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Abstract—In this paper, a robust adaptive fuzzy output con-
trol scheme for a class of nonlinear systems with uncertainty
is proposed. The controller design is based on a novel fuzzy
model, which is called the generalized fuzzy hyperbolic model
(GFHM) and which does not need the availability of state
variables. By designing an observer to estimate the states,
the robust adaptive fuzzy output feedback control scheme is
realized. Based on the Lyapunov stability theorem, the control
system can guarantee that the tracking error converges to a
small neighborhood of the origin. Simulation results confirm
that the present control algorithms are feasible for practical
applications.

I. INTRODUCTION

Based on the universal approximation theorem and by

incorporating fuzzy systems into adaptive control schemes,

fuzzy adaptive controllers are first proposed by Wang [1],

[2], [3]. Afterward, various adaptive fuzzy control ap-

proaches for nonlinear systems have been developed [4],

[5], [6], [7], [8], [9], [10], [11]. However, since the fuzzy de-

scriptions are imprecise and may be insufficient to achieve

the desired accuracy, the approximation error introduced

into the feedback loop makes it difficult to guarantee the sta-

bility of closed-loop control system [3]. In [7], this problem

was solved by sliding mode method, but nonsmooth control

input is generated. In general, such discontinuous adaptive

control schemes are to be avoided. Another problem in [3],

[4], [8] is that bounds on the unknown plant must be known.

Generally, this calculation may require an exact model of

the plant, which deviates from the purpose of using a model-

free technique. However, these adaptive control methods are

limited only to systems whose states are assumed to be

available for measurement. If system states are not available,

which is common in practice, the fuzzy state feedback

control algorithms will not work and fuzzy output feedback

control by using the estimated states will be required.

In [5], [8], [10], the adaptive controller design for nonlinear

systems whose states are not available for measurement is
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discussed, but the number of controller parameters for on-

line adjustment is very large.

Recently, Zhang and co-workers proposed a class of

fuzzy model, i.e., the fuzzy hyperbolic model (FHM) and

the generalized fuzzy hyperbolic model (GFHM) [12], [13],

[14]. It is proved that the generalized fuzzy hyperbolic

model is a universal approximator and can be used to

establish the model for nonlinear systems. There are several

good examples using this class of fuzzy model [12], [14].

The purpose of this paper is to develop a robust adaptive

control algorithm using the GFHM for nonlinear systems

with uncertainties. The Lyapunov stability theorem is used

to derive control law and controller parameter update law,

which ensure the stability of the closed-loop system and

good tracking performance. The present control scheme

guarantees that the tracking error converges to a small

neighborhood of the origin.

The paper is organized as follows. In Section II, pre-

liminaries for the GFHM are reviewed. In Section III, the

GFHM is used to describe a class of nonlinear systems.

In Section IV, a state observer is constructed and then the

robust adaptive fuzzy output control scheme is developed. In

Section V, a simulation example is provided to demonstrate

the controller design procedure. Finally, in Section VI,

conclusions are provided.

II. PRELIMINARIES

In this section we review some necessary preliminaries

for the GFHM.

In the GFHM, there are two types of fuzzy sets, including

positive (Px) and negative (Nx) [13], [14]. The membership
functions of Px and Nx are defined as:

µPx(xz) = e−
1
2 (xz−kz)2 , (1)

µNx(xz) = e−
1
2 (xz+kz)

2
, (2)

where kz > 0 is a constant. We transform the input variable
xz as follows:

x̄i = xz−di, (3)

where i = 1, · · · ,w (w is a positive integer) and di is a
constant. We can see that after the linear transformation

of x, the fuzzy sets may cover the whole input space if w
is large enough.

Definition 1 ([13]): Given a plant with n input variables
x= [x1(t), · · · ,xn(t)]T (where x is any state variable or input
variable), and n output variable ẋ = [ẋ1, · · · ẋn]T , we define
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the generalized input variables as follows:

x̄1 = x1−d11,
. . .

x̄w1 = x1−d1w1 ,
x̄w1+1 = x2−d21,

. . .

x̄m = xn−dnwn ,
where m= ∑ni=1wi is the number of generalized input vari-
ables, wz (z = 1, . . . ,n) are the numbers to be transformed
about xz, dz j (z= 1, · · · ,n, j= 1, · · · ,wz) are constants used
for transforming xz. We define the following fuzzy rule base
the generalized fuzzy hyperbolic rule base if it satisfies the

conditions of:

(1) For each output variable ẋl , l = 1, . . . ,n, the corre-
sponding group of fuzzy rules has the following form:

IF (x1−d11) is Fx11 , . . . , (x1−d1w1) is Fx1w1 , (x2−d21)
is Fx21 , . . . , (xn−dnwn) is Fxnwn
THEN ẋl = cF11 + · · ·+ cF1w1 + cF21 + · · ·+ cFnwn , (4)

where Fxz j are fuzzy sets of xz − dz j, which include Px
(positive) and Nx (negative) subsets. cFz j is a constant
corresponding to Fxz j .
(2) The constant cFz j (z = 1, . . . ,n, j = 1, . . . ,wz) in the
“THEN” part correspond to Fxz j in the “IF” part, that is, if
there is Fxz j in the “IF” part, cFz j must appear in the “THEN”
part. Otherwise, cFz j does not appear in the “THEN” part.
(3) There are 2m fuzzy rules for each output variable in

the rule base, where m = ∑ni=1wi, that is, all the possible
Px and Nx combinations of input variables in the “IF” part
and all the linear combinations of constants in the “THEN”

part.

Lemma 1 ([13]): For a multi-input dynamic system,
x = [x1(t), · · · ,xn(t)]T is the state variable vector, u =
[u1, · · · ,up]T is the input variable vector. If we define the
generalized fuzzy hyperbolic rule base and generalized

input variables as Definition 1, and define the membership

functions of the generalized input variables Px and Nx as
(1) and (2), then we can derive the following model:

ẋl =
m

∑
i=1

cPxi e
kxi x̄i + cNxi e

−kxi x̄i

ekxi x̄i + e−kxi x̄i
+
q

∑
j=1

cPu j e
ku j ū j + cNu j e

−ku j ū j

eku j ū j + e−ku j ū j

=
1

2

m

∑
i=1

(cPxi + cNxi)+
1

2

m

∑
i=1

(cPxi − cNxi)
ekxi x̄i − e−kxi x̄i
ekxi x̄i + e−kxi x̄i

+
1

2

q

∑
j
(cPu j + cNu j )+

1

2

q

∑
j=1

(cPu j − cNu j )
eku j ū j + e−ku j ū j

eku j ū j + e−ku j ū j

= A0+A1 tanh(Kxx̄)+B tanh(Kuū)
= F(x), (5)

where A0 = 1
2 ∑mi=1(cPxi + cNxi )+ 1

2 ∑qj=1(cPu j + cNu j ); A1 =
[a1, . . . ,am], ai = 1

2 (cPxi − cNxi); B = [b1, . . . ,bq], b j =
1
2 (cPu j − cNu j); ū j ( j = 1, . . . ,q, q = ∑pl=1 rl) is the gen-
eralized input variable after the linear transformation of

ul (l = 1, . . . , p); tanh(Kxx̄) and tanh(Kuū) are defined by
tanh(Kxx̄) = [tanh(k1x̄1), · · · , tanh(kmx̄m)]T and tanh(Kuū)
=

[
tanh(ku1 ū1), · · · , tanh(kuq ūq)

]T
, respectively; and Kx =

diag[kx1 , . . . ,kxm ], Ku = diag[ku1 , . . . ,kuq ]. We call (5) the
generalized fuzzy hyperbolic model (GFHM).

Let Y be the space composed of all the functions having
the form of the right-hand side of (5). Then we have the

following conclusion.

Lemma 2 ([13]): For any given real continuous g(x) on
the compact set U ⊂ Rn and any arbitrary ε > 0, there exists
an F(x) ∈ Y such that

sup
x∈U

|g(x)−F(x)| < ε.

Remark 1: There are some distinguishing characteristics
about the GFHM:

1) The GFHM is a nonlinear model in nature. Unlike the

Takagi-Sugeno (T-S) fuzzy model, which is a combination

of local linear models, the GFHM is a global nonlinear

model.

2) The GFHM can be proved to be a universal approxi-

mator.

3) The GFHM is a fuzzy model that can easily be derived

from known linguistic information.

4) The GFHM is equivalent to a series expan-

sion of fuzzy hyperbolic basis functions, [1, tanh(kx1 x̄1),
· · · , tanh(kxm x̄m), tanh(ku1 ū1), · · · , tanh(kuq ūq)]T . This basis
function expansion is linear in its adjustable parameters;

therefore, we can use the least squares algorithm to deter-

mine the parameters.

In this paper, we will design a robust adaptive fuzzy

controller based on the GFHM in the form of (5).

III. DESCRIPTION OF NONLINEAR SYSTEMS WITH

UNCERTAINTIES

Consider the following MIMO nonlinear systems:

ẋ11 = x12, · · · , ẋ1(r1−1) = x1r1 ,
ẋ1r1 = f1(X)+g11(X)u1+ · · ·+g1m(X)um+d1,

... (6)

ẋm1 = xm2, · · · , ẋm(rm−1) = xmrm ,
ẋmrm = fm(X)+gm1(X)u1+ · · ·+gmm(X)um+dm,
y1 = x11, · · · ,ym = xm1,

where X = [x11, · · · ,x1r1 ,x21, · · · ,x2r2 , · · · ,xm1, · · · ,xmrm ]T ∈
Rn is the state vector, y = [y1, · · · ,ym]T ∈ Rm is the output
vector, u= [u1, · · · ,um]T ∈Rm is the input vector, [r1, · · · ,rm]
is the relative order of the system and r1+ · · ·+ rm = n.
f (X) = [ f1(X), · · · , fm(X)]T is unknown continuous func-

tion vector, G(X) =

⎡
⎢⎣
g11(X) · · · g1m(X)
...

...
...

gm1(X) · · · gmm(X)

⎤
⎥⎦ is control

gain matrix, gi j(X) is an unknown continuous function,
and d = [d1, · · · ,dm]T ∈ Rm is the bounded uncertainty
including external disturbance, unmodeled dynamics and

measurement noise.
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Expressing (6) in the following form⎡
⎢⎢⎣
y(r1)1
...

y(rm)
m

⎤
⎥⎥⎦ =

⎡
⎢⎣
f1(X)
...

fm(X)

⎤
⎥⎦+G(X)

⎡
⎢⎣
u1
...

um

⎤
⎥⎦+

⎡
⎢⎣
d1
...

dm

⎤
⎥⎦ , (7)

the system (7) can be reduced to m multiple-input-single-
output subsystems. Then, the i-th subsystem can be ex-
pressed as

y(ri)i = fi(X)+
m

∑
j=1
gi j(X)u j+di

= fi(X)+gii(X)ui+dui, (8)

where dui =
m
∑

j=1, j �=i
gi j(X)u j+di.

Next, we derive the fuzzy model in the form of (5)

using partial knowledge about the system. If we define the

generalized fuzzy hyperbolic rule base and the generalized

input variables as in Definition 1, then we can derive the

following model:

y(ri)i = ẋiri = A0i+A1i tanh(KxX̄)+Bi tanh(Kui ūi)+ εi+dui,
(9)

where A0i ∈ R1×1, A1i ∈ R1×p, Bi ∈ R1×q, X̄ = [X̄1, · · · , X̄p]T
is the generalized state variable vector, X̄i (i= 1, . . . , p, p=
∑ni=1wi) is the generalized state variable after the linear
transformation of Xz (z= 1, . . . ,n), ūi = ui−dui is the gen-
eralized input variable after the linear transformation of ui,
tanh(KxX̄) =

[
tanh(kx1 X̄1) · · · tanh(kxp X̄p)

]T
, tanh(Kuūi) =[

tanh(ku1 ū1) · · · tanh(kuq ūq)
]T
, and εi is the model error.

We assume that the control ui is bounded. Since the
variables of real physical systems are always bounded, such

an assumption seems reasonable. After the linearization of

(9) in ūi we get the following form:

y(ri)i = A0i+A1i tanh(KxX̄)+BiKui(ui−dui)+∆i+ εi+dui
= Ā0i+A1i tanh(KxX̄)+biui+dsi, (10)

where Ā0i = A0i−BiKuidui , bi = BiKu, ∆i is the linearized
bias, and dsi= ∆i+εi+dui is a combining uncertainty. Since
the control ui is bounded, the error ∆i is also bounded. Thus,
dsi is a bounded uncertainty. Let Āi = [Ā0i,A1i], f̄i(X) =
[1, tanh(kx1 X̄1), · · · , tanh(kxp X̄p)]T . Then (10) is rewritten in
the following form

y(ri)i = ẋiri = Āi f̄i(X)+biui+dsi. (11)

Define Xi = [xi1, · · · ,xiri ]T and

Ai =

⎡
⎢⎢⎣
0 1 0 · · · 0

0 0 1 · · · 0

· · · · · · · · · · · ·
0 0 0 · · · 0

⎤
⎥⎥⎦
ri×ri

Bi =

⎡
⎢⎢⎢⎣
0
...

0

1

⎤
⎥⎥⎥⎦
ri×1

and Ci =

⎡
⎢⎢⎢⎣
1

0
...

0

⎤
⎥⎥⎥⎦
ri×1.

Then (11) is equivalent to the following system

Ẋi = AiXi+Bi[Āi f̄i(X)+biui+dsi], (12)

yi = CTi Xi, i= 1, · · · ,m.

From the above, we can obtain the fuzzy model using

prior knowledge about the plant such that we can incorpo-

rate the information into controller design later.

IV. ROBUST ADAPTIVE FUZZY OUTPUT FEEDBACK

CONTROL

For nonlinear systems with uncertainties in the form of

(12), the control objective is to determine a control scheme

and adaptive law for the parameters such that the output

vector y(t) = [y1(t), · · · ,ym(t)]T tracks a given bounded
reference signal vector yM(t) = [yM1(t), · · · ,yMm(t)]T .
For i-th subsystem, if dsi = 0 and all states of the system

are available for measurement, we can take ei = yMi− yi =
yMi− xi, Ei = [ei , ėi, · · · ,e(ri−1)i ]T and Kci = [kiri , · · · ,ki1]T ∈
Rri such that all roots of the polynomial hi(s) = sri +
kiris

ri−1+ · · ·+ ki1 are in the open left-half complex plane,
and choose the control law as

ui =
1

bi
[−Āi f̄i(X)+ y(ri)Mi +KTciEi], (13)

where ui is the so-called certainty equivalent controller [2].
Consider the system in the form of (12) whose states are

not available and only the system output yi(t) is available,
which is common in practice, the above controller could not

be realized. Therefore, an observer is designed to estimate

states and the error, and then fuzzy output feedback control

is developed.

Defined x̂i and êi = yMi− x̂i1 as the estimate of xi and ei,
the observation error ẽi = ei− êi, Êi = [êi, ˙̂ei, · · · , ê(ri−1)i ]T ,
the observation error vector Ẽi = [ẽi, ˙̃ei, · · · , ẽ(ri−1)i ]T , YMi =
[yMi, · · · ,y(ri−1)Mi ]T , and the state estimate vector X̂i = YMi−
Êi = [x̂i1, · · · , x̂iri ]T . The fuzzy controller is designed as

ui = uci(X̂)− 1
bi
usi− 1bi uai, (14)

where

uci(X̂) =
1

bi
[−Āi f̄i(X̂)+ y(ri)Mi +KTci Êi], (15)

and usi and uai will be defined later.
Substituting (14) into (12) results in

Ėi = AiEi−BiKTci Êi+Biusi+Biuai+BiDsi, (16)

where Dsi = Āi f̄i(X̂)− Āi f̄i(X)− dsi is a bounded uncer-
tainty. Design the observer as follows

˙̂Ei = AiÊi−BiKTci Êi+K0i(ei− êi), (17)

êi = CTi Êi,

where KT0i = [k0iri ,k
0
i(ri−1), · · · ,k0i1] is the state observer gain

vector. Subtracting (17) from (16) results in

˙̃Ei = (Ai−K0iCTi )Ẽi+Bi(usi+uai+Dsi), (18)

ẽi = CTi Ẽi.
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Since only the output ẽi in (18) is assumed to be measurable,
we use the strictly-positive-real (SPR) Lyapunov design

approach to analyze the stability of (18).

First, (18) can be rewritten as

ẽi = Hi(s)[usi+uai+Dsi], (19)

where Hi(s) =CTi [sI− (Ai−K0iCTi )]−1Bi is a known stable
transfer function. In order to employ the SPR-Lyapunov

design approach, (19) can be written as

ẽi = Hi(s)Li(s)[ussi+uaai+Dssi], (20)

where ussi = L−1i (s)usi, uaai = L−1i (s)uai, Dssi = L−1i (s)Dsi
and Li(s) is chosen so that L−1i (s) is a proper stable transfer
function and Hi(s)Li(s) is a proper SPR transfer function.
Let

Li(s) = smi +bi1smi−1+ · · ·+bimi (mi = ri−1).
The state-space realization of (20) can be written as

˙̃Esi = AsiẼsi+Bsi[ussi+uaai+Dssi], (21)

ẽi = CTsi Ẽsi,

where

Ẽsi = [ẽi, ˙̃ei, · · · , ẽ(ri−1)i ]T ,Asi = Ai−K0iCTi ,

Bsi = [1,bi1, · · · ,bimi ]T ,Csi = [1,0, · · · ,0]T .

In order to design the robust control law, a GFHM is

employed to approximate the uncertainty in this paper. From

Lemma 2, we may conclude that there exists a fuzzy system

(5) that can be used to approximate the uncertain bounded

function Dssi. Hence, we can obtain the following bounded
function:

|Dssi| ≤ σTi
∣∣ξi(X̂)

∣∣+ εi, (22)

where ξi(X̂) = [1,ξi1(X̂), · · · ,ξik(X̂)]T = [1, tanh(kd1
¯̂X1),

· · · , tanh(kdk ¯̂Xk)]T is the unknown fuzzy hyperbolic base
function vector, σi = [σi0,σi1, · · · ,σik]T is the weight pa-
rameter vector of fuzzy system. εi is a parameter for
respecting approximating accuracy. Suppose that σi and
εi are unknown, the above bounded function Dssi can be
rewritten in the following form:

|Dssi| ≤ θTi ψi(X̂), (23)

where ψi(X̂) = [1,1,
∣∣ξi1(X̂)

∣∣ , · · · , ∣∣ξik(X̂)
∣∣]T is a known

vector and θi = [εi,σi0, · · · ,σik]T is an unknown vector.
Assumption 1: For the given positive definite matrices
Qi1 and Qi2, there exists positive definite matrix solutions
Pi1 and Pi2, respectively, for the matrix equations (16) and
(21)

(Ai−BiKTci)TPi1+Pi1(Ai−BiKTci) = −Qi1, (24)

ATsiPi2+Pi2Asi = −Qi2, (25)

Pi2Bsi =Csi.
From (25), we know that ẼTsiPi2Bsi = C

T
si Ẽsi = ẽi, while

ẽi= yMi−yi− êi is available for feedback control. We design

the compensation control terms ussi,uaai and the parameter
update law as follows:

uaai = −KT0iPi1Êi, (26)

ussi = −θ̂Ti ψi(X̂) tanh(θ̂Ti ψi(X̂)BTsiPi2Ẽsi/εdi)
= −θ̂Ti ψi(X̂) tanh(θ̂Ti ψi(X̂)ẽi/εdi), (27)

˙̂θi = −λi(θ̃i+θi)+ riψi(X̂)
∥∥BTsiPi2Ẽsi∥∥

= −λi(θ̃i+θi)+ riψi(X̂)‖ẽi‖ , (28)

where λi ∈ (0,∞), ri = diag[ri1,ri2, · · · ,ril ], ril ∈ (0,∞), l is
the dimension of θi, θ̂i = θi+ θ̃i, θ̂i is an estimate of θi. λi,
ri, εdi are parameters determined by the designer.
Following the preceding consideration, we obtain the

following theorem.

Theorem 1: Assume that the nonlinear system (6) satis-
fies Assumption 1. Then the robust adaptive fuzzy tracking

controller described by the control laws (14), (26) and

(27) with the parameter adaptation law (28) guarantees

that for given any ρ > max{
√

ε̄1
µ1

, · · · ,
√

ε̄m
µm }, there ex-

ists T (ρ) such that for all t > T , eM ≤ ρ , where eM =
max{|e1(t)| , · · · , |em(t)|},

µi =
1

2
min

{
λmin(Qi1)
λmax(Pi1)

,
λmin(Qi2)
λmax(Pi2)

,λi
}

,

ε̄i = κεdi+
λi
2rimin

‖θi‖ ,

rimin =min{ri1, · · · ,ril}.
Proof : For i-th subsystem, choose the following Lya-
punov function candidate:

Vi = ÊTi Pi1Êi+ Ẽ
T
siPi2Ẽsi+

1

ri
θ̃Ti θ̃i

= zTi P̄izi = V̄i(zi, t), (29)

where zi = [ÊTi , ẼTsi , θ̃Ti ]T and P̄i = diag[Pi1,Pi2, 1ri ].
The derivative of Vi along the trajectory of the system is
given by

˙̄Vi =− ÊTi Qi1Êi− ẼTsiQi2Ẽsi+2ÊTi Pi1(K0iCTi )Ẽsi

+2ẼTsiPi2Bsiuaai+2Ẽ
T
siPi2Bsiussi+2Ẽ

T
siPi2BsiDssi+

2

ri
θ̃Ti
˙̃θi

≤− ÊTi Qi1Êi− ẼTsiQi2Ẽsi+2θTi ψi(X̂)
∥∥BTsiPi2Ẽsi∥∥

−2θ̂Ti ψi(X̂)BTsiPi2Ẽsi tanh(θ̂Ti ψi(X̂)BTsiPi2Ẽsi/εdi)

+
2

ri
θ̃Ti
˙̃θi

=− ÊTi Qi1Êi− ẼTsiQi2Ẽsi+2[θ̂Ti ψi(X̂)
∥∥BTsiPi2Ẽsi∥∥

− θ̂Ti ψi(X̂)BTsiPi2Ẽsi tanh(θ̂Ti ψi(X̂)BTsiPi2Ẽsi/εdi)]

+2θ̃Ti

[
1

ri
˙̃θi−ψi(X̂)

∥∥BTsiPi2Ẽsi∥∥
]
. (30)

It can be shown that the following inequality holds for

any εdi > 0 and for any η ∈ R

0≤ |η |−η tanh
(

η
εdi

)
≤ κεdi, (31)
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where κ is a constant that satisfies κ = exp(−(κ +1)), i.e.,
κ = 0.2785 [9].
Setting η = θ̂Ti ψi(X̂)BTsiPi2Ẽsi, applying (31) and substi-

tute (28) into (30), we have

V̇i ≤−ÊTi Qi1Êi− ẼTsiQi2Ẽsi+2κεdi−2λi
ri

θ̃Ti (θ̃i+θi). (32)

From 1
2 (θ̃i+θi)(θ̃i+θi) ≥ 0,we can obtain

θ̃Ti θ̃i+ θ̃Ti θi ≥ 1
2
(θ̃Ti θ̃i−θTi θi). (33)

Therefore, we get

V̇i ≤−ÊTi Qi1Êi− ẼTsiQi2Ẽsi+
λi
ri

θTi θi+2κεdi− λi
ri

θ̃Ti θ̃i.
(34)

Furthermore, let

Q̄i = diag
[
Qi1,Qi2,

λi
ri

]
.

It yields

˙̄Vi ≤−zTi Q̄izi+2ε̄i.
Substituting the parameters given in Theorem 1 into the

above expression, we get

˙̄Vi ≤−2µV̄i+2ε̄i = −2µ
(
V̄i− ε̄i

µi

)
(35)

Now, if we let ε̄i
µi > 0, then (35) satisfies

0≤Vi(t) ≤ ε̄i
µi

+
(
Vi(0)− ε̄i

µi

)
exp(−2µit). (36)

Therefore, for i-th subsystem there exists T (ρi), ρi >
√

ε̄i
µi ,

such that for all t ≥ T , we have |ei(t)| ≤ ρi.
Furthermore, for the system (6) we obtain that given any

ρ >max
{√

ε̄1
µ1

, · · · ,
√

ε̄m
µm

}
, there exists T (ρ) such that for

all t ≥ T we have eM ≤ ρ . This completes the proof.

V. SIMULATION EXAMPLE

To illustrate the effectiveness of the present control

scheme, we consider the control of the nonlinear system

of [15], which is descried by⎡
⎣ ẋ1ẋ2
ẋ3

⎤
⎦ =

⎡
⎣ x2x1+ x22+ x3
x1+2x2+3x3x1

⎤
⎦

+

⎡
⎣ 03u1+u2
u1+2(2+0.5sin(x1))u2

⎤
⎦+

⎡
⎣ 0e−t sin t
e−t sin t

⎤
⎦
(37)

where y1 = x1 and y2 = x3.
Rewrite (37) in the following form:[
ÿ1
ẏ2

]
=

[
x1+ x22+ x3
x1+2x2+3x3x1

]
+

[
3 1

1 4+ sin(x1)

][
u1
u2

]

+
[
e−t sin t
e−t sin t

]
(38)

where the relative order of the system is [r1 r2 ] = [2 1].
The tracking reference signals are:

yM1 = 2sin(0.5t+0.5), yM2 = sin(t)

First, we derive the GFHM in the form of (12) from

the prior knowledge about the system. By the linguistic

knowledge, we can obtain the following fuzzy rules:

R1: IF x1−d1 is Px1 , x2−d2 is Px2 , x3−d3 is Px3 , u1
is Pu1 , and u2 is Pu2 ,

THEN ẋ2 = cPx11 + cPx12 + cPx13 + cPu11 + cPu12 ,
...

R32: IF x1− d1 is Nx1 , x2− d2 is Nx2 , x3− d3 is Nx3 ,
u1 is Nu1 , and u2 is Nu2 ,

THEN ẋ2 = cNx11 + cNx12 + cNx13 + cNu11 + cNu12 ,
R33: IF x1−d1 is Px1 , x2−d2 is Px2 , x3−d3 is Px3 , u2

is Pu2 , and u2 is Pu2 ,
THEN ẋ3 = cPx21 + cPx22 + cPx23 + cPu21 + cPu22 ,
...

R64: IF x1− d1 is Nx1 , x2− d2 is Nx2 , x3− d3 is Nx3 ,
u2 is Nu12 , and u2 is Nu22 ,

THEN ẋ3 = cNx21 + cNx2 + cNx23 + cNu21 + cNu22 ,
where the membership functions of the fuzzy sets are in the

form of (1) and (2), Kx = diag[0.6,0.6,0.6], Ku = diag[1,1],
d1 = d2 = d3 = 0, A01 = 0.0064,A02 = 0.0028, A11 =
[0.027,1.8395,0.0051], A21 = [−0.0128,0.1065,0.0070],
B1 = [0.56,1], and B2 = [1,0.6]. By the above fuzzy rules
we derive the GFHM in the form of (12), where b1 = 0.56
and b2 = 0.6.
Assume that the states of the system are not avail-

able and only the system output y is available. The
fuzzy output feedback controller is constructed. Se-

lect Kc1 = [ 100 10 ]T , K01 = [ 135 701 ]T , L1(s) =
s + 5,L2(s) = 1, Bs1 =

[
1 5

]T
, Bs2 = [1], Q11 =[

10 0

0 10

]
, Q12 =

[
10 0

0 10

]
, Kc2 = 120, K02 =

100, Q21 = 20, Q22 = 200. By solving the matrix equation
(24) and (25), we obtain positive definite matrices as fol-

lows P11 =
[
51 0.05
0.05 0.505

]
, P12 =

[
26 −5
−5 1

]
, P21 =

1/12, P22 = [1]. Let εd1 = 0.5,λ1 = 0.2, εd2 =
0.8,λ2 = 0.4, r1 = r2 = diag[0.1,0.1,0.1,0.1,0.1], ψ1(x) =
[1,1, |tanh(0.8x1)| , |tanh(0.8x2)| , |tanh(0.8x3)|]T , ψ2(x) =
[1,1, |tanh(x1)| , |tanh(x2)| , |tanh(x3)|]T and the initial values
are chosen as X(0) = [0.25,0,0]T , X̂(0) = [0.15,0,0]T . The
result of simulation is illustrated in Figures 1–4. Figure 1

shows the trajectories of the states x1 (dash-dot line), desired
output yM1 (solid line). Figure 2 shows the trajectories of the
states x3 (dash-dot line), desired output yM2 (solid line). The
trajectories of the state x1 and its estimate x̂1 are depicted
in Figures 3. Also, the control input u1 and u2 are shown
in Figure 4.

It is clear that the observed states converge rapidly to the

real ones. The simulation results also demonstrate that the

present controller provides good tracking performance and

generates smooth control input.
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Fig. 1. Trajectories of the states x1 (dash-dot line), desired output
yM1 (solid line), and tracking error e1 (dotted line)
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Fig. 2. Trajectories of the states x3 (dash-dot line), desired output yM2
(solid line) and tracking error e2 (dotted line)
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Fig. 3. State x1 (solid line) and its estimate x̂1 (dash-dot line)
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Fig. 4. Trajectories of the control input u1 (in the upper figure) and u2 (in
the lower figure)

VI. CONCLUSIONS

In this paper, for MIMO nonlinear systems with uncer-

tainties a robust adaptive state feedback control algorithm

based on the GFHM is developed. The present control

scheme guarantees that the tracking error of the closed-

loop system converges to a small neighborhood of origin.

The main advantage of the present control law is that the

human knowledge about the plant under control is used

to design the controller and the present control scheme is

a smooth control with no chattering phenomena. Also, in

every subsystem there is only one parameter vector to be

adjusted on-line in the adaptive mechanism; thus, the on-

line computing load is light. Simulation example demon-

strates that the present controller provides good tracking

performance and generates smooth control inputs.
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