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Abstract— In this contribution a numerical method for de-
riving an approximate input-output linearizing controller for
minimum phase systems is presented. The approach is based
on the derivation of a bilinear approximation model of higher
order, which approximates the considered system on a prespec-
ified multivariable state-space interval. By means of the exact
input-output linearizing state feedback of the bilinear model
an approximate input-output linearizing controller for the
original system with polynomial numerator and denominator
is determined. Local stability of the closed-loop system can
be assured by subsequently applying a suitable adjustment
procedure. The results of the paper are demonstrated by means
of a simple example.

I. INTRODUCTION

Exact input-output linearization (see [1]) is one of the
most commonly used methods of nonlinear control theory
in practical applications. Applying this approach a nonlin-
ear state feedback can be derived which achieves a linear
input-output behavior of the closed-loop system with easily
designable dynamics. However, apart from the restriction
that the system under consideration must have a stable
zero dynamics the derivation of the nonlinear controller
usually requires symbolic calculations, which often turn out
to be rather sophisticated (see e.g. [2]). Another drawback
is that the structure of the resulting input-output linearizing
feedback may be very complicated and therefore unsuitable
with respect to implementation.

As remedy for these problems several methods have been
developed based on approximate and/or numerical calcula-
tions. One possibility is the computation of the exact lineariz-
ing control law by automatic differentiation (see [3]). This
approach computes the values of the control input generated
by the input-output linearizing controller numerically. Kang
[4] showed how an approximate input-output linearizing
controller can be obtained using a Taylor expansion of
the model nonlinearities. Recently, Deutscher [5] proposed
another numerical approach applying multivariable Legendre
polynomials to achieve an exact algebraic expression for
the exact linearizing feedback. In general, however, state
space embedding of nonpolynomial nonlinearites must be
accomplished beforehand, which is only feasible by means
of symbolic evaluation.

In this paper an alternative way of using multivariable
Legendre polynomials is described, which from the begin-
ning allows the efficient use of numerical software tools
for deriving an approximation of the input-output linearizing
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controller for minimum phase SISO systems. To this end,
the ideas of [6] are used to derive a bilinear approximation
model of higher order, which approximates the behavior of
the original system on a prespecified multivariable state-
space interval. Based on the exact input-output linearizing
feedback law for the bilinear system, which is given in
an explicit form, an approximation for the corresponding
linearizing controller of the original model with polynomial
numerator and denominator is determined. Local stability of
the closed-loop system can be guaranteed by adjusting the
resulting control law such that its linearization coincides with
a suitable linear stabilizing reference controller. Note that
the quality of the derived approximation is nearly equally
good on the entire predefined state-space interval. This
represents a significant advantage compared to Kang’s [4]
approach, which is only suitable for small deviations of the
operating point due to the local character of the Taylor series
expansion.

After briefly introducing multivariable Legendre polyno-
mials the derivation of the bilinear approximation model and
the computation of its relative degree are explained in Section
II. Section III shows the calculation of the approximate input-
output linearizing feedback followed by a systematic adjust-
ment procedure, which guarantees local stability. Finally, the
proposed method is applied to a simple example in Section
Iv.

II. L2-OPTIMAL BILINEARIZATION

A. Multivariable Legendre polynomials

The proposed bilinearization method is based on the use
of multivariable Legendre polynomials, which are briefly
introduced in the following (for further details see e.g. [6]).
It is well known that the Legendre polynomials ¢!(x,) in
one variable x, represent an orthogonal set on the space
Lo([—1,1]) of Lebesgue-measurable, square-integrable func-
tions. The set of multivariable Legendre polynomials in n
variables z,, v = 1,2,...,n, can be introduced according
to

ey ke (@) = 0p (T1) - - op () (1)

where the degree of @, ..., (z) is defined as k = Y k, and
v=1

k, = deg (np,lcu (z,)). As shown in [6] the polynomials (1)
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fulfill the orthogonality relation

<(pj1 - gn (I)v Phki-kn (I)> =

- / b @)k (@1) o - b @)k, (@n)da

Ipor

n 9 )
2 g, =k,
111;[1 Zhy+1 J VI/:172,.
0: j, £k

..,n 2)

on LY (Iye) with I, = [—1,1]™. In order to achieve a com-
pact notation for the subsequent calculations all multivariable
Legendre polynomials are comprised in the ng-dimensional
vector

T

D(z) = [B1(2) Po(x) D, (2)] A3)

of all polynomials up to degree Nyeg, where ng = (" Nies)
and ®;(x) = 1. Using (3) as a basis within the set of
polynomials up to degree Ny, another important property
of multivariable Legendre polynomials can be specified,
namely that by introducing the operational matrices for

multiplication M,,, © =1,2,...,ng, and for differentiation
D,,v=1,2,...,n, according to
P, (z)0(x) ~ M, P(x) 4)
0P (x)
=D,® 5
ox, (z) )

any differentiation and multiplication operation can be ac-
complished by simple matrix manipulations. However, since
the multiplication ®,,(x)®(x) with g > 1 results in a vector
containing polynomials of degrees higher than Ng., the
relationship (4) only means the best feasible approximation
with polynomials up to degree Ngo, in an Lo-error norm
sense.

Remark 1: In the sequel the notation "~ always denotes
an approximation in the minimal L3-error norm sense.

B. Derivation of the bilinear approximation model

Consider the nth order nonlinear SISO system

&= f(r) +g(r)u (©)
y = h(x) )

It is assumed that f(z) and g(z) are elements of the space
Ly (Iopre) with

Iaprz = [-Tl,minvxl,ma:c] XX [xn,minaxn,max] (8)
and h(z) is an element of the space La(I4prs ). In the follow-
ing an approximation procedure for the Lo-approximation of
the system (6)—(7) on a prespecified interval I, in the state
space is outlined. For further details the reader is referred to

[6].

Step 1 (interval transformation):: Before the multivariable
Legendre polynomials can be applied, the approximation
interval I, (see (8)) of the nonlinear system (6)—(7) must
be adjusted to the interval I,,; = [—1,1]™ on which the
multivariable Legendre polynomials (1) are defined. This can
be achieved by the linear affine state transformation

Ty, max — Tvmin ~ Ty, max + Ty, min

Ty = 2 Ty + 2 (9)
v =1,2,...,n, which results in the state space model
&= f(&)+ §(@)u (10)
y = h(z) (11)
with the associated approximation interval I, = [—1,1]".

Remark 2: This simple transformation represents the only
operation which requires symbolic evaluation techniques. All
succeeding steps of the proposed controller design process
can be performed by purely numerical calculations.

Step 2 (La-approximation of the nonlinearities):: Next,
the nonlinearities on the right hand side of (10)—(11) are
approximated by multivariable Legendre polynomials in an
Ly-optimal way. For lack of space this is only shown for
the vector function f (Z) in the following (see (10)). After
choosing a suitable approximation degree Ngcg4, the vector
field f (Z) is approximated by the polynomial vector function

f(&) ~ Fo(&) (12)

where the (n,ng) coefficient matrix F' has to be determined
such that the Lo-norm error

e = 7@~ Fo@@),
= (J(&) - Fo(@), () - Fo(@))"

is minimized. As described in [6] the solution to the stated
problem is given by

F=(f@.9" @) (0().07 ()

where ( f(Z), <I>T(:E)> and (®(z), 7 (Z)) denote the asso-
ciated Gram matrices, which can be evaluated by numerical
integration. Applying the same procedure to compute the
coefficient matrix G and the coefficient vector h? with
respect to §(#) and h(Z) in (10)—(11) an approximate system
description of the form
i f@) + g(@u
y = h(Z)
with the solely polynomial nonlinearities f(Z) = F®(&),
§(%) = G®(Z) and h(Z) = hT®(&) is obtained.

Step 3 (bilinear approximation model):: Finally, based on
the system representation (15)—(16) a bilinear approximation
model of higher order can be derived by state space em-
bedding of the Legendre polynomials up to degree Ngeg4.
Introducing the (ng — 1)-dimensional state vector z of the
bilinear system according to

o0

13)

(14)

(15)
(16)

7)
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and differentiating (17) with respect to time lead to the
expressions

d |1 0d(z) _ -
7 [2] N5z (F®(Z) + G2(Z)u) (18)
~nT |t
y~h M (19)
with the Jacobian matrix agg). Applying the relations (4)—

(5) to (18) and performing some basic manipulations yield

% H ~ Ap® (%) + No®()u (20)

with the matrices
Ap=(D1®e]F+...+ D, @e [ F)M  (21)
No=(D1®elG+...+D,@e,G) M (22

where ”®” denotes the Kronecker tensor product (see e.g.
[7]) and e, means the vth unit vector. The matrices M =
(M .. M ]" and D, are given by (4) and (5). Defining
the partitions
0 of 0 of] o T

Aq>=|:a0 A:|,Nq>=|: :|,h :[Co C] (23)
in (21)—(22), omitting the trivial first equation in (20) and
setting =" instead of ”~” finally leads to the affine bilinear
approximation model

2= fo(2) + go(2)u
y = hp(2)

(i.e. with right hand sides affine in z) where f;(2) = Az+ay,
gp(2) =b+ Nz and hy(2) = cT'z + co.

(24)
(25)

C. Relative degree of the approximation model

In this section a simple algorithm for computing the
relative degree of the bilinear approximation model (24)—
(25) at a point zg in the state space is presented and its
connection to the relative degree of the original system (10)—
(11) is established.

The relative degree r;, of (24)—(25) at zg is determined by

Lg, Ly hy(z) = ¢"A'(b+ N2z)=0
Vz€eU,,i=0,1,...,1p, —2
Lg, L™ hy(2)] = cTA™ (b + N2zp)#0

(26)
27)

z=z¢
(see [1]) where U, means a neighborhood of zg and L,
Ly, denote the Lie derivatives along g and f3, respectively.
Obviously, in the case of ¢’ AN # 07 (26) describes an
(ng — 2)-dimensional hyperplane in the state space meaning
that a neighborhood U, of solutions to (26) does not exist.
Consequently, (26) can only be fulfilled in U, if

c'Ab = 0
c'AIN = oT
Thus, the relative degree r, of the bilinear approximation
model at a point zy can easily be calculated by finding the
smallest ¢ for which one of the equations in (28) is violated
and subsequently checking the condition (27) for r, = 7+ 1.

} Vi=0,1,...,m,—2 (28)

If the latter is not fulfilled, the relative degree at zy is not
well-defined. This result is also valid for the underlying
nonlinear system (10)—(11), if its input-output behavior is
described satisfactorily by the associated bilinear approxi-
mation. This can be assumed for an adequate approximation
order Nge, and a sufficiently small approximation interval
I4prz- On that condition the relative degree r of (10)—(11) at
a point Z( can directly be related to r, at the corresponding
point

2o = [®2(Z0) . .. Pn, (o))" (29)

(see (17)). Actually, it can be shown that a system with
polynomial nonlinearities of the form (15)—(16) and its
corresponding bilinear approximation model share the same
relative degree 7 = 13 if the approximation order Ngcq
for the state space embedding (see step 3 in Section II-B)
satisfies

Ndeg Z deg(g) + l?*l -1 (30)

where

l; = deg(h) + ideg(f) —i (31)

and the operator deg(-) applied to a vector function means
the greatest degree of all elements. This is briefly verified
by evaluating the general conditions

(32)
(33)

LQL}E(:E) =0VEeUs,,i=01,...,7—2
Lol ' h(@)]_y, #0

for the relative degree 7 of (15)—(16) at x¢. At first, consider
the Lie derivative
~ 0P(x)
L:h(z) =hT
) i

f
Comparing (34) to (18) and (20) leads to the expression

Fo(7) (34)

L:h(z) = h" Ag®(&) (35)

which is exact as long as the approximation degree Ng.q >
deg(h) 4+ deg(f) — 1 ensures that no error is involved by
applying the operational matrices M, for multiplication (4).

Proceeding to Lie derivatives of higher order the relationship

LQL;B(:%) = hT AL N ® () (36)
can be derived, which is valid for
Ndeg Z deg(g) + lz -1 (37)

with [; given by (31). Finally, replacing As, Ng and h” by
(23) yields

LQL}B(:E) =[cTAb T A'N®(7) (38)
After substituting (38) into (32)—(33) and replacing ®(Z)
by (17) the equivalence of the conditions (32)—(33) and the
corresponding relations (26)—(27) for the associated bilinear
approximation model with suitable approximation degree
(30) becomes obvious.
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III. Lo-OPTIMAL I/O-LINEARIZATION
A. Approximate 1/O-linearizing feedback

On the basis of the bilinear approximation model an
approximate expression for the exact input-output linearizing
feedback of the original system (10)—(11) in a neighborhood
of an operating point (Zg,up) can be determined provided
that the relative degree r of the original system is well-
defined at Zy and the corresponding bilinear approximation
model shares the same relative degree 7, = r at the
associated point zq (see (29)). To this end, consider the exact
input-output linearizing feedback

u = I/q_LTb—lh < ZO[ZLfbh/b + Oéou) (39)
b

for the bilinear system (24)—(25) with o, = 1 and the new
input w (see [1]). Applying the feedback law (39) to (24)-
(25) results in the linear closed-loop input-output dynamics

(40)

which can easily be assigned by means of the constant
parameters «;. Substituting the nonlinearities f3, g, and hp
according to (24)—(25) into (39) and successively evaluating
the Lie derivatives (27) and

Y + oy, 1y £+ agy = agw

bhe(z) = AT ag 4+ T Az 41)
1=1,2,...,rp, yield the explicit formula
T — 1
—agco — ' Y a1 Atag — T Z a; A"z + apw
_ =0 =0
“= cTAm=1(b+ Nz)
(42)

for the exact input-output linearizing feedback of the bilinear
approximation model. For applying (42) to the original
system (10)—(11) [1 zT]T is replaced by (17) which leads
to the controller
1

()
with polynomial numerator and denominator determined by
the ne-dimensional coefficient vectors

(p" ®(%) + apw) (43)

Ty — 1

pl = |—agco — T Z al+1A ag —c’ ZO&ZAZ (44)
=0 =0

q" =[c"A" b "APTIN] (45)

For implementation the feedback law (43) must be expressed
in terms of the original coordinates x by applying the inverse
of the state transformation (9), since x is supposed to be
measured.

Again a precise statement about the accuracy of the
approximate controller (43) is feasible for state space models
of the type (15)—(16) with polynomial nonlinearites. In that
case the input-output linearizing law (43) is exact if the
approximation degree Ng., for the state space embedding
process (see Section II-B, step 3) is chosen according to

L,17) (46)

with I; given by (31) (see [5]).

Nieg > max(deg(g) + li—1 —

B. Assuring local stability

A drawback of Ly-optimal approximation methods is the
fact that in general the behavior of the original system is
not met exactly at the operating point. In the following, a
remedy for this problem is presented based on an adjustment
of the approximate control law (43). To this end, consider the
linearization of the exact input-output linearizing feedback
for (10)—(11)

Augin = kT AT + maw (47)

with AZ = & — &y and Aw = w — h(Z), which can easily
be calculated by means of the Jacobian linearization of (10)—
(11) about (Zg, up). In the sequel, the feedback (47) is taken
as a kind of local reference controller. Setting w = wy =
ﬁ(:ﬁo) (i.e. Aw = 0) and linearizing the nonlinear feedback
(43) about (Zg,ug) lead to

8u(i,wo) ~ ~
_ AT + u(Tog,wp) — U
oz F=% (Z0, wo) 0

= (pTP + ST)A:E +v

AUp] =
(48)

with Au,; = u—uy, the constant offset error v = u(Zg, wo)—
ug, the vector

1 0%(2)

T QoWo

T eG)R! Tor leea, (49)
and the (ng,n) matrix
p (2@, 2G0T TR,
[qT®(%0)]?
where 22(0) sene = [D1®(F0) ... Du®(i0)] (see (5),

T and ¢7 are given by (44)-(45) and I,,, denotes the
(ne, ne) identity matrix. Comparison between (47) and (48)
for Aw = 0 shows that for local exactness in a neighborhood
of (Zg,up) the nonlinear controller (43) must satisfy the
conditions

v=20
pTP:kT—ST

&1Y)
(52)

However, if (51)—(52) are not fulfilled the control (43) may
be replaced by

N 1 T~ N

U= T30 (p"®() + aw) + o
with the adjusted numerator coefficient vector p? and the
constant offset correction v. Local exactness of (53) in
terms of (51)—(52) can be guaranteed with minor changes
compared to the control law (43) by determining p? and
© as follows. After replacing p? by p’ and assuming fixed
denominator coefficients g7 the relation (52) can be regarded
as an under-determined linear system of equations, which is
always solvable since it can be verified that rank(P) = n.
The general solution to (52) reads

" = ATBT 4+ k" (54)

with kT = (kT — sT)(PT P)~'PT where all remaining de-
grees of freedom are comprised in the (ng — n)-dimensional

(53)
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vector A" and the columns of the (ng,ne — n) matrix B
represent a basis of the null space of P”. Next, the parameter
vector AT is chosen such that the numerator polynomial
functions of (43) and (53) match in the minimum Ls-error
norm sense on I, = [—1,1]", i.e.

15" () — p" @(2)]2 =

INTBT@(3) - (pF — kT)0()||]2 = min  (55)

Using the results of [6] the solution to this problem is given
by

NT = (57— KT)(@(2), @7 (7)) B(BT(2(2), 27 (7))B)

(56)
with the Gram matrix (®(z),®%()), which has already
been computed during the derivation of the bilinear approx-
imation model (see (14)).

Remark 3: The inverse on the right hand side of (56) al-
ways exists since the positive definiteness of (®(z), ®7(Z))
and rank(B) = ng —n imply the positive definiteness of the
matrix BT (®(z), ®7(z)) B.

Finally, the condition (51), which with respect to (53) is
equivalent to

-1

(%o, wo) = uo (57)
is satisfied by setting
. 1 T
V=1ug — QTTW (p (I)(.To) + OéO’lUO) (58)

If the linear approximation of the zero dynamics of (10)—
(11) is asymptotically stable, then the linear feedback (47)
stabilizes the operating point (Zg, ug) of (10)—(11) (see [1]).
Thus, applying the adjusted controller (53) to (10)—(11)
also yields a closed-loop system with asymptotically stable
operating point (Zg,ug), since the linear approximation of
(53) coincides with (47).

IV. EXAMPLE

Consider the 2nd order nonlinear system

x'l = —I —+ ﬁ + u
. z 59
iy = —xo+ (23 4+ 1Du (59)
Yy = a3+ a9 (60)
defined on the approximation interval = € I, = [—1,1]%.
The operating point is given by o = [3,0]” and uy = 0.
The bilinear approximation model associated with (59)—(60)
can be derived for the approximation degree Ng., = 2

by proceeding as proposed in Section II-B. However, since
Topra = Ipor no interval transformation is necessary and
the first step can be omitted. Before the second step is
accomplished, the basis

(323 -1)]"

(61)
(see (3)) within the set of Legendre polynomials in two
variables up to degree two must be established. Using (61)
the Ly-optimal polynomial approximations of the nonlinear-
ities on the right hand side of (59)—(60) are determined by

‘I)(I):[l r1 T2

%(3:10%—1) T1T2 %

evaluating (14) as well as the corresponding expressions for
g and h. Applying the results of step 3 in Section II-B yields
the matrices and vectors

-1 0296 0 0  0.106
0o -1 0 0 0
A=|1648 0 -2 —088 0
0 0592 0 -2 —0.197
0 0 0 0 -2
b=[1 1333 0 0 0]"
0 0 0 00
0 0 0667 0 0
N=|3 0 0 00
16 1 0 00
L0 4 0 00

ap=1[0549 0 -1 0099 —1]"

c"=[0 1 0667 0 0]

co = 0.333 (62)
of the 5th order bilinear approximation model (24)—(25)
associated with (59)—(60). Based on that an approximate
input-output linearizing controller is calculated. First, it
is verified by means of (27) that the bilinear model
has the relative degree 7, = 1 at the point zyp =
05 0 —0.125 0 —O.5]Tcorrespondingto xo in view
of (29). Assuming that the linear closed-loop input-output

behavior
Y+ apy = apw (63)

(see (40)) with g = 1 is required the coefficient vectors

pl = [ —agco— clag  —apet— cTA }

=10333 —1.099 0 0.667 0592 0] (64
g = [ v N ]

=[1333 2 0 0667 0 O] (65)

determining the approximate input-output linearizing feed-
back (43) are calculated by applying (44) and (45). It is
readily seen that the linearization of the calculated control
law for wg = % (see (48)) violates the conditions for local
exactness (51)—(52). Thus, the linearization of the nonlinear
feedback must be matched to the linear reference controller
(47) with k7 = [0 0.111] designed on basis of the Jacobian
linearization of (59)—(60). This leads to a linear system of
two equations for the adjusted numerator coefficient vector
pT (see (52)) with the general solution of the form (54). By
means of (56) the special solution

p’ =[0.331 —1.097 —0.026 0.682 0.552 0.006 |
(66)
is determined which ensures the smallest possible change
with respect to the Ly-optimal nonlinear controller (43) in
terms of (55). Finally, after evaluating the offset correction
© = 0.025 according to (58) and replacing ®(z) by (61) the
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Linear reference dynamics

== Linear feedback

—— Nonlin. feedback without local adjust.
1.2/ _ _. Nonlin. feedback with local adjust. b

Fig. 1.

Step responses of the closed-loop system

adjusted feedback law (53) reads

o — 1:0232340.55211 75 +0.009w3 —1.097x, —0.026x, ~0.013
B (z1+1)2

+oLow, @1 £ -1

— (67)

In Figure 1 step responses of the closed-loop system applying
the approximate input-output linearizing controllers with
and without local adjustment are compared to the required
linear dynamics (63) and to the input-output characteristics
obtained by employing the linear state feedback (47). Obvi-
ously, the application of both nonlinear feedback laws results
in a suitable performance with small steady state errors.
As expected, ideal behavior around the operating point is
achieved using the proposed local adjustment algorithm.
Furthermore, in contrast to the linear controller the system
responses do not worsen significantly when far-off inputs
with respect to the nominal value wy = % are considered.
It can also be shown that the performance of both nonlinear
controllers will improve, if an higher approximation degree
Ngeg is chosen. Actually, the corresponding step responses
for Ngeqg = 4 with and without local adjustment coincide
with the required theoretical step responses in terms of
plotting accuracy. Finally, it should be mentioned that all
necessary calculations for deriving the approximate input-
output linearizing feedbacks could be accomplished numer-
ically using MATLAB.

V. CONCLUSIONS

In this paper an efficient procedure for the computa-
tion of an approximate input-output linearizing feedback
for nonlinear SISO systems was presented, which can be
completely accomplished using numerical software tools.
Moreover, local stability of the resulting closed-loop system
could be guaranteed by means of a systematic adjustment of
the resulting nonlinear controller.

(11
(2]
31

[4]
(3]

(6]

(71
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