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Abstract—1In this paper we study a new steering controller
for cars equipped with 4-wheel steer-by-wire. The controller
commands front and rear steering angles with the objective of
tracking reference yaw rate and sideslip signals corresponding
to the desired vehicle handling behaviour. The controller com-
pensates for changes in vehicle dynamics with forward speed
and incorporates an anti-windup scheme to mitigate the effects
of the saturation or failure of the rear steering actuators. We
analyse the robust stability and performance of the resulting
non-linear control system.

I. INTRODUCTION

The concept of generic prototype vehicles has emerged as
a promising solution to an outstanding challenge in the de-
velopment of ride and handling characteristics for advanced
passenger cars: the bridging of the gap between numerical
simulations based on a vehicle model—a virtual prototype—
and experiments on a proof-of-concept prototype vehicle. A
generic prototype vehicle would be equipped with advanced
computer-controlled actuators enabling it to modify its ride
and handling characteristics. Examples of such advanced
actuators are four and rear steer-by-wire, brake-by-wire and
active suspensions. An integrated chassis controller would
command those actuators to track a set of reference signals
corresponding to a desired ride and handling behaviour. Cur-
rently, moving-base driving simulators are used to emulate
the ride and handling behaviour of virtual prototypes prior to
building real ones. However, the achievable accelerations of
such simulators severely constrain their ability to realistically
recreate the full range of vehicle motion. Generic prototype
vehicles could allow for the realistic recreation of the ride
and handling characteristics of virtual prototypes, thereby
enabling engineers to experience and evaluate their behaviour
prior to making the decision of building expensive proof-of-
concept prototypes.

In this paper, we present a steering controller that en-
ables cars equipped with 4-wheel steer-by-wire to display
predefined handling characteristics. This steering controller
is intended as a first step towards an integrated chassis con-
troller for a generic prototype vehicle. The proposed steering
controller commands front and rear steering angles with the
objective of tracking reference yaw rate and sideslip angle
signals obtained online from the driver’s inputs to steering
wheel and pedals. These reference signals describe the lateral
dynamic response to those inputs of a virtual prototype with
the desired handling characteristics. The steering controller
automatically rejects disturbances in sideslip and yaw rate,
such as those caused by p-split braking manoeuvres or
lateral wind gusts. In addition, we deal with the issue, often
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overlooked in the literature, of ensuring that the steering
controller remains robustly stable and performs satisfactorily
in the event of rear steering actuator saturation.

A substantial body of research on the control of 4-wheel
steering cars already exists and a variety of control structures
have been proposed in the literature. Most of these structures
rely on the use of gain-scheduled feedforward control to
command the rear steering angle [1]. An example of an
steering controller specifically designed for cars equipped
with 4-wheel steer-by-wire is presented in [2].

Since the steering controller considered here is intended
as the foundation for an integrated chassis controller, the
main design criteria are transparency, simplicity and mod-
ularity. The structure of the steering controller presented
in this paper is based on a physical model of the lateral
dynamics of 4-wheel steering cars. The main elements of
the controller structure are a linear input transformation and a
speed-dependent inner feedback loop. This structure partially
decouples the sideslip and yaw rate responses to the new
controllable inputs, with the yaw rate response being speed-
invariant. Thus, the proposed structure acts as an implicit
gain scheduling on the vehicle speed. The resulting 2-by-
2 multivariable control design problem is restated as two
single-input, single-output (SISO) control design problems
according to the ICD paradigm. Assuming certain bandwidth
restrictions, individual linear controllers for the resulting
sideslip and yaw rate channels can be designed using clas-
sical techniques.

II. SIMPLIFIED VEHICLE MODEL

For small values of front and rear wheel slip angles oy
and «,, and disregarding the dynamics of the tyre force
generation, the forces Sy and S, (see Figure 1) can be
approximated by the following expressions: [3]:

Sy = Kyray (D)
Sr == Krar (2)

The constant Ky is the result of modifying the combined
stiffness of the two front tyres to take into account the caster
effect of the steering system at the front axle. Since no caster
effect is generated at the rear axle, the constant K. is simply
the cornering stiffness. This yields the following state-space
representation with the two steering angle inputs (6¢ and 9,.)
and side-slip angle (5 and yaw rate ¥ as outputs,

= A(v)z+ B()u 3)
= Crz @
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Fig. 1. Single-track model of a 4-wheel steering car

where v is the vehicle forward speed,
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We note that although the dynamics are speed dependent, the
longitudinal inertia of the vehicle is much larger than the the
rotational inertia about the vertical axis. Hence, changes in
longitudinal speed inherently occur on a longer time scale
than changes in the lateral variables yaw rate and sideslip;
that is, we can assume that the speed is slowly varying.

III. STEERING CONTROLLER
A. Input transformation

Using the linear input transformation

of | A
AR ®
where
Kl K.
E = — 1 Kflf Kf 9)
E0+5)
Ky Ly —1 -1

the transformed plant input matrix B(v)E is made diagonal
with

K
_ Ky 0
muv
B(w)E = (10)
0 KKy
IZZ

A physical interpretation of the new inputs is in terms of
a mode given by A;, which excites the sideslip by steering
front and rear wheels in the same direction, and a mode given
by A,, which excites the yaw rate by steering front and rear
wheels in opposite directions.

B. Speed-dependent feedback
We next introduce a feedback element of the form A =

A-F (v)y which results in the new vector of controllable

inputs A = e } . Let the matrix F' € R?*?2 be

Ay

0 0
S P )

Kl +K,l2

Kl
Rl K, ==L and

: _ A —
with Ky, (v) = Ko — %, Ko = o
Ky=1-— Ifgﬁ where v is an arbitrary fixed vehicle speed
and A is a constant. We then have that

i = A(w)z+ B()E(A - F(v)x) (12)
= (A(v) — B(v)EF(v))z + B(w)EA  (13)

where A(v) — B(v)EF (v) is upper triangular and B(v)E
diagonal. The resulting yaw rate dynamics

=M+ KAy

(14)

are now invariant with vehicle speed, v, and depend only on
the input As.

Figure 2 shows the Bode plots of the elements of the
resulting transfer function G(s) for different vehicle speeds.
In the figure observe that G (s) is only approximately upper-
triangular as this plot includes additional plant dynamics—
time delay, actuators, tyre force and caster dynamics—that
are not present in the simplified model above. In Figure 2 it
can also be seen that with this more complete representation
the yaw rate dynamics are not completely speed-invariant but
they can be considered so up to a frequency of around 10
rad/s. Similarly, the sideslip dynamics are not speed-invariant
but they can be considered so up to a frequency of around
2 rad/s.

C. Diagonal controller

Using the above input transformation and speed-dependent
feedback, a diagonal controller now suffices, see Figure 3.
Simple linear controllers

~ K

ki(s) = 771]’ I Controller (15)

i _ Koy

2(s) = Kgp—l—T, PI controller (16)
(I7)

can easily be tuned to obtain satisfactory performance with a
low bandwidth sideslip channel (approx 2 rad/s) and a high
bandwidth yaw rate channel (approx 10 rad/s). The speed-
dependent feedback term K,(v,) acts as an implicit gain
scheduling scheme that combines linear controllers parame-
terised by the vehicle speed into a non-linear controller valid
for varying speed.

D. Anti-windup

The steering controller has been designed without consid-
ering the possible saturation of the rear steering actuators.
While the maximum allowable front rear steering angle
(£40°) is not likely to be reached in the driving situations in
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Fig. 2. Bode plot of G(s) for different vehicle speeds

Fig. 3.

Transformed multivariable control design problem

which the controller will operate, the possible saturation of
the rear actuators has to be considered since the maximum
allowable rear steering angle is restricted to only £5° due
to space constraints. The nonlinearity introduced by satu-
rating rear actuators can cause a significant performance
degradation with respect to the nominal linear operation
of the system. In extreme circumstances, saturation may
even lead to instability. The proposed anti-windup scheme
is inspired by conventional anti-windup methods for SISO
systems and works as follows. The rear steering angle signal
commanded by the controller is subtracted from the actual
rear steering angle. The resulting signal is fed to the input of
the controller &y (s) through a gain K 4y . The performance
of this scheme is illustrated in Figure 4. This shows results
where the car travels on a road with a p-split surface so that

the two wheels at the left hand side of the car are on dry
asphalt (friction coefficient, ;1 =~ 1) and the two on the right
hand side are on ice (friction coefficient p ~ 0.2). While
turning at 50 m/s, the driver applies the brakes moderately
for 1 s without moving the steering wheel. The simulation
results illustrate the response of the controlled car with and
without anti-windup. As it can be seen in the figure, the
driver applies the brakes between time = 8 s and time = 9
s. The steering controller attempts to automatically reject
the disturbances introduced during braking while tracking
the reference sideslip and yaw rate signals. This results in
the saturation of the rear actuators. Without anti-windup, the
controller is not able to recover from the disturbances and
spins out of control. On the other hand, the full steering
controller (with anti-windup) is able to retain control of the
car.

IV. ROBUST STABILITY ANALYSIS
A. Parametric uncertainty

We study the robustness of the controlled system against
structured (parametric) uncertainty and adopt a frequency
domain representation of the parametric uncertainty in the
plant elements. At any given frequency, we consider neigh-
borhoods of structured uncertainty around the points in the
complex plane corresponding to the values of the nominal
transfer functions g¢;7°™. The neighborhood of structured
uncertainty around a transfer function element at a given
frequency encloses all the values that the transfer function
may take considering all possible values of the uncertain
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Fig. 4. Performance of the controller when the rear actuators saturate

TABLE I
RANGES OF VARIATION OF THE MODEL PARAMETERS.

Parameter Variation about nominal value
Mass, m +12%
Inertia, 1. +12%
Tyre stiffness, Cr +10% — 30%
Steering elasticity, Cp, +10%
Caster, ns +15%
Tyre force dynamics, a +10%

parameters in the plant model. We define the structured
uncertainty for g;;(jw) as:

A°gi;(jw) = 9i;(jw) — 97" (jw) (18)
where g;;(jw) is the value of the transfer function for any
given set of allowable model parameters. The neighborhoods
of structured uncertainty may be irregularly shaped. The
function A®g;;(jw) defines the neighborhood of structured
uncertainty around g;'"™ (jw) at the frequency w.

To generate the neighborhoods of structured uncertainty,
we sample the intervals of possible values of each of the
uncertain parameters according to a uniform distribution.
Table IV-A shows typical ranges of variation used to generate
the intervals from which to sample. Note that the tyre
stiffness Cr is allowed to take values of up to 30% below
its nominal one. Such a large range of variation caters for
the reductions in the tyre stiffness occurring when the road
surface is wet or icy.

Figure 5 shows the nominal Nyquist plot of the transmit-

tance of the sideslip channel together with the neighborhoods
of parametric uncertainty at several frequencies ranging from
1 rad/s to 20 rad/s. It can be seen that the parametric
uncertainty generally tends to increase with the vehicle speed
and to decrease with frequency.

Channel 1 (v=20 m/s) Channel 1 (v=30 m/s)

Channel 1 (v=40 m/s) Channel 1 (50 m/s)

]

Fig. 5. Nyquist plots of sideslip channel and neighborhoods of structured
uncertainty for different vehicle speeds.

Figure 6 shows the nominal Nyquist plot of the transmit-
tance of the yaw rate, together with the neighborhoods of
parametric uncertainty at several frequencies ranging from 1
rad/s to 20 rad/s. Again, it can be seen that impact of the

5104



parametric uncertainty increases with the vehicle speed and
decreases with frequency.

Channel 2 (v=20 m/s) Channel 2 (v=30 ms)

+

Fig. 6. Nyquist plots of yaw rate channel and neighborhoods of structured
uncertainty for different vehicle speeds.

B. Stability of constrained system

In this subsection, we analyse the robust stability of
the control system considering the possible saturation of
the rear steering actuators. To study the stability of the
system, we transform it into an equivalent one whose forward
path contains a SISO linear time-invariant subsystem and
whose feedback path contains the saturation nonlinearity.
The equivalent system, which is depicted in Figure 7, is an
example of a Lur’e system. Thus, asymptotic stability results
developed for Lur’e systems, such as the Circle Criterion
([41,[5]), can be used in the analysis.

The closed-loop system now takes the form

(Al - knl(é‘r,c))w (19)

(20)

:j’;:

where 6, . is the rear steering angle demanded by the con-
troller. The nonlinear function k,,; represents the saturation
nonlinearity and is given by

1 if |67",c| S 5sat
ksat((;r,c) = K 21
s lf |5r.c| > 5sat
|07.c| '
r=0 , i i=Ax+bu 5‘.“
8, =cTx
/]
0

Fig. 7. Equivalent control system for stability analysis: a Lur’e problem

Here 054 is the absolute value of the steering angles at
which the rear actuators saturate. Note that the function
ksat(0rc) can be written as a function of the state and
0 < ksat(z) < 1 for all x. Now, if there is a positive definite
matrix P such that
(AHYTP 4+ PA <0, (A'—bc")TP+ P(A —bcT) <0
(22)
then V(2!) = (2!)T Px! will define a Lyapunov function for
the system (19), thus assuring its asymptotic stability. This
follows because all of the matrices that arise in (19) are
convex combinations of the two matrices A’, A' —bc”. Thus
if there is a solution P to (22), this guarantees the asymptotic
stability of (19).

The Circle Criterion provides a frequency domain condi-
tion that can be used to test for the existence of a solution
to (22). It has recently been shown that it is also possible to
test for the existence of such a solution using a simple time-
domain condition ([6],[7]). Specifically, there is a positive
definite P satisfying (22) if and only if the matrices A
and (A — bcT) are Hurwitz, i.e. their eigenvalues lie in
the open left half of the complex plane, and their product
AY(AY — beT') has no negative real eigenvalues. We use this
fact to analyse the robust stability of our control system with
respect to parametric uncertainty. A major advantage of the
time-domain condition is its simplicity, as it only requires the
calculation of one set of eigenvalues as opposed to checking
a frequency domain condition for infinitely many values of
a variable.

Figure 8 summarises the results of the analysis. Figure 8
wass obtained as follows. First the steering controller was
tuned for the nominal values of the car model parameters.
The real values of those parameters are uncertain, each of
them lying within an interval around its nominal value. For
a given fixed vehicle speed, we calculated the entries of A,
b and ¢ for a large number (1000) of sets of parameter
values randomly chosen from their respective uncertainty
intervals—the ranges of parameter variations are those given
in Table IV-A above. We checked that for all those sets of
parameter values, the matrices A’ and (A! — bc”) remained
Hurwitz. We then calculated the eigenvalues of A'(A!—bcT)
for all the sets of parameter values considered. We repeated
the process outlined above for three different vehicle speeds:
20 m/s, 35 m/s and 50 m/s. For each of the three speeds
considered, we have plotted the eigenvalues closest to the
real negative axis obtained with the different sets of random
parameter values. As it can be seen in the figure, the
eigenvalues of the matrix product A'(A! —bcT) remain well
clear of the real negative axis. In light of the above, we
conclude that the control system in Figure 7 is robustly
asymptotically stable for the speeds considered. We can then
affirm that our original control system is robustly BIBO
stable for those speeds.

To illustrate how the value of the anti-windup gain Ko
may affect the stability of the system we have generated a
figure similar to Figure 8 with a value of K 4y smaller than
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Fig. 9. Closest eigenvalues to the real negative axis for random parameter
values and different vehicle speeds with a smaller value of K ap: ©: 20
m/s; o: 35 m/s; x: 50 m/s.

the one selected for the controller through the tuning process.
In the resulting plot, shown in Figure 9, we observe that
the eigenvalues of A!(A' — bcT) are generally closer to the
negative real axis than in Figure 8 and, in fact, A'(A! —bcT)
actually has real negative eigenvalues at 50 m/s for some sets
of allowable parameter values. Consequently, we can state
that, for that speed, there is no positive definite solution P
to (22) and we can neither confirm or refute the asymptotic
stability of the system—it may or may not be stable at that
speed. Thus, this choice of K 41 prevents us from reaching
any conclusions about the stability of the system using the
proposed approach.

V. EXPERIMENTAL RESULTS

The controller has been implemented on a Mercedes S
Class equipped with 4-wheel steer-by-wire. Typical results
from the test drives are shown in Figure 10. The reference
signals described the response of a sporty car to the driver’s
inputs. The experimental results confirm the robustness of
the controller and illustrate its ability to artificially modify
the handling behaviour of the vehicle with varying speed.

Yaw rate (rad/s)

N N A VY . S
T Y

o 5 10 15

Sideslip (rad)

001

pafagen, N
e =TA
V——
——  Response

El =

Velacty (mfs)

Fig. 10. Experimental results.

VI. CONCLUSIONS

In this paper, we have presented a new steering controller
for cars equipped with 4-wheel steer-by-wire. The controller
allows the car to track given reference sideslip and yaw rate
signals while rejecting external disturbances. Schematically,
the controller comprises four distinct functional elements: a
linear input transformation and a feedback element scheduled
with the vehicle speed, which together render the yaw rate
dynamics nearly speed-invariant with respect to the new
controllable inputs; a linear diagonal controller valid for
all operating vehicle speeds, which provides robustness and
disturbance rejection performance; an anti-windup scheme,
which allows the controller to perform satisfactorily when the
rear actuators saturate. We have analysed the robust stability
of the control system using recent results from the theory
of common quadratic Lyapunov functions. The performance
and robustness of the control system have been demonstrated
through simulation and experimental testing on a test car
equipped with 4-wheel steer-by-wire.
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