backward propagation over the
horizon

for k = (Np − 1) . . . 1 do7
[qk] = ([qk+1] − δt [q̇k+1]) ∩ [qk]8

[q̇k+1] =

„
[qk+1] − [qk]

δt

«
∩ [q̇k+1]

9
[q̇k] = ([q̇k+1] − δt [q̈k+1]) ∩ [q̇k]10

[q̈k+1] =

„
[q̇k+1] − [q̇k]

δt

«
∩ [q̈k+1]

11
if {0} �∈ cos([qi]) then12

[u] =

„
[q̈k+1] − Ksin sin([qk])

−Kcos cos([qk])

«
∩ [u]

// Feasibility of the input
state admissible ← true13
k ← 114
while k < Np AND admissible state do15

θ̈k+1 = −Kcos [u] cos([θk]) + Ksin sin([θk])16

θ̇k+1 = θ̇k + δt θ̈k+117

if θ̇k+1 � [q̇admissible] then18
state admissible ← false19

θk+1 = θk + δt θ̇k+120

if θk+1 � [qadmissible] then21
state admissible ← false22

k ← k + 123

Algorithm 1: Contraction for the pendulum control

The bisection introduces many other domains which must
be contracted. The ordering of these candidates boxes is
crucial and we define a criteria defining an ordering relation
for the candidate boxes into a sorted list L. Indeed, the aim
of the algorithm is to compute a single punctual feasible
input and not the biggest set of feasible inputs. Therefore
computations are stopped as we find a single feasible domain
in which we will select a single punctual feasible input.

The final computed input is the first feasible solution
minimizing the ordering criteria, therefore the control algo-
rithm (algorithm 2) is an optimization one. This algorithm
is similar to those in [2], [14]. These algorithm are based
on branch (recursive bisection of the variables) and bound
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strategy (estimation of the function extrema) and they mainly
differ in the way they order the list of boxes to be bisected.

[usolution] := control(L)
[usolution] ← ∅1
while L �= ∅ AND [usolution] = ∅ do2

pop out the first element of L in [u]3
[ucontracted],input feasible ← contraction([u])
if [ucontracted �= ∅] then4

if input feasible then5
[usolution] ← [ucontracted]6

else7
if diam([ucontracted])> εbisection then8

bisection of [ucontracted] in [u1] and [u2]9
insert [u1] and [u2] in L10

else11
// domain too small to be

bisected AND input not
feasible

// no operation

else12
// no feasible solution
// no operation

Algorithm 2: Control with boxes ordering

D. Modified interval analysis control

The standard interval tools can be improved to be more
efficient in the context of predictive control. In the following
paragraph we focus on some important points that have been
modified from the standard algorithm.

First of all, let’s discuss about the fixed point. By defini-
tion, a fixed point is reached when there is no variation of any
domain involved in the CSP. To avoid numerical problems
when implementing this algorithm, we define the εcontraction

threshold. It represents the variation of the bounds of the
input domain. If the input domain bounds are not modified
by more than εcontraction during the contraction procedure,
then we consider being on a fixed point. This threshold can
also be used in order to favor bisection over contraction.

Secondly, we had to make some additional computations
after the forward-backward computations in order to check
the feasibility of the input (algorithm 1, lines 13 to 23).
These computations are the same as the propagation ones
(algorithm 1, lines 3 to 6) except that they are combined
with intersection of the previous definition of the domains.
We propose to separate state estimation and intersection from
the propagation computation in order to save computational
effort.

Thirdly, as a consequence of our previous remark, the
forward propagation is useless as long as the input domain
is not modified. Therefore, the backward propagation is
repeated as long as the input domain is not modified.

Finally, in order to reduce state estimation pessimism, the
computations in the contraction are not done on interval
values but on punctual values defining a spatial discretisation
(section III-C).

[u] := modified contraction([u])
state admissible ← false;1
while no fixed point AND no state admissible do2

// Forward propagation over the horizon
for k = 0 . . . (Np − 1) do3

[q̈k+1] = −Kcos [u] cos([qk]) + Ksin sin([qk]);4
[q̇k+1] = [q̇k] + δt [q̈k+1];5
[qk+1] = [qk] + δt [q̇k+1];6

// Intersection over the horizon
k ← 1;7
while t < Np AND no empty set do8

[qk+1] = [qk+1] ∩ [qadmissible];9
[q̇k+1] = [q̇k+1] ∩ [q̇admissible];10
k ← k + 111

if the intersection modified one of the [qk] or one of the12
[q̇k] then

// the states are not admissible
therefore the input is not
feasible

while [u] not modified more than εcontraction AND13
no fixed point do

// Backward propagation
[qk] = ([qk+1] − δt [q̇k+1]) ∩ [qk];14

[q̇k+1] =

„
[qk+1] − [qk]

δt

«
∩ [q̇k+1];

15
[q̇k] = ([q̇k+1] − δt [q̈k+1]) ∩ [q̇k];16

[q̈k+1] =

„
[q̇k+1] − [q̇k]

δt

«
∩ [q̈k+1];

17
if {0} �∈ cos([qk]) then18

[u] =

„
[q̈k+1] − Ksin sin([qk])

−Kcos cos([qk])

«
∩ [u]

else19
// the intersection had no effect

therefore the states are
admissible and the input is
feasible

state admissible← true20

Algorithm 3: Modified contraction for the pendulum con-
trol

Fig. 5 displays the results of a simulation using the same
parameters as in section IV-B but with interval tools. The
interval method has been improved following our remarks
and without spatial discretisation. The parameters specific
to interval techniques are εbisection = 0.01 (m.s−2) and
εcontraction = 0.01 (m.s−2). The vertical lines appearing in
the input graphic represents the computed feasible domain.
In order to select a punctual input in this domain, we apply
the input of minimal norm. The minimal norm is also the
ordering criteria for the list L.

Fig. 6 displays the results of a simulation computed with
the same parameters, but with spatial discretisation of the
input in 10 samples. The computed input and therefore the
behavior of the system is similar as without discretisation.
The number of operations is dramatically improved, specially
in the beginning of the simulation. However, the computation
time is still not competitive with the NMPC method. This
may be because of the use of non compiled interval routines
in MATLAB. However, we can still improve the efficiency
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Fig. 5. Simulation results using improved interval techniques

of the interval method: i) we can adjust the threshold
parameters. ii) we can look for an input in an area around
the former input applied on the system. iii) we can also
add at the beginning of the list L the punctual former input
applied on the system. This reduces the optimality of the
solution but reduces the number of computations required to
find a feasible input. Fig. 7 displays simulation results using
these last considerations and with εbisection = 3 (m.s−2) and
εcontraction = 0.5 (m.s−2).
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Fig. 6. Simulation results using improved interval techniques and spatial
discretisation

V. CONCLUSION

This paper introduces a non linear control approach asso-
ciated with interval analysis, using NMPC without reference
trajectory. The punctual values involved in the NMPC have
been replaced by their interval counterparts, allowing the
use of interval analysis methods. We exhibited the problems
occurred when using interval analysis techniques to build a
predictive control law. We presented the use of standard tools
and described the problems appearing when using these tools
in control context. We introduced several improvements: the
introduction of a threshold defining the fixed point, as well
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Fig. 7. Simulation results using improved interval techniques, spatial
discretisation and previous input consideration

as a modification of the forward-backward contractor to
combine forward propagation and state estimation needed
in model based control. In order to reduce pessimism of
interval state estimation, we proposed a spatial discretisation
of the domains. All these modifications lead to an efficient
nonlinear model predictive controller via interval analysis.
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